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Entropy-variation with resistance in a
quantized RLC circuit derived by the generalized
Hellmann—Feynman theorem*
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By virtue of the generalized Hellmann-Feynman theorem for the ensemble average, we obtain the internal energy

and average energy consumed by the resistance R in a quantized resistance-inductance—capacitance (RLC) electric

circuit. We also calculate the entropy-variation with R. The relation between entropy and R is also derived. By the

use of figures we indeed see that the entropy increases with the increment of R.
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1. Introduction

In the field of mesoscopic physics Louisell was the
first to quantize a mesoscopic inductance—capacitance
(L-C) circuit as a quantum harmonic oscillator,!!
specifically by quantizing electric charge as the co-
ordinate operator ¢, while quantizing electric cur-
rent I multiplied by L as the momentum operator p.
Louisell’s work has become more and more popular
because mesoscopic L-C circuits may have wide appli-
cations in quantum computers. However, Louisell cal-
culated only quantum fluctuation in the L-C circuit at
zero-temperature. In Ref. [2] Fan and Liang pointed
out that the thermal effect should be taken into ac-
count, because electric current generates a Joule ther-
mal effect, thus every physical observable should be
evaluated in the context of the ensemble average. Be-
sides, since entropy increases with the generation of
Joule heat, one should consider how the resistance R
in a resistance-inductance-capacitance (RLC) electric
circuit affects the variation of entropy. We shall use
the generalized Hellmann-Feynmam theorem (GHFT)
for the ensemble average to discuss this topic. The

usual Hellmann-Feynman (H-F) theorem states!4!

0E, ,  OH

where H is the Hamiltonian which involves parame-

H ) =

E, |¢,). For many troublesome problems in searching

ter x, and it possesses the eigenvector |1, :

for energy levels in quantum mechanics, one can resort
to the H-F theorem to do the analytical calculation.
However, this formula is available only for a pure state,
and quantum statistical mechanics is for the study of
statistical ensembles of quantum mechanics. A statis-
tical ensemble is described by density matrix p, which
is a non-negative, self-adjoint, trace-class operator of
trace 1 on the Hilbert space describing the quantum
system. Extending Eq. (1) to the ensemble average
case is necessary and has been done in Refs. [5]-[10].

The rest of the present paper is arranged as fol-
In Section 2 we briefly introduce the GHFT
for the ensemble average (H (x))

lows.
o> Where the sub-
script e denotes ensemble average. In Section 3,
based on von Neuman’s quantum entropy definition
S = —ktr(plnp) and using the GHFT, we derive the
entropy-variation formula for 95/9x and its relation
to 0 (H (X)), /Ox. In Section 4 we use the GHFT to
calculate internal energy of the quantized RLC circuit
and its fluctuation, as well as the average energy con-
sumed on resistance R. In Section 5 we employ the
GHFT to find the relation between entropy and R.
By depicting figures we indeed see that the entropy
increases with the increase of resistance R.
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2. Brief review of the generalized

Hellmann—-Feynman theorem

We have proposed the GHFT,5~7 for a mixed
state in thermal equilibrium described by density op-
erators

1 _
p=e M and §=@kT)", (2)
where Z = tr (e #H) is the partition function, k is
the Boltzmann constant, and T is temperature. Thus
the ensemble average of the Hamiltonian H, which is
dependent on parameter Y, is

(H()e = tr [pH( )]
— —BE;(x)
70 2 < PE ()
= E(x), (3)
and (A), = tr(pA) for arbitrary operator A of the

system. Performing the partial differentiation with
respect to x, we havel>~7]

Oy, 1 0 BE 0 [_BE.
s Z(X){zjj 5 (1)
+ o), + 125, @)

Then using Eq. (1) we can further write Eq. (4) as
0 OH
st = ((1+atm,—sm) 55 . 6)

