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Generating one-, two-, three- and four-scroll attractors
from a novel four-dimensional smooth autonomous
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A new four-dimensional quadratic smooth autonomous chaotic system is presented in this paper, which can exhibit

periodic orbit and chaos under the conditions on the system parameters. Importantly, the system can generate one-,

two-, three- and four-scroll chaotic attractors with appropriate choices of parameters. Interestingly, all the attractors

are generated only by changing a single parameter. The dynamic analysis approach in the paper involves time series,

phase portraits, Poincaré maps, a bifurcation diagram, and Lyapunov exponents, to investigate some basic dynamical

behaviours of the proposed four-dimensional system.
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1. Introduction

In 1963, Lorenz found the first chaotic

attractor.[1] Lorenz’s discovery is a third-order au-

tonomous system with only two quadratic nonlin-

earities but it can display very complex dynamical

behaviours. In particular, the Lorenz system can pro-

duce the well-known two-scroll (two-wing) butterfly

chaotic attractor. Just after this, this system came

as a prototype model for studying chaotic behaviour

for quite a long time. During the past half-century,

extensive studies have focused on chaos phenomena,

and many fundamental characteristics of chaos have

been identified.

On the other hand, in 1984, Chua proposed a new

chaotic system, called a Chua circuit,[2] which is dif-

ferent from the Lorenz attractor from the viewpoint

of smoothness of the nonlinear parts of the chaotic

system. This system is also the pioneering work for a

new research direction about new chaotic attractors.

Chaotic systems which have been proposed dur-

ing the last four decades can be classified into two

completely different classes: Lorenz-like chaotic sys-

tems and Chua-like chaotic systems. The nonlinear

terms of the Chua-like systems, in comparison with

the nonlinear terms of the Lorenz-like systems, usually

include piecewise-linear continuous or discontinuous

functions such as stair function, switching function,

and hysteresis series function, which are not smooth

functions.[3−5]

In Ref. [6], Lu et al. classified the three-

dimensional smooth autonomous chaotic systems ac-

cording to the number of the scrolls of the attrac-

tors generated from these system, i.e. systems gen-

erating a one-scroll attractor;[7−10] systems generat-

ing a two-scroll attractor;[11−14] systems generating a

four-scroll attractor.[15,16] Later, in Ref. [17], a three-

dimensional autonomous chaotic system was proposed

which can generate three-scroll chaotic attractors. Re-

cently, some 3D chaotic systems have been reported

that can generate different multi-scroll chaotic at-

tractors. In Refs. [18] and [19], Wang proposed 3D

chaotic systems that can generate three- and four-

scroll attractors. Also, Chen et al.[20] found another

3D chaotic system that can generate three-wing and

four-wing attractors. In Ref. [21], Dadras et al. in-

troduced a 3D chaotic system generating two-, three-

and four-scroll chaotic attractors.

As explained above, most of the introduced

chaotic systems were 3D autonomous systems. This

might be due to the fact that the four-dimensional

(4D) chaotic systems are more complex and chaos gen-

eration in 4D autonomous systems is more difficult

than in 3D autonomous systems. Besides, generating
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different multi-scroll attractors from 4D chaotic sys-

tems is very difficult. In 2005,[22] Qi et al. proposed a

4D chaotic system. In 2006,[23] the same authors re-

ported that the aforementioned system[22] could gen-

erate two coexisting single-wing attractors and two

coexisting two-wing attractors by adding a constant

control term. In 2007,[24] Liu et al. proposed a 4D

chaotic system with a one-scroll attractor. In 2009,[25]

Qi et al. added a simple state feedback term to the 4D

system,[22] so it can generate only two- and four-scroll

chaotic attractors.

In spite of the natural curiosity and extreme ef-

forts made to generate a 3D and 4D autonomous

system with different multi-scroll chaotic attractors,

there have been reports on neither a 4D chaotic sys-

tem nor a 3D chaotic system which can generate one-,

two-, three- and four-scroll chaotic attractors by

changing its parameters up to now.

