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This paper concerns the problem of stabilizing fuzzy chaotic systems via the viewpoint of the edgewise subdivision
approach. Firstly, a new edgewise subdivision algorithm is proposed to implement the simplex edgewise subdivision
which divides the overall fuzzy chaotic systems into a lot of sub-systems by a kind of algebraic description. These
sub-systems have the same volume and shape characteristics. Secondly, a novel kind of control scheme which switches
by the transfer of different operating sub-systems is proposed to achieve convergent stabilization conditions for the
underlying controlled fuzzy chaotic systems. Finally, a numerical example is given to demonstrate the validity of the
proposed methods.
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1. Introduction

Since Ott, Grebogi and Yorke (OGY) proposed
the famous OGY method for chaotic control,[!l var-
ious control methods have been proposed by means
of linear or nonlinear frameworks.[2~8/ Among the ex-
isting literature for stabilizing nonlinear chaotic sys-
tems, the so-called Takagi-Sugeno (TS) fuzzy model
method is one of the most popular. This is because of
the fact that a wide class of nonlinear systems can be
approximated by the TS fuzzy model,®! which consists
of locally linear models connected by IF-THEN rules.
Since each sub-model is linear, the conventional linear
system theory can be applied to the class of nonlin-
ear control systems, and stability analysis and control
synthesis have been widely studied. "]

On the other hand, for the problem of stabiliza-
tion for controlled TS fuzzy chaotic systems, most
of the existing results are based on the single Lya-
punov function approach!''=14 which is a source of
conservatism. For the sake of reducing the conser-
vatism, piecewise quadratic Lyapunov functions,!®!

parameter-dependent Lyapunov functions'¢! and k-

(17,18 are also

sample variation Lyapunov functions
proposed. It is worth noting that the results in
Refs. [16]-[18] are only suitable for the discrete-time
case. For continuous-time TS fuzzy systems, the
bounds of the time derivatives of fuzzy membership
functions are required to implement the non-quadratic
controller synthesis.'® However, it is difficult to ob-
tain the bound for most actual settings and this re-
quirement restricts its range of application. Based on
the above analysis, the attainment of the necessary
and sufficient stabilization condition for continuous-
time TS fuzzy chaotic systems is still an open problem
and this fact motivates our research interest.

In this paper, convergent robust stabilization con-
ditions for fuzzy chaotic systems are proposed via the
viewpoint of the edgewise subdivision approach. A
new edgewise subdivision algorithm is firstly proposed
to implement the simplex edgewise subdivision which
divides the overall fuzzy chaotic systems into a lot of
sub-systems by a kind of algebraic description. These

sub-systems have the same volume and shape char-
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acteristics. Thus, a novel kind of control scheme,
which is switched by the transfer of different oper-
ating sub-systems, is proposed to achieve convergent
stabilization conditions for the underlying controlled
fuzzy chaotic systems, as the number of obtained sub-
systems increases. Moreover, there is no need for the
bound of the time derivative of the membership func-
tions in the controller synthesis process which facili-
tates the range of the application. Furthermore, the
partition of the fuzzy chaotic systems is applied to re-
duce the conservatism of the linear matrix inequality
(LMI)-based sufficient condition. As the LMI-based
stabilization conditions are necessary and sufficient
for linear systems, the proposed scheme approaches
this necessary and sufficient condition, in the sense
that the underlying examined fuzzy chaotic system
becomes increasingly smaller (i.e. the overall fuzzy
chaotic system is divided into as many sub-systems as
expected).

The rest of this paper is organized as follows.
In Section 2, the problem under consideration is de-
scribed and a brief description of the TS fuzzy model
is given; in Section 3, a new edgewise subdivision algo-
rithm and a novel kind of control scheme are proposed
to stabilize the underlying fuzzy chaotic system. An
illustrative example is given in Section 4 and finally

some conclusions are drawn in Section 5.