Noting the relation

o) =), (e, e o

when H is independent of 3, we can reform Eq. (5) as
0 0

© = 28 ﬁ@H”
(1855) (3c) @

The integration of Eq. (7) yields two forms: one is

(M50 - [k )

which deals with the integral over df, where K is an

integral constant; and the other is

.= [ (1+555) <6H>ed’<

+(H (0),, (9)

which tackles the integral over dx. Note that the fluc-
tuation of H can be obtained by virtue of

_ 8 (H)

(MH)* = (H?) ~B*= =525 (10)

3. Deriving entropy-variation

0S/0x and its relation
to O0(H)./0x from S =
—ktr(pln p)

Entropy S in classical statistical mechanics is de-
fined as
F=U-TS§, (11)

where U is the internal energy or the ensemble aver-
age of the Hamiltonian (H) ., and F is the Helmholtz

free energy,

1 _
F:—Eln;e BEn (12)

According to Eq. (12) the entropy cannot be calcu-
lated until the energy level E,, of the system is known.
In this work we consider how to derive the entropy
without knowning F,, in advance, i.e., we do not diago-
nalize the Hamiltonian before calculating the entropy,
instead, our starting point is to use the quantum-
mechanical definition of entropy,

S=—ktr(plnp), (13)

where p is the density operator of the system. It was
von Neuman who extended the classical concept of en-
tropy put forth by Gibbs into the quantum domain.
Note that because the trace is actually independent
of representation, equation (13) assigns zero entropy
to any pure state. However, in many cases In p is un-
known until p is diagonalized, so we explore how to use
the GHFT to calculate the entropies of some compli-
cated systems, which, to our knowledge, have not been
calculated in the literature yet. Rewriting Eq. (13) as

S = Bktr(pH) + ktr(pln 2)
1
= T<H>e+kan, (14)
where (H) , corresponds to U in Eq. (11), yields

as 1 (9 OH
T <8>< Ho = <<9X>> 1

which indicates that the entropy-variation is propor-
tional to the difference between the internal energy’s
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variation and the ensemble average of H /dx. In par-
ticular, when p is in a pure state, then 0 (H) _ /Ox =
(OH/0X),, 0S/0x = 0, so S is a constant (zero).
Supposing that

H = ZXiHi’ and
%

then due to (0H /0x;)

(H),= ZXi (Hi),. (16)

= (H;), , we also have

oS
oxi

—0. (17)

Equation (15) also appears in Ref. [8], where, however,
the von Neuman entropy S = —ktr(plnp) was not
mentioned. Substituting Eq. (15) into Eq. (7) yields

35 OH
15 =555 (5 ) (18)

which is another form of the entropy-variation for-
mula. It then follows

TS = (H), _/<aalz>edx+c, (19)

where C' is an integration constant of a parameter in-
volved in H other than y.

4. Internal energy and average
energy consumed on resistance
in the RLC circuit

In terms of ¢—p quantum variables ([¢q,p] = ih),
Louisell’s Hamiltonian for the quantized RLC circuit
is

H= 2le + %q + %(pq +ap).  (20)
We now use the GHFT to calculate the internal energy
(H) . Substituting Eq. (20) into Eq. (5) and letting
x be L, C, and R, respectively, we obtain

9 (H),
oL
- <(1+5< Ve —ﬁH) (p2+R(pq+qp))>e, (21)
9(H),
aC
= ((1+ ), -pH) () . (22)
o (H)
OR
= <(1+B<H>G—BH) (pq+qp))>e~ (23)

_9[72

—20?

e

2L

Supposing that the eigenvector of Hamiltonian is |7, ),

H\|0,) =E,|¥,), E, is the energy eigenvalue, due to
<q7n| [q2 7p27H} ‘wn> = Ov (24)

and
(> —p* H] = (L é) (pq + qp)
(P> +4%), (25)

which leads to the following relation:

(s KL C) (pq + ap) + 21]; (* + qz)] |#,) =0
(26)
and noticing that <B (H), — 6H> = 0, we can have

the ensemble average

<(1+5<> 5H)[<l; C)(q+qp)
+ 21% (0* + ) ] > =0 (27)