In this paper, a novel four-dimensional au-

tonomous chaotic system with five real equilibria is in-

troduced and some basic dynamical behaviour of the

new system is investigated. By varying the system

coefficients, this new system can generate one-, two-,

three- and four-scroll chaotic attractors. Interestingly,

it is found that the new chaotic system can generate all

the different multi-scroll attractors by changing only

one single parameter while the other parameters are

fixed. It ought to be stressed that this system exhibits

all the attractors without adding any control term to

its state equation. Numerical simulations are carried

out in order to demonstrate the obtained analytical re-

sults. The interesting findings clearly show that this

is a special strange new chaotic system which deserves

further detailed investigation.

2. Novel chaotic attractor

Consider the following four-dimensional (4D) dy-

namic system with quadratic nonlinear terms:
ẋ = ax− yz − w,

ẏ = xz − by + z,

ż = xy − cz + x,

ẇ = −w − dx,

(1)

where x(t), y(t), z(t), w(t) ∈ R are the state variables,

and a, b, c ∈ R+ and d ∈ R are constant parameters

of the system.

2.1.Dissipativity and existence of the

attractor

There are a few definitions of chaotic dynamics in

the contemporary literature, but the common parts

of all these definitions are the existence of local in-

stability and exponential divergence of initially close

trajectories. This can be shown by verifying the dissi-

pativity of the system. The relationship between the

dissipativity and the divergence of the vector field is

1

V

dV

dt
= divV =

∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
+

∂ẇ

∂w

= a− b− c− 1 < 0. (2)

As the divergence of vector field (2) is negative, it can

be concluded that system (1) is dissipative. It should

be noticed that system (1) will always be dissipative

if and only if a < b+ c+ 1 with an exponential rate

dV

dt
= ea−b−c−1. (3)

Hence, volume element Vo is contracted by the flow

into volume element Vo e
(a−b−c−1) t in time t. This

means that each volume containing the system or-

bit shrinks to zero as t → ∞ at exponential rate

(a − b − c − 1), which is independent of x, y, z, and

w. Consequently, all system orbits will ultimately be

confined to a specific subset of zero volume and the

asymptotic motion settles onto an attractor. This sug-

gests that the dynamics may tend to an attractor as

t → ∞.

2.2.Representation of equilibrium

points

The spatial distribution and the local dynamical

linearized characteristics of the equilibria greatly in-

fluence the dynamics of the system. The equilibrium

points of system (1) can be easily found by solving the

following algebraic equations simultaneously
ax− yz − w = 0,

xz − by + z = 0,

xy − cz + x = 0,

−w − dx = 0.

(4)

Obviously, O(0, 0, 0) is one equilibrium point. Fur-

thermore, from Eq. (4), one has

w = −dx, and x =
1

a+ d
yz. (5)

060506-2



Chin. Phys. B Vol. 19, No. 6 (2010) 060506

Next, in order to solve Eq. (4), one can define the

following new parameters:

f = a+ d, ∆ =
√
1 + 4fc,

Γ =
√
f2 + bf(−1 +∆)2,

Λ =
√
f2 + bf(−1−∆)2, (6)

and denote the five equilibrium points of system (1)

respectively as

O(0, 0, 0, 0), E1(x1, y1, z1, w1), E2(x2, y2, z2, w2),

E3(x3, y3, z3, w3), and E4(x4, y4, z4, w4), (7)

where

O(0, 0, 0, 0),

E1

(
−f + Γ

2f
,
−1 +∆

2
,
−f + Γ

−1 +∆
,
d(f − Γ )

2f

)
,

E2

(
−f − Γ

2f
,
−1 +∆

2
,
−f − Γ

−1 +∆
,
d(f + Γ )

2f

)
,

E3

(
−f + Λ

2f
,
−1−∆

2
,
−f + Λ

−1−∆
,
d(f − Λ)

2f

)
,

E4

(
−f − Λ

2f
,
−1−∆

2
,
−f − Λ

−1−∆
,
d(f + Λ)

2f

)
.