2. Preliminaries

In this section, we briefly review the TS fuzzy
model. Considering parametric uncertainties,??) we
propose a TS fuzzy system in which the i-th rule is
formulated in the following form:

Rule i: If z1(t) is N;; and ... and z,(t) is Ny, then

#(t) = (A; + AA)z(t) + (B; + ABu(t), (1)

where z;(t) is the premise variable assumed to be in-
dependent of the controlled input u(t), N;; is a fuzzy
set, z(t) € R™ is the state vector, A; € R™*"™ and
B; € R™™ are the system matrix and input matrix,
respectively, g is the number of fuzzy rules, AA; and
AB; represent parametric uncertainties in the system,
and satisfy the following conditions:

[AAi ABi} = D;Fi(t) {Eu Ezi] ) (2)

where D;, F1; and E5; are known real constant matri-
ces of appropriate dimensions, and Fj(t) € R?J is an

unknown matrix function with Lebegue-measurable
elements, and satisfies:

where [ is the identity matrix of appropriate dimen-
sion.

Then, applying the product-inference rule, single-
ton fuzzifier, and the centre of gravity defuzzifier to
the above fuzzy rule base, the overall fuzzy chaotic
systems can be inferred as

wi(z(t))

a i—1 wi(z(t)) ’

wi(z(1) = [T Nij (2 (2)).
j=1

We end this section with a useful lemma which
plays an important role in dealing with the problem
of robust control.

Lemma 129 Given matrices P, M and N of ap-
propriate dimensions and with P symmetrical, then
P+ MF({t)N + NTFT(t)M™ < 0 holds for all F(t)
satisfying F'T(¢)F(t) < I if and only if for some £ > 0,
P+e 'MMT +eNTN <.

3. Main results

In this section, the problem of stabilizing fuzzy
chaotic systems (3) will be investigated via the view-
point of the edgewise subdivision approach. As is
well known, the fuzzy membership function h;(z(t))
(i=1,...
chaotic systems (3).

,q) plays an important part in the fuzzy
Hence there is a chance to re-
duce the conservatism if we make a good use of its
information in the process of controller design. How-
ever, in existing work, the bound of the time derivative
of the membership functions is required, which is diffi-
cult to obtain for most actual settings and restricts its
range of application. For the sake of conceiving con-
vergent stabilization conditions, we attempt to divide
the overall fuzzy chaotic systems into a lot of sub-
systems with the same volume and shape characteris-
tics. Thus a novel kind of controller switched by the
transfer of two different obtained subsystems will be
proposed to stabilize the overall fuzzy chaotic system.
Firstly, a new kind of edgewise subdivision algorithm
will be proposed to implement this task.
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3.1.New edgewise subdivision algo-

rithm

Let Po,Pl, ey
spanning a simplex ¢ in R?. If by, by, .. .,

P, be affinely independent points
bg are non-
negative real numbers whose sum is 1, then X =
Zd: b;P; is a point in o. The b; are the barycentric
g)(())rdinates of X. The main goal of this subsection is
to divide the simplex ¢ into a lot of subsimplices.

In order to refine the simplicial mesh, the sim-
plices are split with a simplex edgewise subdivision
as presented in Ref. [22]. This technique allows the
splitting of a d-simplex into k% (k € Z.) simplices
in an algebraic description. These k? simplices are
generated from k% matrices M € RF*(@+1) of integer

numbers in the range [0, d], which denote a coloured

scheme:
X0,0 Xo1 Xod
M = : S SN CY
Xk—1,0 Xk—1,1 Xk—1,d
Let [x0,j," s Xk—1,j]" be the column of M, then the

j-th vertex of the subsimplex can be computed with
the following equation:

1

PXO,ja"'vXk—l,j = %(PXOJ + PX1,j +oe At Px;chj)- (5)

