Chin. Phys. B Vol. 19, No. 6 (2010) 060510

Determination of the exact range of the
value of the parameter corresponding to chaos
based on the Silnikov criterion®

Li Wei-Yi(Z=4H X)),

Zhang Qi-Chang(5k#15)T, and Wang Wei( £ 4f)

Department of Mechanics, School of Mechanical Engineering, Tianjin University, Tianjin 300072, China and

State Key Laboratory of Engines, Tianjin University, Tianjin 300072, China

(Received 28 July 2009; revised manuscript received 25 December 2009)

Based on the Silnikov criterion, this paper studies a chaotic system of cubic polynomial ordinary differential

equations in three dimensions. Using the Cardano formula, it obtains the exact range of the value of the parameter

corresponding to chaos by means of the centre manifold theory and the method of multiple scales combined with Floque

theory. By calculating the manifold near the equilibrium point, the series expression of the homoclinic orbit is also

obtained. The space trajectory and Lyapunov exponent are investigated via numerical simulation, which shows that

there is a route to chaos through period-doubling bifurcation and that chaotic attractors exist in the system. The results

obtained here mean that chaos occurred in the exact range given in this paper. Numerical simulations also verify the

analytical results.
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1. Introduction

At present, research on the motion charac-
teristics!' 3] and construction[*=¢ of chaotic systems
is receiving more and more attention. Among them,
chaos in the Silnikov sense has attracted the atten-
tion of many investigators. Continuous efforts have
been devoted to seeking methods to determine the ex-
istence of Smale horseshoe chaos. In this endeavour,
besides Sprott’s[’—% exhaustive search for chaos via a
computer program, Xu and Jing!*% found a method to
determine the existences of Smale horseshoe chaos in a
coupled Duffing’s system by using Melnikov’s method
and geometrical singular perturbation theory. Zhou
and Chen!"l and Zhul'?l constructed a new chaotic
system of quadratic polynomial ordinary differential
equations in three dimensions based on the Silnikov
criterion. Zhang and Tian*® studied the eigenvalue
problem and existence of the homoclinic orbit respec-
tively.

It is known that period-doubling bifurcation is a
route to chaos. The asymptotic solution and the bi-
furcation value of period-doubling bifurcation were ob-
tained by Rand.['* Nayfeh and Balachandran!'® ob-
tained the first order asymptotic solution of period-

doubling bifurcation. Though the existence of chaos
in Silnikov’s sense can be determined based on the Sil-
nikov criterion, it is difficult to find the exact range of
the parameter’s value corresponding to chaos. Other
than a lucky encounter of chaos in numerical simula-
tion, it is still a task with significant impact on both
basic research and engineering applications.

In this paper, a chaotic system of cubic polyno-
mial ordinary differential equations in three dimen-
sions is analysed based on the Silnikov criterion.[®!
Using the Cardano formula, we obtain a rude range
of the parameter’s value corresponding to chaos. The
series expression of the homoclinic orbit of the system
is also obtained by calculating the manifold near the
equilibrium point. The system is reduced into a two-
dimensional system by the centre manifold theory.!'”!
The critical value of parameters corresponding to
the first period-doubling bifurcation is found by the
method of multiple scales!'®! combined with Floque
theory.['”) Then the exact range of parameter’s value,
which is easier for people to find the chaos of the sys-
tem, is obtained by an intersecting calculation with
the rude range. Finally it is proved that the system
has Smale horseshoes chaos and that there is a route
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to chaos through period-doubling bifurcation by nu-

merical simulation.

2. Silnikov criterion

The Silnikov criterion'® is a very useful tool for
providing chaos in autonomous systems. Consider the
three-dimensional case:

d

G =/@. teRoeR, M
dit

where f : R® — R? belongs to C" (r > 2), and
If the

eigenvalues of the Jacobian A = Df(x) satisfy the

xzo € R? is a hyperbolic equilibrium point.

following:

(i) The A has three eigenvalues: a, b & ci, where
a <0,b>0,|al >0b. The a, b, and ¢ are real con-
stants;

(ii) There exists a homoclinic orbit based on g,
then the system has horseshoe chaos.

Based on the Silnikov criterion, we study a sys-
tem which is improved by the Proportion Integration
Differentiation controller system:2"!

T =y,
- &)
i =By — az — vz + 622 + Kz + pad.

The fixed points of Eq. (2) are

_5— /5214
X0(07070)7 Xl( 0 d i 7M70a0>7

2u

=0+ /0% + 4y
X, o .0,0).

