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Phase space reconstruction is the first step to recognizing the chaos from observed time series. On the basis of
differential entropy, this paper introduces an efficient method to estimate the embedding dimension and the time delay
simultaneously. The differential entropy is used to characterize the disorder degree of the reconstructed attractor. The
minimum value of the differential entropy corresponds to the optimum set of the reconstructed parameters. Simulated
experiments show that the original phase space can be effectively reconstructed from time series, and the accuracy of
the invariants in phase space reconstruction is greatly improved. It provides a new method for the identification of

chaotic signals from time series.
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1. Introduction

The chaotic phenomenon exists extensively in
continuous and discrete systems. Chaotic time series
include abundant dynamic information; the accurate
identification of chaotic signals contained in a com-
plex time series is crucial in the field of chaotic ap-
plication. Many developments on chaotic feature ex-
traction from chaotic time series have been obtained,
such as: the Poincaré surface of section, the Lyapunov
exponent analysis and the fractal dimension method,
etc. But chaotic time series analysis and prediction
are often carried out in a phase space, so phase space
reconstruction is an important subject for processing
chaotic time series and their application.!* =3

According to Takens’ embedding theorem, a time
series {z;,i = 1,2,...,n} can be embedded into a re-
constructed delay phase space with an embedding di-
mension and a time delay; a point in the reconstructed
delay phase space is

Xi= [xu Litrs - vy xi+(m*1)T]T’ 1)

where m is the embedding dimension and 7 is the
time delay. Takens’ theorem is valid for an infinite
noise-free data set; in this case, the time delay can be
selected arbitrarily. However, the observed time series

are finite and noisy and an arbitrary choice of the two

parameters would influence the quality of the recon-
structed phase space. So it is important to select the
embedding dimension m and time delay 7, though it
is difficult to do so.!4!

For the estimation of embedding dimension, the
most commonly used techniques are false nearest
neighbours (FNN), singular value analysis and Cao’s
method.®! For nonlinear systems, the autocorrelation
function and average mutual information (AMI)[] are
often used to determine optimal time delay 7. But
all methods are from the view-point of the uncorre-
lation of m and 7. Some researchers have suggested
that m and 7 are correlated with each other. Kim et
all”l have proposed an available technique called the
C-C method for estimating 7 by the correlation inte-
gral, and m will be determined simultaneously. Aim-
ing at its limitation, some authors presented®?! some
improved methods. At present, the achievements on
information theory have been introduced to determine
the best reconstructed parameters.['911 Entropy is
one kind of measure to characterize the uncertainty of
time series, and the differential entropy can be used
to characterize the disorder degree of the attractor in
different states.

In this paper, we present a method based on dif-
ferential entropy. By optimizing the reconstructed
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chaotic attractor, the inconsistency between m and
T is eliminated.

2. AMI/FNN

Average mutual information (AMI)/false nearest
neighbours (FNN) is one of the popular techniques to
estimate 7 and m.

The AMI I(7) is defined as

I(1) = Z P(x,7i1,)log, W7 (2)

z;) P(Tiyr)

LiyLitr

where P(x;) and P(z;4,) denote probability density
functions of z; and x;4, respectively, P(x; x;y,) de-
notes the joint probability density function of x; and
Zi+r. These probability density functions are calcu-
lated from histograms of each time series. When 7
becomes large, x; and z;1, become independent, and
I(7) will tend to be zero. The optimal time delay 7 is
the first minimum of function I(7).

The most popular method for the estimation of
m is FNN. Suppose the delay coordinate vector in
) xiJr(mfl)'r]Ta
one vector XN is nearest to the vector X, XNN =
N2l xﬁ\{mq)r]T The Euclidean dis-
tance between XZNN and X; in the m dimension is ¢;,
and the Euclidean distance between XN and X; in

the m + 1 dimension is &}, then the relative distance

the m dimension is X; = [x;, Tiyr,...

[x

between XNN and X; in the m + 1 dimension is

12 2
e’y —e;

=4/ —". 3
€ . (3)

When ¢ is larger than some heuristic threshold,
XN is a false neighbour of X;. The optimal embed-
ding dimension, which is sufficiently high for recon-
structing the attractor, is the dimension in the case
where the fraction of false neighbours is zero or at

least sufficiently small.