(8)

When a = 7, b = 25, c = 11, and d = 0.5, the five

equilibria are

O(0, 0, 0, 0),

E1(15.2033, 8.5967, 13.2638, − 7.6017),

E2(−16.2033, 8.5967, − 14.1362, 8.1017),

E3(17.0282, − 9.5967, − 13.3079, − 8.5141),

E4(−18.0282, − 9.5967, 14.0894, 9.0141).

(9)

Here, the stability of the zero equilibrium O is dis-

cussed. By linearizing system (1) at O, one obtains

the Jaccobian

JO =


a −z −y −1

z −b x+ 1 0

y + 1 x −c 0

−d 0 0 −1



=


7 0 0 −1

0 −25 1 0

1 0 −11 0

−0.5 0 0 −1

 . (10)

So, the eigenvalues of the linearized system are ob-

tained as follows:

|λI − JO| = 0 ⇒ λ1 = −25, λ2 = −11,

λ3 = 7.062, and λ4 = −1.062. (11)

Since λ1, λ3, λ4 < 0, and λ2 > 0, one can easily find

that equilibrium O is unstable, i.e. the origin is an

unstable saddle point for system (1).

The stability analysis of the nonzero equilibrium

can be studied in a similar manner to that for equilib-

rium O. The numerical calculation results are shown

in Table 1. It can be seen that system (1) has five

equilibrium points which are all unstable saddle focus-

nodes.

Table 1. Eigenvalues of the Jacobian matrix for all the equilibria.

λ O E1 E2 E3 E4

λ1 –25 2.6989+14.5930i 2.5976+15.1452i 3.5795+14.8669i 3.5032+15.3752i

λ2 –11 2.6989-14.5930i 2.5976–15.1452i 3.5795-14.8669i 3.5032-15.3752i

λ3 7.06202 –34.39732667 –34.19472551 –36.15513636 –36.00273925

λ4 –1.06202 –1.000419094 –1.000394367 –1.003937089 –1.003728086

3. Dynamical structure of the new chaotic attractors

System (1) is found to be chaotic over a wide range of parameters and exhibits abundant complex chaotic

dynamical behaviours. Remarkably, this chaotic system can display one-, two-, three- and four-scroll attractors

by varying only one single parameter while the others are fixed, which is a unique criterion for a four-dimensional

chaotic system.

Remark 1 The numerical simulation is carried out by using the MATLAB program. The fourth order

Runge–Kutta integration algorithm is performed to solve the differential equations. The initial condition is set

to be [10, 1, −10, 1]T.
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Remark 2 All the simulations are run with fixed parameters a = 7, b = 25, and d = 0.5 while parameter

c varies.

3.1. Four-scroll chaotic attractor

The new chaotic system can display a four-scroll chaotic attractor if the parameter c = 11, which is depicted

in Fig. 1. The four-wing chaotic attractor viewed in the x–y–z space is shown in Fig. 1(d), and the projections

of phase portrait in x–y, y–z and z–ω planes are shown in Figs. 1(a), 1(b), and 1(c), respectively. As can be

seen, the system generates a four-scroll chaotic attractor and the orbit is in chaos independent of the initial

region. System (1) has five real equilibria which are shown in Eq. (9). The corresponding Lyapunov exponents

are l1 = 2.468892, l2 = 0, l3 = −1.064744, l4 = −30.803709 (Table 2). The Lyapunov dimension (LD) of this

system is

DL = j +
1

|lj+1|

j∑
i=1

li = 3 +
l1 + l2 + l3

|l4|
= 3 +

2.468892 + 0− 1.064744

|−30.803709|
≈ 3.0456, (12)

which means that the Lyapunov dimension of the four-scroll chaotic attractor is fractional. The Lyapunov

dimension in Eq. (12) is calculated by the following approach: If there is no positive LE, then the LD is zero; if

there are positive Lyapunov exponents, then LD is DL = j+
∑j

i=1 li/|lj+1|, where j is defined by the condition

that
∑j

i=1 li ≥ 0, and
∑j+1

i=1 li ≤ 0.