Here we consider just X((0,0,0). The linearized sys-
tem on this point is

X = AX, (3)
where X = [ac7y7z]T, A is the Jacobian matrix of
Eq. (2) and

0 1 0

A=]0 o0 1 (4)

- B —«

The characteristic equation of Eq. (3) is

M4+aX+BA+y=0. (5)

Letting A = 4 — «/3, we obtain

1P +pp+q=0, (6)
where
a? af 203
P—ﬁ—g, Q—V—?+W~ (7)

According to Cardano’s formula, if

2=(3) +(5) -

\s/_g+\/2_ §/g+\/z<min (g,—?) (8)

then equation (5) has a real root m, along with a dual
conjugate complex root u £ jw. In addition, m < 0,
u >0, |m|>u>0.

To this end, letting o = 0.45, v = 2.1, we obtain

0.0675 < 8 < 4.66667. (9)

To meet all the conditions stated in the Silnikov
theorem, one more condition is required to prove that
system (2) has a homoclinic orbit jointing the equilib-
rium point X(0,0,0). The homoclinic orbit is doubly
asymptotic with respect to time ¢, so, assume for ¢ > 0
that

+oo
x(t) = Zakekmt,
k=1
+oo
y(t) = bret™, (10)
k=1

+oo
z(t) = Z cpekmt,
k=1

where ay, by, ¢, are undetermined coefficients, m is a
real root of Eq. (5), k € N.

Substituting Eq. (10) into Eq. (2) and then com-
paring coefficients of the like terms in €™t when
k =1, we obtain

[mI —A] [ b, | =0. (11)

If (ay,b1,¢1) = (0,0,0), then we can conclude
(ag,br,cx) = (0,0,0) for & > 1. Thus, (a1,b1,c1) #
(0,0,0). So, we can determine aj, b; and ¢; with a
free parameter denoted by &.

For k > 1, we have

060510-2



Chin. Phys. B Vol. 19, No. 6 (2010) 060510

0
ar
0
kmI — A] | b, | = . . . (12)
Ch ) Z a;a; + K Z a;QjCpy + [ Z ;00
i+j=1 i+jt+m=1 i+jt+m=1
So
0
ag
-1
by | = [kmI — A] k k A (13)
Ch 1) Z a;a; + K Z a0 Cm + [ Z a;Q;Cm
i+j=1 i+j+m=1 i+jt+m=1
\
Therefore, z(t), y(t), z(t) have been uniquely de- =
. () y() () quely .’E(T):Zazeikm—,
termined for ¢t > 0. —
Then we make use of the transformation 7 = —¢ oo -
o —knTt
with ¢ > 0. So, equation (2) becomes y(r) = Z bye ’ (15)
B
z' = —y, z(1) = Z e T,
y =z, (14) k=1

2 = By + az +yx — 6a% — kalz — pad, where a}, b}, ¢}, are undetermined coefficients, and n
is undetermined negative real. Substituting Eq. (15)
where 2’/ = da/dr, ¢ = dy/dr, 2/ =dz/dr.

Completely similar to the case of ¢t > 0, let

into Eq. (14) and then comparing coefficients of the
like terms in e *"7_ if k = 1, we have

ay
nI — Al |, | =0, (16)
A
if £ > 1, we have
, 0
ak O
[knl — A] | b, | = . . k (17)
c, o Z aia; + K Z a;a;Cm + Z a;;Qm
it+j=1 i+j+m=1 i+j+m=1

Then, letting m = n, the nonzero solution (a}, b, ¢|) can be determined with a free parameter denoted by
7. The other coefficients aj,, b}, ¢}, can be also uniquely determined; if k > 1 we have

0
aj, 0
-1
b, | = [knl —A] k k k (18)
c) 1) Z aa; + K Z a;iiCm + Z a;0iam
i+j=1 i+j+m=1 i+j+m=1

Thus, we obtain the expression of the homoclinic orbit at the equilibrium point X,(0,0,0) as follows:
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—+oo

Zakekmt, t>0,
x(t) =

Za/ —kmt <0,

+oo

> bpefmt >0,
y(t) = q 528 (19)

> breThm <0,

K

Z ckekmt, t>0,
2(t) = { 45

Z e kMt <0

k=1

Where ¢ and 7 are determined by
—+oo —+oo —+oo +oo
D we=> ak Y b= b
k=1 k=1 k=1 k=1
“+o00 “+o0
Z cp = Z Cle- (20)
k=1 k=1

Next we construct the one-dimensional and two-
dimensional manifolds corresponding to the eigenval-
ues of the equilibrium point X(0,0,0). We suppose
that the eigenvalues of the system (2) are A1, A3, A3
at the origin, A\; is a real number, Ay and A3 are con-
jugate complex roots. The vector representation of

system (2) is:

X(t)/dt = AX + B(X)X, (21)
where
x 0 1 0
XeRrR, X=|yl|, A=|l0 0 1|,
z -y -8 —«
0 00
B(X) = 0 0 0

Sz + pr? 0 ka?