Reference [22] only proposed the low dimensional
case for conceiving coloured scheme matrices M, like
k =2, d = 2. Actually, these low dimensional ones
are easy to imagine by a geometric method. When
the dimension increases (for those case k > 2, d > 3),
how to lead to a mechanical description of the subdi-
vision amenable to computer implementation becomes
an interesting and meaningful task. In order to imple-
ment the simplex edgewise subdivision, a new kind of
algorithm for computing the coloured schemes will be
developed as follows:

Algorithm Coloured Scheme
J=1
fori; =1:k do
forio =1:k do

forig=1:k do
G(j,1:d) = [ir,i2, 14
end for

hi=J+1

end for
end for
end algorithm

It is easy to see that G € Rk xd corresponds to
k? coloured scheme matrices M, i.e., once we get the
matrix G, the k% coloured scheme matrices M will be
obtained by using the information on one of the rows
of matrix G, respectively.

To clarify the application of the coloured schemes
to simplex edgewise subdivision, consider the case of
k = 2, d = 2 with the set of vertices {Py = [0,0]T,
P =1[1,00T, P, = [0,
use the above algorithm; the matrix G is obtained as:

1]T} as presented in Fig. 1 and

1 1
1
G = . Then those k% = 22 = 4 matrices M
2 1
2 2
can be obtained as follows:
0 1 2 0 1 1
MO = ) Ml = )
2 2 2 1 1 2
0 0 1 0 0 O
My = , Mz =
1 2 2 01 2

Considering each column of these coloured
schemes and Eq. (5), we find that the four subsim-
plices o; have the following sets of vertices:

oo = {P02 = %(Po + Py) =[0,0.5]", Py = %(P1 + Py) =[0.5,0.5]T, Py = (P2 +P) = T}
o1 = {P01 = %(P0 + P) =[0.5,0]T, P, = %(P1 +Py) =[0.5,0]T, Py = 5(P1 + P2) =[0.5,0.5] }
oy = {Pm = %(P0 + Py) =[0.5,0]T, Py = %(P0 + Py) =[0,0.5]T, Py = %(P1 +P) = [0.5,0.5]T},
o5 = {POO _ %(Po +Py) = [0,0], Por = %(Po + P = (05,007, Py = %(Po +Py) = [0,0.5]T}.
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Fig. 1. Edgewise subdivision of a triangle.

Recalling Eq. (3) and using the above new algo-
rithm, we obtain the switching fuzzy model:

kIl ¢

B(t) = ) D Ni=(0)hy (2(0)(A; + AA)x(t)

i=1 j=1

+(Bj + ABj)u(t)), (6)

where ); is a function satisfying:

1, t) € i ke
Xi(z(t) = At €o cD Nilz(t) =1
0, otherwise, =1

o; (i=1,2,...,k%971) denotes the i-th subsystem de-
veloped by the above edgewise subdivision algorithm.

Remark 1 The partition of the overall TS fuzzy
chaotic systems (3) is applied here to reduce the con-
servatism of the LMI-based sufficient conditions. As
the LMI-based conditions are necessary and sufficient
for linearizing certain systems, the proposed proce-
dure asymptotically approaches these necessary and
sufficient conditions, in the sense that the examined
overall fuzzy model examined becomes increasingly

smaller.

3.2. Convergent stabilization conditions
based on the above edgewise subdi-
vision algorithm

Based on the new edgewise subdivision algorithm
provided in the above subsection, we will propose
a novel kind of state feedback controller which is
switched by the transfer of two different subsystems:

ka1

u= Z Ai(z(t) Kz, (7)

where \;(2(t)) has been defined in Eq. (6).
Based on Egs. (6) and (7), the closed-loop fuzzy
chaotic systems can be represented as

k1™t ¢

Bt = 32 D M) ((0)
(At + BKa®), ()

Where /_1]' = Aj + AAJ and Bj = Bj =+ AB]
Remark 2 Unlike the usual parallel distributed
compensation (PDC) schemel''] and the piecewise

8] there are k%~ controlled gain matrices

controller,
K; to be designed while the value of k can be chosen
arbitrarily. Hence it has a chance to further reduce
the conservatism while the value of k increases, and
the convergent stabilization condition will be attained
when k is sufficiently large. This fact will also be il-
lustrated in Section 4.

