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In this paper, we have improved delay-dependent stability criteria for recurrent neural networks with a delay varying

over a range and Markovian jumping parameters. The criteria improve over some previous ones in that they have fewer

matrix variables yet less conservatism. In addition, a numerical example is provided to illustrate the applicability of

the result using the linear matrix inequality toolbox in MATLAB.
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1. Introduction

In the past few decades, the mathematical prop-
erties of recurrent neural networks (RNNs), such as
the stability, the attractivity and the oscillation, have
been intensively investigated. RNNs have been suc-
cessfully applied in many areas, including image pro-
cessing, pattern recognition, associative memory, and
optimization problems. In fact, the stability anal-
ysis issue for RNNs with time delays has been an
attractive subject of research in the past few years,
where the time delays under consideration can be
classified as constant delays, time-varying delays, and
distributed delays, with various sufficient conditions,
either delay-dependent or delay-independent. Since
delay-independent criteria tend to be more conserva-
tive especially for small size delays, considerable atten-
tion has been devoted to delay-dependent ones, see for
example Refs. [1]-]6].

Recently, stability analysis issues for neural net-
works in the presence of parameter uncertainties have
Chen et all” used

free-weighting matrices to study the exponential sta-

been proposed in some papers.

bility of uncertain stochastic delayed neural networks
in mean square. Rakkiyappan et al.[®l obtained ro-
bust stability results for uncertain stochastic neural
networks with discrete interval and distributed time-
varying delays by using LMI and free-weighting ma-

trices. The free weighting matrix method, by con-
trast, can keep a balance between the conservatism
and the computational effort; there is still some con-
servatism (see Refs. [9]-[11]) and the criteria can be
simplified. But this method needs many matrix vari-
ables; Shaol'? and Kwon"3! got delay-dependent sta-
bility criteria for systems with interval time-varying
delay with fewer matrix variables than some recently
reported ones.

It is worth noting that the RNNs may have finite
modes, and the modes may switch (or jump) from one
to another at different times. Recently, it has been
shown in Ref. [14] that the switching (or jumping)
between different RNN modes can be governed by a
Markovian chain. Hence, an RNN with such a “jump-
ing” character may be modelled as a hybrid one; that
is, the state space of the RNN contains both discrete
and continuous states. For a specific mode, the dy-
namics of the RNN is continuous, but the parameter
jumps among different modes may be seen as discrete
events. When time delay control systems are subject
to the influence of Markovian jumping parameters, the
Stan-
dard techniques for the design of robust controllers of

behaviour of the system becomes stochastic.

deterministic systems mentioned above are no longer
applicable. Therefore, RNNs with Markovian jump-

ing parameters are of great significance in modelling
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a class of neural networks with finite network modes.
Note that the concept of Markovian neural networks
or stochastic system has already been used in some
papers, see e.g. Refs. [15]-[19].

It should be pointed out that, up to now, the
stability analysis problem for uncertain RNNs with
Markovian switching has received little research at-
tention, despite its practical importance. In this pa-
per, we are interested in developing criteria for delay-
dependent stability of delayed recurrent neural net-
works with Markovian jumping parameters. By uti-
lizing a Lyapunov—Krasovskii functional and conduct-
ing the stochastic analysis, we recast the addressed
stability analysis problem into a numerically solvable
problem. A unified LMI approach is developed to es-
tablish sufficient conditions for the neural networks to
be globally asymptotically stable. Note that LMIs can
be easily solved by using the Matlab LMI toolbox, and
no tuning of parameters is required.?”l The numeri-
cal example is provided to show the usefulness of the
proposed global stability condition.

Notations: The notations are quite standard.
Throughout this paper, R™ denotes the n-dimensional
Euclidean space. The superscript “T” denotes ma-
trix transposition and the notation X > Y (respec-
tively, X > Y) where X and Y are symmetric ma-
trices means that X — Y is positive-semidefinite (re-
spectively, positive-definite). I, is the n x n iden-
tity matrix. |- | is the Euclidean norm in R™. If A
is a matrix, denote by ||A]| its operator norm, i.e.,
A = sup{|Az| : |z| = 1} = /Amax(ATA) where
Amax(+) (vespectively, Apin(-)) means the largest (re-
spectively, smallest) eigenvalue of A. The symmetric
terms in a symmetric matrix are denoted by *.