We suppose that the series expression of the one-
dimensional manifold corresponding to A; is

where dy € R3,dy = (ag,bg,cr)-
The differential quotient of Eq. (22) is

dX(t)
dt

Z EXydpet e, (23)

Substituting Eq. (23) into Eq. (21
ing the result with Eq. (23), we get

), then compar-

Ady + B(do)do =0, (k=0), (24a)

[MI—A—2B(dy)]dy =0, (k=1), (24b)
k—1

(kAT — A= 2B(do)|dy = > B(di)dx—i, (k> 1),
i=1 (24c)

From Eq. (24a), we know that dy is the equilib-
rium point X(0,0,0), since it is hyperbolic; equation
(24b) has the real solutions:

dl - ,u)\ldla 125% S [_k)\u ]{1)\1}7 (25)

where d! is the eigenvectors of the eigenvalue A1, ky, is
the maximum constant to keep Eq. (22) convergent. [21]

If £ > 1, Det [kA1 ] — A — 2B(dp)] # 0, we can obtain:
dr, = [kMAI — A —2B(dp)]

1ZB

Since the two-dimensional manifold corresponds

dk i (26)

to A2, A3, we assume
o0 oo
)=y dijelt, (27)
i=0 j=0

where d;; € R3,i,j € N.
The differential quotient of Eq. (27) is

dX (1) ; - :
dt( ) = Zi}\gdier/\zt + Zj)\gdojej/\?’t
i=0 =0
+ZZ(2)\2 +j)\3>dije(i>\2+j)\3)t~
i=1 j=1 (28)

= st Substituting Eq. (27) into Eq. (21), then comparing
= dpet, (22) '
= | the result with Eq. (28), we get
Adoo + B(doo)doo = O7 (Z = O,j = 0), (29&)
[i)\g —A— ZB(doo)] dip = 0, (Z > 0,] = O), (29b)
[jAs — A —2B(doo)]doj =0 (i=0 j > 0), (29¢)
[ida 4+ jAs — A — 2B(doo)] Z Z B(diy j ) di—iyj—jrs (i >0,5>0). (29d)

11_0 31—0
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From Eq. (29a) we know that dy is the equilibrium point X4(0,0,0), and from Egs. (29b) and (29¢) we get

MAQd(AQ) B, € [7]{:)\27]{:)\2] (Z = 1)7
dig = i—1 30
D) el - A—2B(do)] MY Bldidix (i > 1), (30)
k=1
fasd(A3) iy € [“hxg, K, (=1,
do; — = (31)
D) Xl - A=2B(do)] 7' Y Bldi)dik (> 1),
k=1
\
where d(A2) and d(As3) are the eigenvectors of Ay and  orbit of Silnikov’s type, as shown in Fig. 1.
A3, respectively, ky,, kx, are the maximum constants
21 . y
to keep Eq. (27) convergent.?!l From Eq. (29d), if 10050
1> 0,7 > 0, we obtain
dij = [(iXa 4 jAs)] — A — 2B(doo)] ™"
i g
X 3> Bldiyj, )iy gy - (32)
i1=0 j1=0
By this method, we obtain the series expression of
one-dimensional and two-dimensional manifolds of the
homoclinic orbit near Xy(0,0,0) and the homoclinic Fig. 1. The homoclinic orbit of system (2).
|
The one-dimensional manifold of the homoclinic orbit is
z1[t] = —0.662768e~0-857633¢ _ () 243887¢ 7171527t _ (0,0457519e~ 25729 — 0.00640864¢ 343053
— 0.000779778e 28817t _ (0.0000877899e 514788 _ 9.38244 x 1066003431
y1[t] = 0.568412¢70-857633 1 (0.418331e 171527 _ 0.117715e~ 25729 1 0.0219851¢3-43093¢
—0.00334382e~ 428817 1 0.000451749e 51478 _ (.0000563269¢6-00343,
21[t] = —0.487489e0-857633t _ () 717548e 171527t _ ().302869e 25729 — 0.0754204¢ 343053t
—0.0143388¢ 428817t _ (0,00232461e 51458 _ (0.000338154¢6-00343¢, (33)