Based on the above analysis, the main theorem is
developed as follows:

Theorem 1 The uncertain TS fuzzy chaotic
model (3) can be stabilized with the state feedback
controller (7), if there exist symmetric and posi-
tive matrix X, and matrices F; (i = 1,2,...,k971),
positive scalars sfnmnfn,j (i = 1,2,...,k%7tm =
0,1,....k — 1,57 = 1,2,...
scheme matrices which could be obtained by the new

,q), for k971 coloured

edgewise subdivision algorithm proposed in the above

subsection,
Xé,o Xé,l Xé,qq
M; = : : ;9
Xi—Lo X2—1,1 X;c—l,q—l
such that the following LMIs hold:
[ =11 =12 =13 . . =1(2k) —1(2k+1)
S S Zhi =i =ji
* 5]21-2 0 . 0 0
N o |,
* * x . 0 0
* * * * Ej(fk)(zk) 0
| x * * * * Ej(izkﬂ)(%Jrl) ]
i=12,. kT =10, (10)
where
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k—1
—~11 T
i = Z(sz i temgDy D 4 + 0Dyt D
m=0
T
Rsz 1= =A 1+1X+B 1k +(A X+ B +1Fi) ,
~12 T =22 _ _ , , =38 —
XE1X0] ST __EO,jIﬂ sz‘ _(E2xg~j71+lFl) y 770;—’
:1(%) T —(2k)(2K) _
S =XE PERES ER 1 = —cp140,
—1(2k+1) _ = (2k+1)(2k+1) _ _ i
Zji (szk 1 1+1F) Zji —Nj—1,51

Moreover, the controller gain matrix could be cal-
culated as K; = F; X! (i = 1,2,...,k971), and the
conservatism will further be reduced as the value of k
increases.

Proof Now, choose the Lyapunov function as

= 2T (t)Px(t),

where P > 0 is to be determined.
The time derivative of V(z(t)) along the trajec-

Vi(x(t)) (11)

tory of Eq. (8) is given as

V(a(t)) = 221 ()P

(t)

' q
>,

1y
+BJK)

—

P(A;

J

x(P(

where * denotes the transpose of the corresponding

+x)z(t),  (12)

term.
Ifz(t)eo; (i =1,2,...,

O
P(A;

k1), we have

Via(t

x (P(A; + BjIG) + =) x(t),  (13)

|

1
7 7 i
QXZS;’""’X?;A E(QXO 1 F1 +Q

and the characteristic is achieved by the i-th coloured
scheme matrix M;.

On the other hand, the i-th coloured scheme ma-
trix M; can be obtained by the new algorithm pro-
posed in the above subsection:

Xk—-1,0 Xk—1,1 Xk—1,g—1

Pre- and post-multiplying the right side of
Eq. (13) by P~!, and using the following changes
of variables: X = P~! F; = K;X, we find that
V(z(t)) < 0 holds if the following inequality holds:

q
> hia(

Jj=1

Q’ <0, (15)

where Q; = AJX + BJFZ + (AJX + B]FZ)T
It is easy to see that V(z(t)) < 0 is equivalent
4q )

to Y hy(2(1)Q% <0 (i =1,2,...,k%"). Combined
=1

with the characteristic provided by M;, we can calcu-

late the new ¢ matrices
+Q;k 1o 1+1)7 j:1327"'uq (16)

Thus, if we have Ql v < 0(=1,2,...,q), the i-th subsystem is stabilized by the i-th controller
X — 1,;
K;. Moreover, the overall fuzzy chaotic system is stabilized by these k9! controllers if Q; e <0
0,77 "'Ak—1,5
(i=1,2,...,k971 j=1,2,...,q) are satisfied.
Due to the presence of uncertamty in Q; v , the inequality Q; v < 0 is not a linear matrix
0,50 Xk—1,5 0,52 Xk—1,5
inequality. To overcome this obstacle, the following technlque will be used.
Using Lemma 1, we have
Q;in,j—l+1 = Axin,,j—lJrlX + szn,jflJrlFi + *
SAXilerlX—l—Bi] B+
T ; T
+€m jD 1+1D X, j—1T1 +€7;n] XEleJ 1+1E Xon,j— 1+1X