2. Model descriptions and pre-
liminaries

Consider the following delayed recurrent neural
networks with Markovian jumping described by

da(t) = [ — A () (8) + > Ao (1) fr (2 (1))

+ Z bmn(nt)fn(xn(t - h(t)))

n=1

p t
+ Z Cmn / fo(zn(s))ds + Im} dt,
n—1 t—7(t)

m,n=12...,p, (1)

where x,,(t) is the activation of the m-th neurons,
fn(.) denotes the signal function of the n-th neurons;
I,,, stands for the external inputs at time ¢; d,(n;) is
a positive number, and it denotes the charging time
constant or passive decay rate of the m-th neurons;
A (M), b (M), Cmn () stand for the synaptic con-
nection weights. ny,t > 0 is a homogeneous, finite-
state Markovian process with right continuous trajec-
tories and takes values in a finite set S = {1,2,..., N}
with a given probability space (£2,%#,) and the
initial model 79, and a finite-state Markovian pro-
cess with right continuous trajectories with generator
N = [m;;] and transition probability from mode ¢ at

time ¢ to mode j at time t 4+ 9,7,5 € S,

pij = Pr(nics = jlne = 1)
730 + 0(0), i # J,

= 0 (2)
14+ mi0+0(0), i =

with transition probability rates m;; > 0, for 4,5 €
N
S, i # j and m; = — ) my, where 6 > 0 and
j=1
limgs_,0 0(8)/0 = 0.
To obtain our results, we make the following as-
sumption.
(i) The neuron activation functions in Eq. (1) sat-
isfy
|fn(s1) = fu(s2)| < Luls1 — sa2f, 51,52 € R, 51 # 32,
where L,, (n=1,2,...
(ii) The neural activation function in Eq. (1) is

bounded.
(iii) The time delays h(t) satisfy

,p) are positive constants.

0<hy <h(t)<hy, h(t)<h, 0<7(t)<T,

where hy, ho, h are constants.

It is clear that under the assumptions (i) and
(ii), system (1) has at least one equilibrium. In or-
der to simplify our proof, we shift the equilibrium
point z* = (2}, 23,...,25)" of system (1) to the ori-
gin. This transformation

gn (@ () = fo(un(t)+2%) = f(@7), um(t) = 2 () - 2"
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puts system (1) into the following system (3)

dum(t) = |: —dp (nt)um (t) =+ Z Amn (nt)gn (un(t))

n=1

+ Z binn (N) gn (un (t — h(1)))

n=1
p t
+ Z Cmn(Nt) / In (un(s))ds] dt,
n—1 t—7(t)
m,n=12...,p (3)

with the initial values given by
Um (1) = @m(t),t € [-2u,0], p = max{h, T},

where ¢, () is a continuous function g, (.) which sat-
isfies the following properties.

(H1) The neuron activation functions g,(.) (n =
1,2,...,p) are bounded on R and Lipchitz continu-
ous, that is, there exist constants L,, such that

|9n(51) — gn(s2)| < Lp|s1 — s2l,

for all s1,s9 € R.
Rewriting Eq. (3) into the vector form, we obtain

du(t) = [— Dineyu(t) + Aln)g(u(t))

+ B(ne)g(u(t — h(t)))

oo [ s @

~—
hS]
X
hS]

C(m) = (cmn(0t)) pxp-

Some lemmas used in this correspondence are listed
as follows.

Lemma 1 (Schur complement) Given constant
{2y, {25, and {23 with appropriate dimensions, where
O = ) and 25 = 2 > 0, then

0+ 2507 0 <0,

. L |2 02 —{ (23

if and only if <0or <0.
* 7.92 * .Ql
16]

Lemma 2! For any constant matrix M > 0,

any scalars a and b with a < b, and a vector function

x(t) : [a,b] — R™ such that the integrals concerned
are well defined, then the following inequality holds

{/abx(s)ds]TM{/abx(s)ds}
<-a " () Ma(5)ds.