The two-dimensional manifold of the homoclinic orbit is

wot] = 2.1702 x 10700315208 ¢05[6.20588¢] — 3.77704 x 10~ %e-815208¢ 4in[6.205881)
+ 0.0000895194¢°-611451 ¢o5[4.65441¢] + 0.000318028°-511451% sin[4.65441¢]
— 0.0206048°-407034 ¢05[3.10294¢] — 0.0108796¢"-407634 5in[3.10294¢]
+ 0.628716e"-203817t ¢os[1.55147t] — 0.16809e"-203817 5in[1.55147t] + 0.189399¢0-407634
—1.00239e0-511451 05[1.5514 7] 4 0.257116e°-611451 sin[1.55147¢] — 0.032343¢0-815208¢
+0.0116725e%-815208% ¢05[3.10294¢] — 0.0159559¢°-815268%5in[3.10294¢]
—0.000454358¢! 01909 c05[4.65441¢] + 0.000143133e'-0199%sin[4.65441¢]
—0.7332536e" 01999 cos[1.55147t] — 0.0560748¢* V199 sin[1.55147¢],

ya[t] = —0.0000216706e-315268" ¢os[6.20588t] — 0.0000165474e°-815268! ¢in[6.20588¢]
+0.00153497e"-01 1451 ¢08[4.65441¢] — 0.000222202e%-611451 5in[4.65441¢]
— 0.042158¢%-407634% £65[3.10294¢] 4 0.0595008e%-407634% 5in[3.10294¢]
— 0.132643e%-293817 ¢05[1.55147t] — 1.00968e%-293817 5in[1.55147¢] + 0.9108055¢°-407634¢
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+0.337618"-01 1451t ¢os[1.55147¢] + 0.312732e"-011451 ¢in[1.55147¢] — 0.0263682¢0-817268¢
— 0.0399938e"-8152687 ¢05[3.10294¢] — 0.0492272e"-815208% 5in [3.10294¢
+0.00020317e01999 cos[4.65441¢] + 0.00226064e V190 sin[4.65441¢]
— 0.120886e! 01999 os[1.55147t] — 0.00555294e! 01999 sin[1.551471),

25[t] = —0.000120358°-315208¢ ¢05[6.20588¢] 4+ 0.000120994-315268¢ 5in[6.20588¢]
— 0.0000956576e%-611451t ¢os[4.65441t] — 0.00728024¢%- 611451 sin[4.65441¢]
4 0.167442e%-4076341 ¢05[3.10294] + 0.155068e°-107634% 5in[3.10294¢]
— 1.59354e%-203817¢ ¢05[1.55147t] + 0.0314716%-407634 1 (.69163e%-611451 cos[1.551471]
— 0.332582e%- 011451 4in[1.55147¢] — 0.0214971e0-815268% _ (),185355¢0-815208% ¢5[3.10294¢]
+ 0.0839652¢°-315268! 4in[3.10294¢] + 0.010729e" 0199 cos[4.65441¢]
+0.00135814e! 01999 gin[4.65441¢] — 0.7011809e*-0190% cos[1.55147¢]

+ 0.181893e 01909 &in[1.55147¢].

3. Period-doubling bifurcation

Based on the Silnikov criterion, we know that sys-
tem (2) has Smale horseshoes. From Eq. (9), it is dif-
ficult for people to find the accurate range of the pa-
rameter’s value corresponding to chaos. It is known
that period-doubling bifurcation is a route to chaos.
So the next task is to suggest an analytic approach
which will yield a critical value of 8 corresponding to
first period-doubling bifurcation, which makes it easier
for people to find the exact range of the parameter’s
value corresponding to chaos.

The idea of the method is to use centre mani-
fold theory to the upflow equation of the centre mani-
fold, then the method of multiple scales combined with
Floque theory is used to determine the value of 8 for
the first period-doubling bifurcation.