+ 77:;,7’7jDX7n e 1+1DT
m=0,1,...,k—1.

so1tl +77m] (EQX;’J._1+1F'£) EZX;1J_1+1Fi?
(17)

060504-5



Chin. Phys. B Vol. 19, No. 6 (2010) 060504

Thus, it is easy to see that

k—1

kQ' ;
QXOJ7 SXE—1,; A
e

i _ T

temiDxi, ,_,+1Dxi

+n3n’jDX ]71+1DT

Applying the Schur complement lemma, we find
that equation (18) is equivalent to Eq. (10); in other
words, the underlying fuzzy chaotic systems could be
stabilized by the state feedback controller Eq. (7) if
those LMIs conditions (10) are satisfied. Moreover,
ka1
will be obtained when a larger value of k is selected.

more controlled gain matrices K; (i = 1,...,

In other words, more information on the membership
functions is considered and hence the conservatism
will be gradually reduced as the value of k increases.

This completes the proof.

Remark 3 In the above theorem, convergent
stabilization conditions are obtained by using the new
edgewise subdivision algorithm. The obtained conver-
gent conditions are in terms of LMIs which are easy to
solve with the well-known Matlab LMI tools. Further-
more, the asymptotically necessary and sufficient con-
dition will be obtained if we further divide the overall
system by either increasing the value of k or subdi-
viding the achieved subsystems. This fact will also be
illustrated by numerical experiments.

4. Illustrative examples

In this section, to demonstrate the effectiveness
of the proposed controller design scheme, we simulate
the control of the Lorenz system with uncertainties.
The control objective is to drive its chaotic trajectory
to the origin. The Lorenz equations are as follows:

—a(x1(t) — z2(1)),

21 (1) — 2(t) — 21 (t)z3(1),
(t) = 21 (t)x2(t) — cxs(t). (19)

/\
~
~—
Il
=

Figure 2 shows the phase portrait of its attractor
with system parameters (a,b,c) = (10,28,8/3) from
time step ¢y = 0 to ty = 20, while the initial condition
s (1,9, 23) = (10,—10,—10).

To construct a T'S fuzzy model for the Lorenz sys-
tem, the quadratic nonlinear terms z1xo and —xqx3 in

< Z (Axin,j—l+1X + Ban Ji—

1+1Fi + *
T
joatl +€m] ElXin,jfﬁlElXin j-1tl
41 +77m,j (E2X;1j71+1F) Eayi, 1+1F) (18)

Eq. (1) must be expressed as linearly weighted sums of
some linear functions and we can construct an exact
TS fuzzy model of the system (19) as follows:"]
Plant Rules:

Rule 1: IF x1(t) is Nyin, THEN () = Aj2(¢);
Rule 2: IF z1(t) is Nmax, THEN Z(t) = Asz(t);
where
[ —a a 0
A= b -1 Tmin |
i 0  Zmin —c
[ —a a 0
Ay = b -1 Tmax
| 0 Zmax —c

Setting [Tmin, Tmax] as [-20, 30], then the mem-
bership functions are

—T1 + Tmax 1 — Tmin
Twmin v Napar = ~(20)
Tmax

— Tmin Tmax — Lmin

1
420 0 m

Fig. 2. Phase portrait of Lorenz chaotic attractor under

initial condition z(0) = (10, —10, —10).

Thus, the TS fuzzy model of the controlled sys-
tem with an uncertain parameter value is:
Rule 1: TF z1(t) is Npyin,

THEN z(t) = (A1 + AA)x(t) + (B + ABy)u(t);
Rule 2: TF x1(t) is Nmax,
THEN z(t) = (As + AAs)x(t) + (Ba + ABg)u(t).