Fig. 1. Phase portraits of the four-scroll chaotic attractor for a = 7, b = 25, c = 11, and d = 0.5.

3.2.Three-scroll chaotic attractor

To generate a three-scroll chaotic attractor, we choose the varying parameter c to be 4.3, i.e. c = 4.3. In

this case, again the system has five real equilibrium points. The Lyapunov exponents of the system in this case

are l1 = 1.268248, l2 = 0, l3 = −1.042722, l4 = −23.372221 (Table 2). From Figs. 2(a)–2(d), one can clearly see

that the four-dimensional quadratic autonomous chaotic system (1) can display an attractor with three scrolls.
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Fig. 2. Phase portraits of the three-scroll chaotic attractor for a = 7, b = 25, c = 4.3, and d = 0.5.

3.3.Two-scroll chaotic attractor

When c = 20, system (1) goes into another chaotic motion with Lyapunov exponents l1 = 0.899837, l2 = 0,

l3 = −1.043168, and l4 = −37.686280 (Table 2). The phase portraits of system (1) are shown in Figs. 3(a)–3(d).

It can be seen that system (1) can generate a two-scroll chaotic attractor.

Fig. 3. Phase portraits of the two-scroll chaotic attractor for a = 7, b = 25, c = 20, d = 0.5.

060506-5



Chin. Phys. B Vol. 19, No. 6 (2010) 060506

3.4.One-scroll chaotic attractor

On further changing parameter c, system (1) can display a one-scroll attractor. Figures 4(a)–4(d) show

the observation in different projective planes, in which parameter c is assumed to be 3.8. With this choice, the

Lyapunov exponents of system (1) are l1 = 0.499404, l2 = 0, l3 = −1.017300, and l4 = −22.163718.

Fig. 4. Phase portraits of the one-scroll chaotic attractor for a = 7, b = 25, c = 3.8, and d = 0.5.

Figures 5(a)–5(d) illustrate the chaos trajectory evolutions of one-scroll, two-scroll, three-scroll and four-

scroll attractors generated by new system (1) for different values of parameter c.

According to Figs. 1–5 and Table 2, it can be concluded that system (1) can display one-, two-, three-, and

four-scroll chaotic attractors by varying only one single parameter. So, it is obvious that system (1) has more

complex behaviours than all the 4D chaotic systems which we have known.

Table 2. Lyapunov exponents and dynamical behaviour for different values of parameter c.

c l1 l2 l3 l4 dynamical behaviour

3.23 0.00 –0.131105 –1.074804 –20.938915 one-scroll periodic orbit

3.8 0.499404 0.00 –1.017300 –22.163718 one-scroll chaotic attractor

4.3 1.268248 0.00 –1.042722 –23.372221 three-scroll chaotic attractor

11 2.468892 0.00 –1.064744 –30.803709 four-scroll chaotic attractor

18.06 0.00 –0.122679 –1.064430 –35.182345 four-scroll periodic orbit

20 0.899837 0.00 –1.043168 –37.686280 two-scroll chaotic attractor

22.5 0.00 –0.746268 –1.008828 –39.187369 two-scroll periodic orbit
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Fig. 5. Time responses of the third state of system (1)

with a = 7, b = 25, d = 0.5: (a) c = 3.8, (b) c = 4.3, (c)

c = 20, (d) c = 11.

4. Lyapunov exponent spectrum

and bifurcation diagram

Bifurcation diagrams can be used to locate the

transitions between periodic motion and chaotic mo-

tion. The bifurcation diagram of state x in a range of

c ∈ [2, 24] is shown in Fig. 6, and the correspond-

ing spectra of Lyapunov exponents are depicted in

Figs. 7(a) and 7(b). The system parameters are set

to be a = 7, b = 25, d = 0.5 while parameter c is

varied.