Lemma 30 Let A, D and N be real constant
matrices with appropriate dimensions; matrix F(t)
satisfies F'T(t)F(t) < I. Then we have:

For any ¢ > 0, DF(#)N + NTFT(#)DT <
e 1DDT + eNTN.
Lemma 431 For any scalar h(t) > 0, and any
constant matrix Q € R"*", Q = QT > 0, the follow-

ing inequality holds:

- [ F Qe < T0E 02 Qe
+ 26T (Oa(0) — ot — 7O,

where £T(t) = [T (), 2" (t — 7(t)), 2T (t — hy), 2T (t —
ha), 21 (t), 21 (t), GT(x(t)), GT(x(t—7(t)))] and 2 is
a free-weighting matrix with appropriate dimensions.

In what follows, for simplicity, while 7; = 4, the
matrices D(n:), A(n:), B(n:), C(n:) are represented by
DrL7 Al) BrL’ C’L'

3. Main results

In this section, some sufficient conditions of global
stability for systems (3) or (4) are obtained.

Theorem 1 For system (4) satisfying assump-
tions (i)—(iii), the equilibrium solution of neural net-
work (4) is globally asymptotically stable in the mean
square if there exist matrices Q; > 0, P, > 0 (k =
1,2,3), S1 >0, S; >0, P > 0, and any matrices X7,
Xo, Y1, Yo, Zy, Z5 as well as positive scalars by, by
satisfying the following linear matrix inequalities

i+ R+RT M X hao® hiZ

* —Sl 0 0
;= <0, (5)
* * —52 0
* * * =5
where

21 = (Zrni)sxsxi

Y = ZﬂijQi + P+ P+ Ps+ b L"L - W;D;

=1
- D;W,
Siki =0 (k=2,...,4), Ti5; = -W; — DIW; + Q;,
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Yiei = Wili, Yz = Wi,

Sisi = WiCi, Yagi=—(1—h)Ps+bL"L,
Soni =0 (k=3,...,8),

Yyzi = =P, X3 =0 (k=4,...,8)

Yagi = =Py, Xy =0 (k=5,6,7,8),

Sss = hiS1 + hiySo — W, — W, Ssei = WA,
Yszi = WiBi,  Xssi = WiCh,

Seoi = T2P — b1, Seri(k=7,8)=0,

Yrri = —bol,  Xr5; =0, 2Xgsi = —PF,

2 =h[X{, 0, X3, 0,0, 0,0, 0]",

Y = hQ[O’YlTa 07 YQT, O, O, 0, O]Tv
gzth[O; Z'1T7 Zga 07 07 07 05 O]T7

R=|Z, - Z+%, —-Z+%, —%,0,0,0, 0],
his = hoy — hy.
Proof
Construct the following Lyapunov—Krasovskii
functional:
3
V(u(t),t,i) =Y Vi(u(t),t,i) (6)

), t, 1) / / hgu $)S1u(s)dsdf
h1 t+0
/ / h12u )SQU( )d$d0
t+0
), t,i) = 7'/ /
—T +9

Then it can be obtained by Ito’s formula that

LWVi(u(t), t,7)) = 2u" (£)Qii(t)

a0 s uto)

j=1

(u(s))dsdo.

— ’U,(t — h}g)TPku(t — hk), (7)
ZL(Va(u(t), t,1) = 4 (t)(hfSl + hiyS2)u(t)

_ / hy i () Syi(s)ds
t—hq

t—hq
_ /t hioiT (s)Soi(s)ds,  (8)

—ho

L(Vs(u(t),t,7)) = 72 f 1 (u(t)) Pf(u(t))
=7 [ fN(u(s)Pf(uls))ds. (9)

t—1

By Lemma 4, we have

—/t hyi (s)S1i(s)ds < hIEY () 2 ST 2 E(t)
t—h1
+2h1 T (1) 2 (ult) — ult — hy)), (10)
t—hy
—/ hlz’L.LT(S)SQ’l.L(S)dS
t—ho
t—h(t)
_ /t_h (he — h(1))i" (6) S2(6)d0
_ / T (8 — )T (6)Syi(6)d0
t—h(t)
< (hg — h())?ZE®) S5 1A TE(t)
+ 2(he — W) (ult — h(£)) — ult — ha))
+ (h(t) — ) Z€T (1) Sy ZTE(t)
+ 2(h(t) — h1) Z (u(t — h1) — u(t — h(1)) (11)
with &7 (t) = [u” (t), u™ (t—h(t )) T(t hl) (t ha),
WT(1), g™ w(®)), g7 (ult = hO)), (7, glu(s))Tds].