In order to approximate the centre manifold, we
set

Z=C1T + Ccy + 03x2 + cary + C5y2 + c6x3

+ crxy + cgxy® + coy® + O(4). (35)

Differentiating Eq. (35) with respect to time ¢ and si-
multaneously considering Eq. (2), we obtain

— By — az — yx + 62 + katz 4 pad
= (c1 + 2e32 4 ¢4y + 3cx? + 2crxy + gy’
+ (c2 + cax + 2c5y + cr?
+ 2cgxy + 3coy® )y’ + O(4). (36)

Comparing coefficients of z, y, 2, 2, zy, 23, y>, 2y,

zy?, we have

v+ act +cie2 =0,

ﬁ+cl+a02—|—c§ =0,

— 0 + aeg + cacg + c1eq = 0,

¢y + acs + 3cocs = 0,

2c3 + acy + 2¢cac4 + 2c105 = 0,

— [ — Kc1 + c3cq + acg + cace + c1c7 = 0,

2c§ + cg + acg + 4eacg = 0,

— KeCg + ci + 2c3cs + 3cg + acy + 2cac7 + 2c1c8 = 0,

3cacs + 2¢7 + acg + 3cacs + 3cicg = 0. (37)

Letting a = 0.45, v = 2.1, § = 3.3, Kk = 0.78,
@ = 0.03, solving for ¢;—c9 and expanding the result

for small 3, we obtain

c1 = —1.59493 — 0.03365893 — 0.223648 3
+0.02401195% — 0.0010160234,

co = 1.05779 — 0.3766563 + 0.03187513%,

cs = 1.67686 — 0.3364250 + 0.14942952,

¢4 = —0.935603 — 0.01015013 + 0.040812152,

s = 0.230362 + 0.1169613 — 0.002570952,

ce = —0.717175 + 0.47196253 — 0.28308952,

c7 = —0.421127 + 0.3047378 — 0.047408132,

cg = 0.362494 — 0.0717868 — 0.06815363,

cog = —0.0330858 — 0.1253893 + 0.029813%.  (38)

Thus, we obtain the upflow equation of the centre
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manifold of system (2)
=y,
Y =c1T + coy + c3x? + cqxy + C5y2 (39)
+ ch?’ + C7x2y + 08xy2 + CQyS.

Using the method of multiple scales, we get the
average equation of Eq. (39)

=12 2 4
5 3 + g% ¢, (40a)
. 3alcg 1
0= —a? 40b
8c, gt (40D)

From Eq. (40a), we get the stationary solution a*,
a* = 2.54488 — 0.9236974 4 0.10912632, (41)

and the following approximation for the limit cycle

xo = a* cos(wt + 0),

(42)
Yo = a”* sin(wt + 0),
where w = —cq,
3(a*)%cs 1 5
f=—"—+=(a" t+ 6.
< 8c, +8(a)6168 + bo

The third formula of Eq. (2) governs the sta-
bility of the limit cycle and of the centre manifold
which contains it. Note that the limit cycle cannot
period-double as long as it lies in the centre manifold,
since the latter is two-dimensional and trajectories
cannot self-intersect. Thus substitution of Eq. (42)
into Eq. (35) gives an expression for z on the limit
cycle, we call it zy. To investigate its stability, we set

z=zy+o0z, (43)
and linearize the variation oz; we have
0% = (k(a* cos(wt + 0))* — a)oz. (44)
Equation (44) has the general solution

t
oz(t) = 0z(0) exp/ (k(a* cos(wt + 0))? — a)dt.
0
(45)
The transition from stable to unstable occurs
when ¢z(T) = 02(0), where T is the period of the
limit cycle oscillation. Thus S is given by

/Ot (k(a* cos(wt + 0))* — a)dt = 0. (46)

So the critical value of 8 corresponding to the first

period-doubling bifurcation is
B = 2.26791. (47)

Linearization of system (2) about the origin shows
that it is stable for 8 > 4.66667 and unstable for g <
4.66667. The Hopf bifurcation occurs at 8 = 4.66667
in a centre manifold which is tangential to the z—y
plane at the origin. So we can conclude that the range
of B corresponding to chaos is

B < 2.26791. (48)

Thus we obtain the exact range of 3 correspond-
ing to chaos by intersecting Eq. (48) with Eq. (9)

0.0675 < 8 < 2.26791. (49)

4. Numerical simulation of chaos

Results from the theoretical analysis give us an
exact range of the parameter’s value. In order to prove
that the chaos occurs in the exact range obtained by
us, the space trajectory and Lyapunov exponent are
given by numerical simulation. Let o = 0.45, v = 2.1,
6 =33, kK = 0.78, p = 0.03, but let 5 gradually
vary. Numerical simulation demonstrates that there
is a limit cycle at § = 2.8, the limit cycle period-
doubles until 5 = 2.28, and period-doubling again oc-
curs at 8 = 2.18; finally, it enters the chaos phase at
B = 2.099, as shown in Fig. 2.