3. Differential entropy method

Suppose the possible value of continuous random
variables X is over the field of real numbers, and f(z)
is a probability density function of X; it is obvious
that f(x) >0, and f(x) satisfies

+oo
/ f(z)dx = 1. (4)

— 00
The definition of differential entropy can be ob-
tained by partitioning the range of X into bins of

length Az with associated sample points x; within the
bins; for X being Riemann integrable, X € (z;,x; +
Az), the approximate value of the entropy is defined
as

H(X) = - Z fai)Axlog(f(z:)Ax)

= f(w:)Axllog f(x;) +log Aa], (5)

when Az — 0, the second term logAz — oo, while
the first term approximates the differential entropy,
so the differential entropy H(z) is defined as

+00
Ha = [ fe)logf@in
—o0

Accurate estimation of the entropy is of great im-
portance for parameter estimation. Differential en-
tropy is based on an averaging of the nearest neigh-
bour distances between random points in the loga-
rithm domain and the topological structure of the at-
tractor will be changed along with the changes of the
nearest neighbour distances in the m dimension, which
represents the necessary number of coordinates to un-
fold observed orbits from self-overlaps.

The purpose is to estimate H(z) from a time se-
ries {z;,4 = 1,2,...,n} with unknown density func-
tion f(x). The entropy is the average of —log f(z). If
one had an unbiased estimator for log f(z;), it would
reach an unbiased estimator for the entropy. We will
estimate log f(z;) by considering the probability den-
sity function Pj(e) for the distance between z; and
its k-th nearest neighbour. The probability Pix(e)de
is equal to the chance that there is one point within
distance r € [e, € + de] from z;, there are numbers of
k—1 other points at smaller distances, and that the
remaining n — k—1 points have larger distances from
x;. Denote the mass of the e-ball centred at z; by

pi(e):

pe=[ s (7

Applying the trinomial formula, Pj(e) is ob-
tained as:

pi L=p)" M @®)

It can be easily verified that [ Pj(e)de = 1. Ac-
cording to the distribution Pj;(g)de, the expected
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value of the function log p;(e) is

E(logpi(e)) = /000 Pik(e) log pi(e)de = k(n ; 1)

x /1p’”(1 —p)"*logpdp
0
= (k) — ¥ (n). (9)

For the last equality,

! a—1 -1 _ ['(a)I'(b)
/0 e = ST o

() =T'(2)/T (), (11)

where I'(z) is the digamma function. The expectation
is taken over the positions of all other n — 1 points,
with z; fixed. Assuming that f(z) is almost constant
in the entire e-ball around z;, we obtain:

7.rm/2

mfmf(ﬂ%)a (12)

pi(e) = cme™ flai) =
where m is the dimension and ¢, is the volume of the
m-dimensional unit ball. Substituting Eq. (12) into
Eq. (9), we obtain

—log f(z:) = mE(log(e)) + log(cm) + 1(n) — ¥(k),
(13)

which finally leads to the unbiased kNN estimator for
the differential entropy:

m n
Hy(z) = Y Zlog€i,k + log(cm) +9(n) + ¢(k), (14)
i=1
where ¢; , is the distance from z; to its k-th nearest
neighbour.
For k = 1, the estimator was given by Kozachenko

and Leonenkol!2]

n
m
H(x)=— Zlogei +log(cm) +log(n — 1) + v, (15)
nis
where ~ is Euler’s constant and v ~ 0.5772, ¢; is the
distance of x; from its nearest neighbour. In this pa-
per, we adopt a modified estimator!!3]

1o
H(z) = E;ln[nfi] +1n2+ 1. (16)

For a given time series, the estimation of the dif-
ferential entropy for time delay embedded versions
with an embedding dimension m and a time delay 7
is denoted as H(x, m, 7), which can be computed by
Eq. (16), but H(x, m, 7) is not robust with respect to

dimensionality. In order to highlight the robustness,
we can use an ensemble of surrogates of the original
signal to standardize H(x, m, 7). Surrogates z,; are
best generated by iterative amplitude adjusted Fourier
transform (IAAFT),['¥ which retains both the signal
distribution and the autocorrelation structure of the
original signal. The estimation for the surrogates x;
is denoted as H(xs;, m, 7) and the standardized re-
sult is represented by entropy ratio I(m,T):

H(x,m,T)

I(m,T):W,m,T)M

(17)
where ¢ is the number of surrogates, (-), denotes the
average over all values of 7. Employing the minimum
description length('®! to limit the higher embedding
dimensions, we find that the entropy ratio I(m,7) be-
comes Rept(m, T):

Rent(m, 7) = I(m, ) <1 T ml“N> ,

= (18)
where N is the number of delay vectors.
The variation of the reconstructed parameters
leads to the folding and stretching behaviour of the
attractor in the reconstruction. Differential entropy
can be used to characterize the disorder degree of the
attractor, so when the differential entropy is at a min-
imum, the attractor has the best regular structure.