When c < 3.43, the maximum Lyapunov expo-

nent is zero, implying that new system (1) is in a

periodic mode; while for c ∈ [3.43, 13.73], the maxi-

mum Lyapunov exponent l1 ∈ [0, 3] which indicates

that system (1) is chaotic in the aforementioned range.

In the window c ∈ (13.73, 14.67), the maximum Lya-

punov exponent equals zero, implying that the system

has a periodic orbit. In the region 14.67 ≤ c ≤ 15.68,

the system is chaotic with a positive Lyapunov ex-

ponent, and the interval c ∈ (15.68, 17.07] is a pe-

riodic subregion. Again, when 17.07 < c ≤ 17.95,

the maximum Lyapunov exponent is positive and the

system is in a chaotic mode. As c ∈ (17.95, 18.25],

system (1) exhibits periodic behaviour. From the

spectrum of Lyapunov exponents of the system for

c ∈ (18.25, 20.33], shown in Fig. 7, one can clearly see

that system (1) is chaotic except for a few tiny peri-

odic windows. Finally, when c > 20.33, the maximum

Lyapunov exponent almost equals zero and the bifur-

cation of x eventually changes into a periodic orbit.

The whole evolution process can be clearly seen from

the bifurcation diagram shown in Fig. 6, which illus-

trates the dynamics of state variables. Figure 8, from

Fig. 6. Bifurcation diagram of the first state system (1)

versus parameter c.

which the initial transients have been omitted for

clarity, shows different periodic behaviours of the

new chaotic system (1). Also, detailed evolutions

among periodic orbits and chaos (different multi-scroll

chaotic attractors) are shown in Table 2. Denoting by

l1, l2, l3, and l4 the Lyapunov exponents of system (1)

in Table 2, system (1) evolves into different modes in

some typical different intervals of parameter c.

Fig. 7. Spectra of Lyapunov exponents of system (1) versus parameter c.
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Fig. 8. Periodic phase portraits in the x–z plane, a = 7, b = 25, d = 0.5: (a) c = 2.1, (b) c = 3.23, (c) c = 18.06, (d) c = 22.5.

5. Poincaré mapping

As an important technique, a Poincaré map can reflect bifurcation and the folding properties of chaos. We

take

Σ1 = { [x, y, z, w]T ∈ R4
∣∣x = 0}, Σ2 = { [x, y, z, w]T ∈ R4

∣∣ y = 0},
Σ3 = { [x, y, z, w]T ∈ R4

∣∣ z = 2}, Σ4 = { [x, y, z, w]T ∈ R4
∣∣w − 2y = −1}, (13)

as cross sections and the system parameters are set to be a = 7, b = 25, c = 11, and d = 0.5. Figures 9(a),

9(b) 9(c) and 9(d) are projections of the Poincaré map in the y–z, z–x, x–w and x–z planes, respectively.

From Figs. 9(a), 9(b) and 9(d), one can see that the Poincaré map here consists of several limbs with various

bifurcations in different directions, which indicates that the system has extremely rich dynamics. Also, the

Poincaré maps show that the branches are jointed and united as a single attractor. This proves the existence

of the four-scroll chaotic attractor in Fig. 1.
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Fig. 9. Poincaré maps with system parameters a = 7, b = 25, c = 11, and d = 0.5 in different crossing sections:

(a) x = 0, (b) y = 0, (c) z = 2, (d) w–2y = −1.

6. Conclusion

In this paper, we have illustrated the generating of one-, two-, three- and four-scroll attractors from a

novel 4D autonomous chaotic system. This new system has complicated topological structures, and many

other complex dynamics, over a wide range of parameters. The system possesses five equilibrium points. Basic

properties of the new dynamical system are analysed by means of Lyapunov exponents, a Poincaré map and

bifurcation diagrams. Stricter analysis of the complex characteristics of the new chaotic system is left for further

studies.
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