From assumption (i), it is 0bv1ous that

— T (@(0) f(2(t) + b (L La(t) > 0,
= baf T (t = h(1))) f(x(t — (1))
+ box T (t — h(t)) LT La(t — h(t)) > 0. (12)
The first equation in Eq. (4) ensures
20+ )W = ) = Dia(t) + Aiglutt)
B;g(u(t — h(t C; u(s))ds ) =0. (13
# Bgfult=h0)+C [ glatspds) =003
Then, combining expressions (7)—(13), it follows
that
LV (u(t), t,i) < X () 2E) (14)
with
0 =2+ R+RT TSI
+ (ha = 7(6)*ZE(1)7 S5 D TE()
+(7(t) = h)* ZET (1) Sy ZTE(t)
D+ B+ R+ T2 ST 2Tt
+hTE) Sy Y TE(t)
L2 (t)Sy ZTE(). (15)

IN

By using the Schur complement (Lemma 1), we get
27 < 0. Taking the mathematical expectation, we
have

BV L0 < g (1) ie()] < ~NBJu (o)
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where A is the eigenvalue of (2;; this implies that the
equilibrium point z* of system (4) is globally asymp-
totically stable. This completes the proof.

Remark 1 Theorem 1 solves the stability prob-
lem for time-varying delay over a range and presents a
delay-range-dependent criterion. Further, for h; = 0
it implies that 0 < h(t) < hg, which was investigated
in Refs. [7] and [16].

Now we consider the robust stability of the un-
certain system

du(t) = [— (Di + AD;(t)) (u(t)

+ (Ai + AA; () g(u(t))
+ (Bi + ABi(t))g(u(t — h(t)))

+ (C; + ACy) /ti o g(u(s))ds} dt, (16)

where A;, B;, C;, D;, for any i € S, are known con-
stant matrices of appropriate dimensions, AA;, AB;,
AC; and AD; for i € S, are unknown matrices that
represent time-varying parameter uncertainties and
are assumed to be of the form:

[AD;, AA;, AB;, AC;]
= H;F;(t)[Ev, Ea;, Es;, Eyl, (17)
where H;, F1;, Fo;, E3;, E4; are known real constant

matrices and Fj(t), for any ¢ € S are unknown time-
varying matrix functions satisfying

Frt)Fi(t)<I,ieS.

3

Definition 1 The equilibrium solution of the
neural networks (16) is said to be globally robustly
asymptotically stable for all admissible uncertainties
satisfying Eq. (17) in the mean square if the following
condition holds:

Eflz(t)[* = 0.

The system (16) can be written as

Qu(t) = | = DiO) + Ase)a(ulr)
+ Bi(t)g(u(t — h(t))
t
com [ guenasla )
t—7(t)
Theorem 2 For system (18) satisfying assump-
tions (i)—(iii), the equilibrium solution of neural net-

work (18) is globally asymptotically stable in the
mean square if there exist matrices @; > 0, P, > 0

(k=1,2,3), 51 >0,S5 >0, P >0, and any matrices
X1, Xo, 1, Y5, Z4, Z5 as well as positive scalars €;, by,
by that satisfy the following linear matrix inequalities

F1i+e@1 +<%1T hl% hzg hlgg

* —Sl 0 0
D= <0, (19)
* * =85 0
* * * =5
where

Iyi = (Dni)oxoxis  Th1i = i + & B By

N =0 (k=2,...,4), Iis = Y154,
Iigi = Xigi + € EY; Fai,

Iz = Sin; + €, B Es;,

Igi = Sisi + & B Ey, o = WiH;,
Togi = Yooy, Topi =0 (k=3,...,9),
I33;,=—=P, I3,;,=0 (k=4,...,9),
Ty =—Py, TI'y; =0 (k=5,6,7,9),
Is5i = Yssi,  Is6i = 2sei,