The uncertainty matrices AA; and AB; are presented
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as AAZ = DlFl(t)Eh and ABl = D,Fl(t)EQZ,Z = 1, 2,
where Dy = Dy = diag[—m, m, m],

a —a 0
Eiyw=FEss=|b 0 0|, Ei2=E»n=0.
0 0 ¢

The system parameters a,b,c are randomly varied
within 100m% of their nominal values and the fea-

l

sible interval of m could be calculated by solving LMI
Eq. (10) with some fixed value of k.

To show the convergence characteristic of the ob-
tained stabilization conditions, several feasible inter-
vals about m will be calculated by using Theorem 1
with different values of k, which are listed in Table 1.
From Table 1, it is easy to see that the conservatism

is gradually reduced as the value of k increases.

Table 1. Feasible intervals of m with different values of k.

k k=2 k=3 k=14 k=5 k=6
m [-0.21, 0.21] [-0.34, 0.34] [-0.42, 0.42] [-0.46, 0.46] [-0.47 ,0.47]
\
Next, choosing k = 6, m = 0.4 and using the al- 9.8270 277.5778 —50.1571
gorithm provided in Section 3, we can calculate the Ky = | —315.5779 0.8267 —184.2423 |,
: a—1 _ p2—1 _ .
following k 6 6 coloured scheme matrices: 501571 1842493 24934
0 1] 0 0] 9.7840 —153.2789 —59.0809
L1 01 Ks= | 115.2788  0.7837  —118.7344 |,
11 11 | 59.0809  118.7344 2.4503
M1 = 5 M2 - ) r
1 1 1 1 9.7840 —50.5149 —24.0461
11 11 Ky=| 125149 0.7837  —27.3951 |,
11 | 11 | 24.0461 27.3951  2.4503
[0 0] [0 0] [ 9.8270  —20.4298 199.2488
0 0 0 0 Ks = —8.5702 0.8267 —4.2944 |,
0 1 0 0 —199.2488 4.2944 2.4934
Mg = 5 M4 = 5 :
L 01 9.7547  —18.9420 3.0950
L L K¢= | —19.0580 0.7544  0.1577
L] L1 | -3.0950 —0.1577 2.4210
[0 0] [0 0]
0 0 0 0
0 0 0 0
Ms = ; Me = 60~
0 0 0 0
40
0 1 0 0
101 ] L0 1] € 2y
O -
Thus, by using Theorem 1 the controller gain ma- _90 >

trices K;, (i =1,2,3,4,5,6) can be obtained

9.7547 2.5290  —473.4642
Ky = | —40.5290 0.7544 32.9347 )
473.4642  —32.9347 2.4210

w2 _ogTN 10 0

—40 =20 z1

Fig. 3. The phase trajectory of the Lorenz system with
uncertainties via switching controller (7).
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The initial values are x(0) = (—10,—10,—10).
The simulation time is 20 s. Using these obtained con-
trolled gain matrices, we show the controlled result in
Fig. 3. The controlled input is activated at ¢ = 15 s
for comparison. Before the controlled input is added,
the phase trajectory of the Lorenz system is chaotic.
However, after the controlled input is activated, the
chaotic state is quickly directed to the origin.

5. Conclusions

In this work, convergent stabilization conditions
are proposed based on the edgewise subdivision ap-

proach. The overall chaotic fuzzy space is divided into
k9! subspaces via a new edgewise subdivision algo-
rithm. Then, a novel controlled law which switches
with the transfer between two different subsystems
is proposed to stabilize the underlying chaotic sys-
tems. Finally, the effectiveness of the proposed re-
sults is demonstrated by numerical simulation. Since
applications of chaos have enormous potential in many
fields, such as life systems, biological systems, medi-
cal systems, etc., the method shown in this paper will
be valuable in future theoretical research!?>=2% and

engineering applications.[26]
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