In order to further prove that there is an attractor
existing in the system, we give the Lyapunov char-
acteristic exponent spectrum?? as shown in Fig. 3.
The maximum Lyapunov exponent is greater than
zero (I3 = 0.148513), and the Hauadorff dimension
is 2.32375.

Results from the numerical simulation show that
the limit cycle period-doubles until g = 2.28. Consid-
ering the result of theoretical analysis at § = 2.26791,
It is
proved that the chaos occurs in the exact range which

the numerical simulation results agree well.

we obtained from the results from the theoretical anal-

ysis.
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Fig. 2. The process of chaos: (a) 8

1.0
05 b
4
SR v
05
-1.0
0 1000 2000 3000 4000 5000
Steps

Fig. 3. The LCE spectrum of the system.

5. Conclusions

Based on the Silnikov criterion, the strategy of
obtaining the exact range of the parameter’s value cor-
responding to chaos is presented by using the centre

2.8; (b) B =2.28; (c) B = 2.18; (d) B = 2.099.

manifold theory and multiple scales method combined
with Floque theory. The series expression of the ho-
moclinic orbit of the system is provided by calculating
the manifold near the equilibrium point. In contrast
to the result of the numerical simulation, it reveals a
good prediction for the critical value of 5 correspond-
ing to the first period-doubling bifurcation. This helps
people find the chaos of a system more easily, and also
facilitates research into chaotic behaviour.

The strategy presented in this work is sufficiently
general, so it would be possible to apply the method to
more complicated three-dimensional autonomous sys-
tems and other non-autonomous systems with excita-
tions. In addition, the critical value of the parameter
corresponding to the second period-doubling bifurca-
tion will greatly improve the precision of the range
by this method; these will be the topics of further re-
search.

References

[1] Hu J B, Han Y and Zhao L D 2008 Acta Phys. Sin. 57
7522 (in Chinese)

[2] Li L, Li G and Chai Y 2008 Acta Phys. Sin. 57 7517 (in

Chinese)
[3] Yang CY and Tang G N 2009 Acta Phys. Sin. 58 143 (in

Chinese)

[4] Zhang Q C, Wang W and Liu F H 2008 Chin. Phys. B 17
4123

060510-8



Chin. Phys. B Vol. 19, No. 6 (2010) 060510

Liu Z C 2009 Chin. Phys. B 18 636

Zhang C X and Yu S M 2009 Acta Phys. Sin. 58 120 (in
Chinese)

Sprott J C 1994 Phys. Rev. E 50 R647

Sprott J C 2000 Am. J. Phys. 68 858

Sprott J C 2000 Phys. Lett. A 266 19

Xu P C and Jing Z J 2000 Chaos, Solitons and Fractals
11 853

Tian S Z, Chen G R and Yang Q G 2004 Chaos, Solitons
and Fractals 19 985

Zhu S Q, Yang M, Zhang X H and Min L Q 2005 J. Univ.
Sci. Technol. Beijing 27 635 (in Chinese)

Zhang Q C, Tian R L and Wang W 2008 Acta Phys. Sin
57 2799 (in Chinese)

Rand R H 1989 Mech. Res. Commun. 16 11

[15]
(16]
17]

(18]

(19]
20]

(21]
(22]

060510-9

Nayfeh A H and Balachandran B 1990 Mech. Res. Com-
mun. 17 191

Shilnikov L P 1965 Sov. Phys. Dokl. 6 163

Chen Y S 1993 Bifurcation and Chaos Theory of Nonlin-
ear Vibration Systems (Tianjin: Higher Education Press)
p. 223 (in Chinese)

Wang H L and Zhang Q C 2002 Theory and Application
of the Nonlinear Dynamics (Tianjin: Tianjin Technology
Press) p. 100 (in Chinese)

Nayfeh A H and Mook D T 1979 Nonlinear Oscillations
(New York: Wiley) p. 258

Cui F S, Chew C H, Xu J X and Cai Y L 1997 Nonlinear
Dynam. 12 251

Li Y H and Zhu S M 2006 Nonlinear Dynam. 29 1155
Chen Z M, Djidjeli K and Price W G 2006 Math. Appl.
Comput. 174 982