4. Simulation experiments

Numerical time series generated from the Lorenz
system, Duffing system and Rossler system respec-
tively are used for simulation to illustrate the effi-
ciency and the applicability of the above method.

The Lorenz system!® is a computationally simple
chaotic system of three variables, given by

dz/dt = o(y — ),
dy/dt =rax —y — xz, (19)
dz/dt = —bz + xy,

where o, b and r take the standard values 16, 4 and
45.92. For these parameters, the Lorenz system ex-
hibits nonperiodic and chaotic motion. The first state
variable z is chosen as the observable and a total of
7000 points are generated by using the fourth-order
Runge-Kutta method; the time step h in the Runge—
Kutta procedure is 0.01 and the first 2000 points are
omitted before the time series is acquired.

For the obtained time series, 10 sets of surrogates
are generated by the TAAFT method. The entropy
estimate H(z, m, 7) and H(zs;, m, 7) is computed
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using Eq. (16), then the entropy ratios are evaluated
form=2,...,10 and 7 = 0,...,10. The plot of en-
tropy ratios is shown in Fig. 1(a), and the minimum
of the plot (Rent = 0.9460) yields the optimum set of
reconstructed parameters mqpy = 4 and Tope = 5.

The AMI for the time series is shown in Fig. 1(b).
The first minimum of this function occurs at 7 = 10;
this is the value of the time delay. In Fig. 1(c), we
display the percentage of global FNN for this Lorenz
data as a function of dimension. The percentage of
FNN goes to zero at m = 3, and m = 3 is the nec-
essary integer dimension for unfolding the attractor

FNN prcentage

30
20t
10 |
> o- <
710_

—20+

—30 s s ‘ . .
-30 —20 -—10 0 10 20 30

from time series. Through a comparison between the
differential entropy method and AMI/FNN, we clearly
find that there is an incongruence.

To further verify the correctness and feasibility of
the method, reconstructions are performed by these
two methods with the results shown in Figs. 1(d) to
1(f). Figure 1(d) shows the two-dimensional projec-
tion of the actual attractor while figures 1(e) and 1(f)
show the reconstructions based on AMI/FNN and the
differential entropy method respectively. It is clear
that the feature of the attractor is more accurately
captured by the differential entropy method.

(b)

0 20 40 60 80 100

-30 —-20 -—10 0 10 20 30

Fig. 1. Lorenz system (o = 16, b = 4, r = 45.92): (a) the plot of differential entropy ratios; (b) the AMI for the
Lorenz time series; (c) the percentage of FNN for the Lorenz time series; (d) actual attractor; (e) reconstructed
attractor based on AMI/FNN; (f) reconstructed attractor based on differential entropy.
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Consider a form of the forced Duffing system![*”!

given by:
dz/dt =y,
dy/dt = —oy — az(1 + 2?) + Fcos(z),  (20)
dz/dt = 02,

which becomes chaotic when ¢ = 0.06, a = 0.7,

F = 75, 2 = 1. Equation (20) is integrated by
the fourth-order Runge-Kutta method with time step
h = 0.05; 7000 points are obtained and the first 2000
points are omitted.

Ten sets of surrogates are generated by the
TAAFT method. The differential entropy of the origi-
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nal time series and its surrogates are estimated. Fig-
ure 2 (a) shows the entropy ratio plot form = 2,...,10
and 7 = 0,...,10. The minimum of the entropy ra-
tio occurs at Reye = 0.9527 and the optimum set of
reconstructed parameters Mopt = 3 and Topt = 6 are
found.

For comparison, those parameters are obtained by
the AMI/FNN method. The AMI for the time series
is shown in Fig. 2(b) and the time delay is 7 = 11.
From Fig. 2(c), the FNN percentage indicates a mini-
mum embedding dimension m = 3. It is clear that the
obtained parameters are dramatically different from
those obtained by the differential entropy method.