R
21—
+ lL

Substituting Eqgs. (21)—(23) into Eq. (27), we obtain a
partial differential equation

o(H) 0 (H)
2 e 2 e
=+t %¢
L2 L\ 9(H),
+<LR—2RC—2R> SEo =0, (28)

which can be solved by the method of characteris-
tics.1112] Thus we have the equation

L _dC _ dR (29)
L2 C? LR-L?/2RC — L/2R’
and that
1 1 R? 1
5—5—01, and ﬁ—E—CQ, (30)

where ¢; and ¢, are both arbitrary constants. We can
now use the method above to obtain the general solu-
tion of the partial differential equation (28) by writing
(H), = flei,ca], ie.

(31)

where f[z,y] is some function of z,y. In order to de-
termine the form of this function, we examine a special
case when R =0, i.e.

1 1 1
Hyo= —p*+ —q¢* = fa 4 = 2
0= 570 T 550 = ﬁwo<aa+2>, (32)
where a = \/Lw0/2hq + i\/1/2th0p with wg =
1/vLC. According to the well-known Bose statistics
formula (Hy), = (fwo/2) coth(fuw5/2), we know

(H|r=0), _f{L_(lj Llc]
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fuw fuw
= 7000th 20ﬂ.

(33)

To determine the form of function f[z,y], let
1/L — 1/C, y = —1/LC, then its reverse
relations will be L = (z++/22 —4y)/2y, C =
(—x + /2% — 4y) /2y, and wy = /—y. Thus the form

of function f [x,y] is

xr =

=y coth I —y7

floyl = =5 5 (34)
and the internal energy is obtained to be
1 1 R 1
o=l or 10
hw hwp

where w = /1/LC — R?/L2.
Then according to Eq. (10) the fluctuation of H
is
2 h2w2 1
4 sinh?(Bhw/2)

(AH) (36)

Using Eq. (8) and the integration formula,

1 1 az
/eax_ldac:a(ln(e —1) —azx), (37)

OH
(7).
1
o7 (Pa+ap))
1 [O0(H),
:B/ a4
hR hwpB

“ouI? coth -

we have

(38)
So the average energy consumed on the resistance is

hR2 hwp
((pg +ap)), = ~go72 ©th =5

2L

w=wo\/1—R2C/L,

where the minus sign implies that the resistance is a

(39)
kind of energy consuming element.

5. Entropy-variation with resis-

tance

In this section, based on the above results we in-
vestigate the influence of the resistance on the entropy

of the RLC electric circuit. By substituting Eqgs. (31)
and (38) into Eq. (15), it is easily obtained that

as BRR?  exp (hfw)
OR  TL? (exp (hfw) —1)°
BRA? 1
= ) 40
AT L? sinh?(Bhw/2) (40)
Further, by making use of the integral formula
Iny ylny
———dy=In(y—1) — , 41
[ = 2L

we derive the relation between the entropy and the
resistance as follows:

1 hwexp (hBw)

S = —kIn[exp (hfw) — 1] + T exp (hfw) — 1’

(42)
Obviously when R = 0, entropy Sy in Eq. (42) cor-
Based
on the relation in Eq. (42), we depict the variation

responds to that of the LC electric circuit.

of the entropy as a function of resistance in a range
of [0, \/m] in Fig. 1. This figure illustrates that
the entropy monotonically increases with resistance R.
When R goes to the limit m, the entropy tends
to infinity.

Entropy S

0 Resistance R L/C

Fig. 1. Entropy S as a function of resistance.

In summary, by virtue of the generalized
Hellmann—Feynman theorem for the ensemble aver-
age, we have obtained the internal energy and the
average energy consumed on the resistance, and we
have also calculated entropy-variation with resistance
in a quantized RLC electric circuit. The relation be-
tween entropy and resistance is also derived. By the
use of a figure we indeed see that the entropy increases
with the increase of R. For more discussion about RLC
flunctation and entropy evolution, readers may refer
to Refs. [13] and [14].
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