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The discrete iterative map models of peak current-mode (PCM) and valley current-mode (VCM) controlled buck

converters, boost converters, and buck–boost converters with ramp compensation are established and their dynamical

behaviours are investigated by using the operation region, parameter space map, bifurcation diagram, and Lyapunov

exponent spectrum. The research results indicate that ramp compensation extends the stable operation range of the

PCM controlled switching dc–dc converter to D > 0.5 and that of the VCM controlled switching dc–dc converter

to D < 0.5. Compared with PCM controlled switching dc–dc converters with ramp compensation, VCM controlled

switching dc–dc converters with ramp compensation exhibit interesting symmetrical dynamics. Experimental results

are given to verify the analysis results in this paper.
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1. Introduction

Switching dc–dc converters are strongly non-

linear circuits with rich nonlinear phenomena,

such as low-frequency oscillation,[1−3] period-doubling

bifurcation,[4−7] border collision bifurcation,[8−11]

Hopf bifurcation,[12,13] time bifurcation,[14] complex

intermittency and chaos,[15,16] and so on. With the

variation of circuit parameters, switching dc–dc con-

verters will enter into chaos via various bifurcations,

which has a great effect on their performance. There-

fore, dynamical behaviours and nonlinear phenomena

of switching dc–dc converters have been investigated

extensively in recent years.

The current-mode control technique is one of the

most widely applied control techniques for switch-

ing dc–dc converters. A lot of research work has

been done on the nonlinear phenomena and dynamical

behaviours of switching dc–dc converters with peak

current-mode (PCM) control.[7,10,12,17−21] Recently,

the nonlinear phenomena and dynamical behaviours

of switching dc–dc converters, operating in a contin-

uous conduction mode (CCM), with valley current-

mode (VCM) control have been reported by estab-

lishing two-dimensional and one-dimensional discrete

iterative map models.[22,23]

PCM control and VCM control are two differ-

ent control techniques with different application areas.

It is known that by using ramp compensation, PCM

controlled switching dc–dc converters can shift from

discontinuous conduction mode (DCM) to CCM and

effectively operate in a stable period-one region,[9,10]

while VCM controlled switching dc–dc converters can

operate only in CCM.[22]

In the present paper, we mainly focus on the

study of dynamical behaviours of VCM controlled

switching dc–dc converters operating in CCM with

ramp compensation, and illustrate how the slope of

the compensation ramp affects the dynamical be-

haviour and operation region of a switching dc–dc con-

verter. The operation region, parameter space map,

bifurcation diagram, and Lyapunov exponent spec-
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trum of three basic switching dc–dc converters (buck,

boost, and buck-boost) are investigated in detail.

2. Iterative map models with

ramp compensation

Figure 1 shows PCM and VCM controlled buck

converters with ramp compensation, where Ipk and

Ivy are the peak and the valley reference current re-

spectively, mc is the slope of the compensation ramp,

ipk and ivy are the compensated peak and the com-

pensated valley reference current, respectively, given

by

ipk = Ipk −mc(t mod T ), (1a)

ivy = Ivy +mc(t mod T ), (1b)

where T is the clock period and (t mod T ) is t modulo

T .

Fig. 1. PCM and VCM controlled buck converters with ramp compensation. Panel (a) shows their power state and

panel (b) exhibits their control circuits.

For the PCM control, power switch S1 turns on at

the beginning of each switching cycle, turns off when

the inductor current iL increases to ipk, and remains

in an off-state until the end of the present switching

cycle. For the VCM control, switch S1 turns off at

the beginning of each switching cycle, turns on when

the inductor current iL decreases to ivy, and remains

in an on-state until the end of the present switching

cycle.

For a practical switching dc–dc converter, as its

switching frequency is usually much higher than the

natural frequency of a low pass filter, the output volt-

age can be assumed to be constant.[9,10,17,23] In this

case, the system becomes one-dimensional and the in-

ductor current waveform becomes piecewise linear.

The one-dimensional discrete iterative map model

of a PCM controlled switching dc–dc converter in

CCM with ramp compensation was given as[9,10,17]

in+1 = in +m1T, in ≤ Ibp,

in+1 = −m2 −mc

m1 +mc
in +

m1 +m2

m1 +mc
Ipk

− m2T, in > Ibp, (2)

where Ibp = Ipk−(m1+mc)T is defined as the value of

iL at the beginning of the clock pulse which reaches ipk
just at the end of the clock pulse as shown in Fig. 2(a),

in and in+1 are the inductor currents at the beginning

of the n-th and the (n+1)-th clock pulses respectively,

m1 and m2 are the increasing and decreasing slopes

of inductor current of the switching dc–dc converter.