(b)

AMI

0 20 40 60 80 100

Fig. 2. Duffing system (o = 0.06, a = 0.7, F = 7.5): (a) the plot of differential entropy ratios; (b) the AMI for
the Duffing time series; (c) the percentage of FNN for the Duffing time series; (d) actual attractor; (e) reconstructed
attractor based on AMI/FNN; (f) reconstructed attractor based on differential entropy.
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For showing two-dimensional projections of the
phase trajectory, figure 2(d) shows a projection of the
actual attractor while figures 2(e) and 2(f) show re-
constructions based on AMI/FNN and the differential
entropy method. Clearly, the reconstruction is better
by using the differential entropy method.

The third is the Rossler system:[8]

dz/dt = —(y + 2),
dy/dt =z + dy, (21)
dz/dt = e+ z(x — f),

where d = 0.2, e = 0.2, f = 5. For these parameters,

Re nt
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40 |
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the Rossler system exhibits broadband chaos. Equa-
tion (21) is solved and 7000 points are acquired by
the fourth-order Runge-Kutta method with time step
h = 0.05; the first 2000 points are omitted.

Ten sets of surrogates are generated by the
TIAAFT method. H(z, m, 7) and H(xs;, m, T) are
computed by using Eq. (16). Figure 3(a) shows the
plot of entropy ratios for m = 2,...,10 and 7 =
0,...,15. The minimum of the plot (Rens = 0.9946)
corresponds to the optimum set of reconstructed pa-

rameters meope = 4 and Tope = 7.

(b) I I | | J

0 20 40 60 80 100

Fig. 3. Rossler system (d = 0.2, e = 0.2, f = 5): (a) the plot of differential entropy ratios; (b) the AMI for the Rossler
time series; (c) the percentage of FNN for the Rossler time series; (d) actual attractor; (e) reconstructed attractor based

on AMI/FNN; (f) reconstructed attractor based on differential entropy.
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To obtain embedding parameters by the
AMI/FNN method, we find that the first minimum
of AMI appears at 7 = 22 as depicted in Fig. 3(b).
In Fig. 3(c), the FNN percentage indicates a mini-
mum embedding dimension m = 3. Obviously, the
obtained parameters are inconsistent with those ob-
tained by the differential entropy method.

Figure 3(d) shows a projection of the actual at-
tractor, figures 3(e) and 3(f) show projections based
on AMI/FNN and differential entropy method respec-
tively. Note that the features of the attractor are more
accurate by using the differential entropy method.

The Lyapunov exponent and the correlation di-
mension are invariable for a chaotic attractor, so the
reconstruction quality is evaluated by these two pa-
rameters. In this paper, the G-P algorithm is em-
ployed to compute the correlation dimension, and the
Lyapunov exponent based on Rosenstein’s method?!
is estimated. For simplification, the calculations for
reconstruction based only on the differential entropy
method are shown in Figs. 4 and 5.

The calculated results and errors for AMI/FNN
and the differential entropy method are provided in
Table 1.

on the differential entropy method can effectively de-

It is clear that the reconstruction based

crease the calculation errors of the correlation dimen-

l

sion and the largest Lyapunov exponent, which is su-
perior to the AMI/FNN method.

15
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10F o Duffing
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Lyapunov exponent
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Fig. 4. Lyapunov exponent.
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Fig. 5. Correlation dimension.

Table 1. Calculation result of the Lyapunov exponent and correlation dimension.

Lyapunov exponent correlation dimension
system actual value AMI/FNN error DE error actual value AMI/FNN error DE error
Lorenz 1.4976 1.4571 —0.0405 1.4725 —-0.0251 20377 2.0879 +0.0502 2.0564 +0.0187
Duffing 0.2748 0.2073 -0.0675 0.3300 +0.0552 1.8201 1.8456 +0.0255 1.8310 +0.0109
Rossler 0.4013 0.4376 +0.0363 0.4273 +0.0260 1.9544 1.9683 +0.0139 1.9598 +0.0054

5. Conclusion

In order to extract the chaotic characteristic accurately, this paper presents an efficient method based on the

differential entropy for phase space reconstruction. The optimum set of reconstructed parameters is given by the

minimum of the differential entropy. Compared with conventional methods, we find that a clear advantage of the

differential entropy method is that both embedding dimension and delay time can be determined simultaneously.

The simulation results show that the estimated embedding parameters by the differential entropy method can

capture the potential dynamical information from the observed chaotic time series better than those by the

AMI/FNN method. Furthermore, the accuracy of invariants in phase space reconstruction is improved by

means of estimating the correlation dimension and the largest Lyapunov exponent. All the experiments prove

that the differential entropy method is practicable for determining appropriate reconstructed parameters.
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