Is7i257:,  I'ssi = 2ssi,

Isgi = WiH, Tsei = Seei + £E; Eai,
Ie7i = 6By Esi,  Tesi = €iEq; By,
Ig0i =0, Irpi=—bol +e;E5;Es;,
Irgi = €iE3Eyi,  Trgi =0,

Isgi = —P+&;EL By, Tgoi =0,
Z =m[X}, 0, X3, 0,0,0,0,0, 0",

@ = hyl0, Y{', 0, Y5, 0, 0, 0, 0, 0]T,

Z = his)0, Z¥, Z¥, 0, 0, 0, 0, 0, 0]T,

B =X, — X+ F TV, —D,0,0,0,0,0],
hio = hy — hq.

I'g9; = &1,

Proof Replacing D;, A;, B;, C; in Eq. (4) with
we get
Iy = S1;+[E14,0,0,0,0, By, Bsi, By ] F (#)
[HIWr,0,0,0,0, H'W.',0,0]
+ [HfW.,0,0,0,0, HFW., 0,0 F;(t)
[E1:,0,0,0,0, Ea;, Es;, Byl (20)
From Lemma 1, we know that I, is equivalent to
Iy = D+, [HIWT,0,0,0,0, HI W, 0,0"
[H?W1T7 07 Oa 0» 07 H?WiTv 07 0]
+ €i[E1,0,0,0,0, By, E3;, Egi]*
[E1i,0,0,0,0, Eo;, Es;, Eyl. (21)
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Using the Schur complement, we have that [I%9; is
equivalent to {21;. This completes the proof.

When h; = 0, we can get the following result.

Corollary 1 For system (18) satisfying assump-
tions (i)—(iii), the equilibrium solution of neural net-
work (18) is globally asymptotically stable in the
mean square if there exist matrices Q; > 0, Py > 0
(k=2,3),5 >0,S5 >0, P> 0, and any matrices
Y1, Yo, Zy, as well as positive scalars €;, by, by that
satisfy the following linear matrix inequalities

E4+RB+RFT ho hZ
= * —Ss 0
—S,

<0, (22)

* *

where

i = (Zrmni)8x8xi

2 = Zﬂj@i + P+ Py + b LTL
j=1

— W;D; — D;W;" + &, Ef; Ey;,
Siki=0 (k=2,...,4), S5, = —W; — DIW, + Q,
Di6i = WiA; + &, Ef By, Y17i = W;B; + ;B Es;,
Sisi = WiCy + €, Ef By,

Si9i = WiH;,  Sao; = —(1— h)P3 + b LT L,
Yoki=0 (k=3,...,8),

Vsgi =P, Y3 =0 (k=5,6,7,8),

L =h3Sy = Wi =W, Xy5 = WiA;,
Yaei = WiBi, Xy = WG,

Sysi = WiH, Sssi = 12P — b1 + cEy; By,
Ss6i = €iE9;Esi,  Ysti = By By,
Tssi =0, Xgei = —bal + &;F3;Fs;,
Sori = €iE3;Eai,  Yesi =0,

Srti = —P+eELEy, s =0,
Y = hel0, Y{', Y3', 0, 0, 0, 0, 0],
Z =h[0, Z, 0, 0, 0, 0, 0, 0]",
Z=10,%, —%,0,0,0, 0, 0]

Xsgi = —&il,

When the information of the time derivative of
delay is unknown, by setting P; = 0 and P = 0, we
have the following results from Theorem 2.