Figure 2(b) shows an illustration of a discrete it-

erative map model with ramp compensation for VCM

control. In the same way, the one-dimensional discrete

iterative map model of a VCM controlled switching

dc–dc converter in CCM with ramp compensation can

be obtained to be

in+1 = in −m2T, in ≥ Ibv,

in+1 = −m1 −mc

m2 +mc
in +

m1 +m2

m2 +mc
Ivy

+ m1T, in < Ibv, (3)

where Ibv = Ivy + (m2 +mc)T is defined as the value

of iL at the beginning of the clock pulse which reaches

ivy just at the end of the clock pulse.
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Fig. 2. Illustrations of a discrete iterative map model with ramp compensation for PCM control (a) and

VCM control (b).

For three basic switching dc–dc converters, i.e.

buck, boost, and buck-boost converters, m1 and m2

are given in Eqs. (4a), (4b), and (4c), respectively, as

buck : m1 =
E − Vo

L
, m2 =

Vo

L
; (4a)

boost : m1 =
E

L
, m2 =

Vo − E

L
; (4b)

buck-boost : m1 =
E

L
, m2 =

Vo

L
, (4c)

where E and Vo are the input voltage and the output

voltage respectively.

3. Operation regions with ramp

compensation

3.1.Duty ratio range

For a PCM control, eigenvalue λp of the charac-

teristic equation for the inner compensated loop was

given as[9,10,17]

λp = −m2 −mc

m1 +mc
. (5)

To ensure stable operation, |λp| < 1 must be

satisfied. With the consideration of inductor cur-

rent volt-second balance in a steady state, we have

m1D = m2(1 − D), where D is the duty ratio of

the switching dc–dc converter in the steady-state. It

is well known that without ramp compensation, the

PCM controlled switching dc–dc converter is stable

only when D < 0.5. In order to ensure stable opera-

tion for the PCM controlled switching dc–dc converter

when D ≥ 0.5, ramp compensation must be included

and the slope of the compensation ramp must satisfy

mc > mcp =
m2 −m1

2
, (6)

where mcp is defined as the critical slope of the com-

pensation ramp for the PCM control. In particular,

period-doubling occurs when λp = −1.[17] Hence, mcp

can also be obtained by substituting λp = −1 into

Eq. (5).

From inequality (6) with the adoption of ramp

compensation, the critical duty ratio Dcp for the sta-

ble operation of the PCM controlled switching dc–dc

converter when D ≥ 0.5 then becomes

Dcp = 0.5 +∆Dp = 0.5 + 0.5kp/(1 + kp), (7)

where kp = mc/m1 is defined as the slope-

compensation-factor (SCF) for the PCM control and

∆Dp is the corresponding duty ratio margin. Accord-

ing to the previous discussion, it is known that the

critical duty ratio is the period-doubling bifurcation

point.

For VCM control, it is clear that in ≥ Ibv does

not exist in stable period-one operation. The stabil-

ity of the switching dc–dc converter is affected only

when in < Ibv. The eigenvalue λv of the characteris-

tic equation of Eq. (3) is given by

λv = −m1 −mc

m2 +mc
. (8)

To ensure stable operation, |λv| < 1 must be satis-

fied. Therefore, the VCM controlled switching dc–dc

converter without ramp compensation is stable only

when D > 0.5. In order to ensure stable operation for

the VCM controlled switching dc–dc converter when

D ≤ 0.5, ramp compensation must be included and

the slope of the compensation ramp must satisfy

mc > mcv =
m1 −m2

2
, (9)

where mcv is defined as the critical slope of the com-

pensation ramp for VCM control. Similarly, the crit-

ical duty ratio Dcv for stable operation of the VCM

controlled switching dc–dc converter when D ≤ 0.5

then becomes

Dcv = 0.5−∆Dv = 0.5− 0.5kv/(1 + kv), (10)
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where kv = mc/m2 is defined as SCF for the VCM

control and ∆Dv is the corresponding duty ratio mar-

gin.

From expressions (6), (7), (9), and (10), and

m1D = m2(1 −D), the critical duty ratio can be de-

duced to be a function of mc and D. Figures 3(a)

and 3(b) show the relations between critical duty ra-

tio and duty ratio for the PCM control and the VCM

control respectively, from which it can be known that

the critical duty ratios Dcp and Dcv are 0.5 without

ramp compensation, and Dcp and Dcv equal D with

critical ramp compensations mcp and mcv.

As shown in Fig. 3(a), Dcp is larger than D when

mc > mcp, which means that the PCM controlled

switching dc–dc converter is stable when D ≥ 0.5.

As shown in Fig. 3(b), Dcv is smaller than D when

mc > mcv, which means that the VCM controlled

switching dc–dc converter is stable when D ≤ 0.5.

With mc further increasing, i.e. mc = 2mcp, 3mcp

and so on for the PCM control and mc = 2mcv, 3mcv

and so on for the VCM control, the corresponding

duty ratio margins ∆Dp and ∆Dv gradually increase,

which means that the ramp compensation further ex-

tends stable operation ranges to D ≥ 0.5 for PCM

control and to D ≤ 0.5 for VCM control separately.

Fig. 3. Relations between critical duty ratio and duty ratio for PCM control (a) and VCM control (b).

3.2.Parameter space maps and operation regions

With circuit parameter variation ranges, i.e. D = 0.5–0.7 and kp = 0–0.8 for the PCM control, and

D = 0.3–0.5 and kv = 0–0.8 for the VCM control, parameter space maps of Eqs. (2) and (3), i.e. two-

dimensional dynamical behaviour distribution maps, can be obtained as shown in Figs. 4(a) and 4(c), which

depict their asymptotic behaviours with colours over a grid of the parameter space. In Figs. 4(a) and 4(c), the

higher periodicities are depicted with darker grey levels, where the white area means low period and the darkest

shade implies chaos. According to Eqs. (7) and (10), Figures 4(b) and 4(d) show the corresponding operation

regions of the orbit states in Figs. 4(a) and 4(c).
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Fig. 4. Parameter space maps for PCM control (a) and VCM control (c) and their operation regions (b) and (d),

respectively, corresponding to (a) and (c).

Line Dcp in Fig. 4(b) and line Dcv in Fig. 4(d) are obtained from Eqs. (7) and (10) respectively. Line Dcp

is the period-doubling bifurcation borderline for the PCM control, and the region below line Dcp is stable, while

the region above line Dcp consists of regions of unstable low period and chaos. Line Dcv is the period-doubling

bifurcation borderline for the VCM control, and the region above line Dcv is stable, while the region below line

Dcv is composed of regions of unstable low period and chaos. From Fig. 4, it can be clearly known that the

stable operation regions between PCM and VCM controlled switching dc–dc converters are symmetrical and

the stable operation regions gradually extend with the increase of SCF.

4. Symmetrical dynamics

Based on the discrete iterative maps given in Eqs. (2) and (3), when circuit parameters are kept constant,

i.e. E = 12 V, Ipk = 1.5 A, Ivy = 0.8 A, L = 0.6 mH, and T = 50 µs while D varies from 0.3 to 0.7, bifurcation

diagrams of inductor currents and their corresponding Lyapunov exponent spectra of PCM and VCM controlled

buck converters with kp = 0 and kv = 0 are shown in Fig. 5. Note that for the buck converter, Vo = DE, and

the values of m1 and m2 can be obtained from Eq. 4(a).

Fig. 5. Bifurcation diagrams for PCM control (a) and VCM control (b) and their Lyapunov exponent spectra (c)

and (d), respectively, corresponding to (a) and (b), with D used as a parameter.
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As shown in Fig. 5(a), the PCM controlled buck converter has a non-inverse period-doubling route to

chaos with the increase of D, where period-doubling bifurcation occurs when D = 0.5. At the period-doubling

bifurcation point, the system orbit collides with the borderline Ibp, resulting in border collision bifurcation.

Following the border collision, a chaotic orbit develops, and with D increasing further, the pieces of the attractor

are joined pairwise into a one-piece attractor.

As shown in Fig. 5(b), the VCM controlled buck converter has an inverse period-doubling route to chaos with

the increase of D, where period-doubling bifurcation occurs when D = 0.5 and the border collision bifurcation

occurs when the system orbit collides with the borderline Ibv at the same parameter value.

Figures 5(c) and 5(d) show the Lyapunov exponents corresponding to Figs. 5(a) and 5(b) respectively. From

Figs. 5(a) and 5(c), it can be known that when D increases to D = 0.5, period-doubling bifurcation occurs and

the Lyapunov exponent simultaneously increases to zero.

From Figs. 5(a) and 5(b), it is found that bifurcation diagrams of PCM and VCM controlled switching

dc–dc converters exhibit symmetry and have a symmetrical point at (0.5, 1.125 A). This symmetrical point is

the intersection point of axis D = 0.5 and in = (Ipk + Ivy)/2. It is found that the Lyapunov exponent spectra

of Figs. 5(c) and 5(d) also exhibit symmetry and have a symmetrical axis at D = 0.5, which is in accordance

with the symmetrical point of the corresponding bifurcation diagrams of Figs. 5(a) and 5(b).