Corollary 2 For system (18) satisfying assump-
tions (i)—(iii) the equilibrium solution of neural net-
work (18) is exponentially stable in the mean square
if there exist matrices Q; > 0, P, > 0 (k = 1,2),
S1 >0, S5 > 0 and any matrices X7, Xo, Y1, Ys, Z7,

Z5 as well as positive scalars €;, by, bo that satisfy the

following linear matrix inequalities

EM_’_%_*_%T L Y% T1:.%

* —Sl 0 0
= <0, (23)
* * =55 0
* * *  —S5
where

21 = (Zmni)oxoxis

21” = ZT&'UQZ' + P1 + PQ + blLTL — V[/zl)Z

j=1
— DWW + &, EfEy;,

Sii=0 (k=2,...,4), S15,= —W; — DIW; + Q;,

Dii = WiA; + €,E{; By, Zi7; = W;B; + €,E4;E3;,

Digi = WiCy + €, Ef;Eyy, Sho; = Wi H;,

Dooi = boL'L, Yo =0 (k=3,...,9),

Yazi = —P1, X3i=0 (k=4,...,9),

Yai =—Py, Yy =0 (k=5,6,7,9),

Ts5 = hiS1 + hiySe — W, — W, Zsei = WiA,,

Ysri = WiBi,  Yssi = WGy,

Ssoi = WiH, Yeei = 7°P — biI + &,E] Fo,

Yori = iEy B3,  Yes; = €; B3 Ey,

Se0i =0, Drri=—byl +&;E3 E3,

Srsi = ;B3 By, Yr9; =0,

Sssi = —P+eE{Ey, Sso; =0, Yoo = —¢;l,

2 =m[X{, 0, X3, 0,0, 0, 0,0, 0T,

% = hyl0,Y/", 0, V', 0, 0, 0, 0, 0]*,

Z =hio0, Z1, Z3, 0, 0, 0, 0, 0, 0]7,

R=|Z,-X+%,-F+%,-%,0,0,0,0,0],

hio = ho — hq.

Remark 2 Theorem 2 can be applied to both
discrete and distributed time-varying delays only if A
is known. But when h(t) is not differentiable or h is
unknown, Theorem 2 of this paper and Theorem 1 of
Ref. [16] fail to work, while Corollary 2 can be turned
to for checking the stability of system (18).

4. Illustrative example

In this section, we present an example to illustrate
the effectiveness of our results.

Example Consider the delayed uncertain recur-
rent neural networks with Markovian jumping param-
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eters as follows:

where
2.2 0 0.2 0.5
D, = 5 A =
0 25 0.4 0.3
0.3 0.8 0.5 —=0.5
B] = ) Cl =
0.5 04 0.2 0.7
02 0 -3 3
H, = , N=
0 0.2 2 =2
23 0 0.3 —0.1
Dy = 3 A2 = ;
0 24 0.2 04
0.1 09 0.3 —0.2
BZ = ) Cl =
—0.8 1.2 —0.5 0.4
02 0
H2 = )
0 0.2

Ey,=Fy=FE3;=Fy (1=1,2)=L=1

with g(z) = 2(Ju+1|—|u—1]). Obviously, assumption
(i) is satisfied with L = diag{1,1}. Applying Matlab
Toolbox, by Theorem 2, for hy = 0.5561, hy = 0,
r = 0.4484, h = 0, we can get the solution

0.3902
76.3476

—76.4278
0.4482

0.2767
—107.3998

107.2501
0.1952

H
|

» 0.2759  198.6769
2 p—
—198.8337  0.1903
1.0486  —91.3152
P =
91.1290  0.9457
o0 0.6803 —0.1368
~0.1100  0.5334
04139 0
Sy =
0 0.4139
S 0.3272  258.7515
=
—258.8581  0.2580
o 0.1645  182.7446
L=
—182.8878  0.0879
| 02248 —0.0394
~0.0344  0.1608
0.2551  —0.0364
~0.0208  0.2129
by = 0.3271, boy = 0.3667.

Therefore, it follows from Theorem 2 that the
Markovian jumping delayed neural network (24) is
globally asymptotically stable in the mean square.

5. Conclusions

In this paper, delay-dependent stability of delayed
recurrent neural networks with Markovian jumping
parameters is considered. With a different Lyapunov
functional proposed for the derivative of it, simpli-
fied delay-dependent criteria are derived. It is estab-
lished that the criteria, though involved with fewer
matrix variables, are less conservative than some ex-
isting ones. An example is given to verify the theoret-
ical results.
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