According to the discrete iterative maps of Eqs. (2) and (3), with the same circuit parameters as those

in Fig. 5, and letting kp = 0.2 and kv = 0.2, the inductor current bifurcation diagrams of PCM and VCM

controlled buck converters are shown in Figs. 6(a) and 6(b) respectively.

Fig. 6. Bifurcation diagrams for PCM control with kp = 0.2 (a) and VCM control with kv = 0.2 (b).

Comparing Fig. 6(a) with Fig. 5(a), it is found that the period-doubling bifurcation and border collision

bifurcation points shift toward large values of D due to the adoption of ramp compensation, which means

that the stable operation region becomes wider. With kp = 0.2, the duty ratio margin ∆Dp = 0.083 and the

corresponding critical duty ratio Dcp = 0.583 can be obtained from Eq. (7). It is observed that period-doubling

bifurcation occurs when D = 0.583 in Fig. 6(a), which coincides well with the case Dcp = 0.583 calculated

from Eq. (7). With kv = 0.2, the duty ratio margin ∆Dv = 0.083 and the corresponding critical duty ratio

Dcv = 0.417 can be obtained from Eq. (10). It is observed that period-doubling bifurcation occurs when

D = 0.417 in Fig. 6(b), which accords well with the case Dcv = 0.417 calculated from Eq. (10).

Comparing Fig. 6(a) with Fig. 6(b), it is also found that the bifurcation diagrams of PCM control and

VCM control have a symmetrical point at (0.5, 1.125 A) due to the adoption of ramp compensation, which

means that ramp compensation does not affect the symmetry existing in PCM and VCM controlled switching

dc–dc converters.

To further study the symmetrical dynamical behaviours of PCM and VCM controlled switching dc–dc

converters by utilizing ramp compensation, figures 7(a) and 7(b) show bifurcation diagrams for PCM control

when D = 0.7 and for VCM control when D = 0.3 respectively, with SCF used as a parameter.
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Fig. 7. Bifurcation diagrams for PCM control when D = 0.7 and kp = 0–1 (a) and for VCM control when D = 0.3

and kp = 0–1 (b), with SCF used as a parameter.

It can be observed that with the increase of SCF, period-doubling bifurcations occur when kp = 0.67 and

kv = 0.67, which accords well with the results calculated from Eqs. (7) and (10) respectively. Before the period-

doubling bifurcations, border collision bifurcations occur since fixed points of the switching dc–dc converter

collide with the borderlines Ibp and Ibv separating two smooth regions. Observed from Figs. 7(a) and 7(b),

the bifurcation diagrams of PCM control and VCM control with SCF as a parameter have a symmetrical axis

in = (Ipk + Ivy)/2.

5. Experimental results

To verify the symmetrical dynamical phenomena between PCM and VCM controlled switching dc–dc con-

verters and the extension of the stable operation region due to the adoption of ramp compensation, experimental

studies on the buck converter are performed with D = 0.51 for PCM control, and D = 0.49 for VCM control.

The experimental results are shown in Fig. 8.

Fig. 8. Experimental results for PCM control with kp = 0 (a) and kp = 0.2 (b) and for VCM control with kv = 0

(c) and kv = 0.2 (d) separately.
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Figures 8(a) and 8(c) show inductor current ex-

perimental waveforms of PCM and VCM controlled

buck converters without ramp compensation respec-

tively, from which symmetrical period-2 waveforms

can be observed. Figures 8(b) and 8(d) show inductor

current experimental waveforms of PCM control with

kp = 0.2 and VCM control with kv = 0.2 respectively,

where symmetrical stable period-1 waveforms can be

observed, which demonstrates that the compensation

ramp extends the stable region and does not affect the

symmetrical dynamics of PCM and VCM controlled

switching dc–dc converters. The experimental results

verify the analysis results and simulation results ob-

tained in this paper.

6. Conclusions

One-dimensional iterative map models of PCM

and VCM controlled switching dc–dc converters with

ramp compensation are established. Based on the iter-

ative map model and eigenvalue of the corresponding

characteristic equation, non-inverse and inverse bifur-

cation diagrams and the Lyapunov exponent spectra

of PCM control and VCM control with duty ratio as a

parameter are obtained. The dynamical behaviours of

switching dc–dc converters with ramp compensation

are investigated by using the operation region, param-

eter space map, bifurcation diagram, and Lyapunov

exponent spectrum. It is concluded that the ramp

compensation can extend the stable operation ranges

to D > 0.5 for PCM control and to D < 0.5 for VCM

control separately. In particular, the research results

indicate that PCM and VCM controlled switching dc–

dc converters have symmetrical dynamical behaviours

corresponding to a symmetrical point and symmetri-

cal axis. Experimental results are given to verify the

analysis results and simulation results.
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