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The symmetries of wave equations on new lattices∗
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This paper focuses on studying the symmetry of a practical wave equation on new lattices. It is a new step in

that the new lattice equation is applied to reduce the discrete problem of motion of an elastic thin homogeneous bar.

The equation of motion of the bar can be changed into a discrete wave equation. With the new lattice equation, the

translational and scaling invariant, not only is the infinitesimal transformation given, but the symmetry and Lie algebras

are also calculated. We also give a new form of invariant called the ratio invariant, which can reduce the process of the

computing invariant with the characteristic equation.
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1. Introduction

It is well known that continuous symmetry is a hot

topic; aspects of Lie group theory have been described

in many books and lecture notes.[1−19] In recent pa-

pers, many methods have appeared to solve discrete

differential equations. The lattice equation has long

been used to reduce the differential equations.[6,14−18]

It has developed into a powerful tool to solve differ-

ential equations. In fact, it is unnecessary to know its

complete continuous solution. We can turn a continu-

ous problem into a discrete problem and look for part

of its solution. The lattice equation method has long

been used to study wave equations. Not all difficult

wave equations can be solved by the lattice equation

only. However, a suitable lattice equation will make

the problem simpler; otherwise, the issue will be hard.

At the beginning of this paper, a new lattice equa-

tion will be introduced which has been developed in

spectral physics. For two independent variables, even

though we are not able to solve it by the lattice equa-

tion only, we can use the translational invariant and

scaling invariant to make the discrete wave equation

involve one variable rather than two.

In this paper, we make an attempt to adapt the

ideas of invariance to study the wave equation on the

new lattice. The construction of the invariant is de-

pendent on neither the Lagrangian nor the Hamilto-

nian. It is based on the infinitesimal. In view of the

fact of that invariant, we can also construct the ra-

tio invariant. So in addition to the method of the

characteristic equation, we obtain the ratio invariant

method. While we can put the same wave equation

into different lattice equations, the invariant will be

different. So the new lattice will lead to a new form

of the solution which has never appeared before. It is

necessary to go beyond the symmetry of the continu-

ous wave equation and to consider Lie group actions

at different points of the lattice simultaneously.

The structure of this paper is arranged as follows:

In Section 2, the new lattice equation[19] is given. In

Section 3, we discuss the symmetry and Lie algebras

of the discrete wave equation. Furthermore we give a

practical example to illustrate these results.

2. The new lattice equation

Let f be a lattice function. The shift operator E

is defined as follows:

Ef (n) = f (n+ 1) , (1)

Eφn = Un (un, λ)φn, (2)

where

φn =

 φ1
n

φ2
n

 , (3)

un =

 vn

ωn

 , (4)
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Un =

 0 αv2n + βvn

−1 λ− ωn

 . (5)

We suppose that

φn =

 xn

tn

 , (6)

and substituting Eqs. (6) and (5) into Eq. (2) leads to xn+1

tn+1

 =

 0 αv2n + βvn

−1 λ− ωn

 xn

tn

 . (7)

Following this, we get

xn+1 = αv2ntn+βvntn, tn+1 = −xn+λtn−ωntn. (8)

When α = 1, β = 0, we obtain the Toda lattice equa-

tion

xn+1 = v2ntn, tn+1 = −xn + λtn − ωntn. (9)

3. Symmetry of the discrete wave

equation and Lie algebras

3.1.A practical physical case

The equation of motion of a hyperelastic homoge-

neous bar, whose cross-sectional area is variable along

the bar,[20] is

ρuxx = Tx +
S′ (x)

S (x)
T, (10)

where ρ is the constant mass density, u = x − y is

the displacement, y is the coordinate of the point P

in the present reference frame, T (ux) is the tension

and S(x) is the cross-sectional area which varies with

an exponential law

S = S0 e
µx, (11)

when S0 and µ are constants, it takes the following

form:

utt =
1

ρ

dT

dux
uxx +

µ

ρ
T. (12)

We take into consideration the following form for the

tension function

T = T0 log (1 + ux) , (13)

then equation (12) reads

utt =
µT0

ρ (1 + ux)
uxx +

µT0

ρ
log (1 + ux) . (14)

The discrete derivatives are defined as[21]

∆t =
Tt − 1

σt
, ∆xx =

T 2
x − 2Tx + 1

σ2
x

, (15)

where σt and σx are steps in the t and x directions,

respectively.

By Eq. (15), equation (14) will be changed to

un+2 − 2un+1 + un

(tn+1 − tn)
2

=
µT0

ρ

(
1 +

un+1 − un

xn+1 − xn

) un+2 − 2un+1 + un

(xn+1 − xn)
2

+
µT0

ρ
log

(
1 +

un+1 − un

xn+1 − xn

)
. (16)

3.2.A scaling-invariant solution

A scaling-invariant solution will be written as:

u (x, t) = u (z) , z = x/t. Then u only depends on

one variable z. Furthermore, equation (16) will be

put into another form,

u (zn+2)− 2u (zn+1) + u (zn)

(tn+1 − tn)
2

=
µT0 [u (zn+2)− 2u (zn+1) + u (zn)]

ρ

(
1 +

u (zn+1)− u (zn)

xn+1 − xn

)
(xn+1 − xn)

2

+
µT0

ρ
log

(
1 +

u (zn+1)− u (zn)

xn+1 − xn

)
. (17)

From Eq. (9), we conclude

xn+1

tn+1
=

vntn
−xn + λtn − ωntn

=
vn

−xn/tn + λ− ωn
(λ = ωn)

= zn+1

= −vn
zn

. (18)

Let zn = z. Combined with Eq. (18), equation (17)

can be reduced to

u

(
z
vn+1

vn

)
− 2u

(
−vn

z

)
+ u (z)

(tn+1 − tn)
2

=

µT0

[
u

(
z
vn+1

vn

)
− 2u

(
−vn

z

)
+ u (z)

]

ρ

1 +
u
(
−vn

z

)
− u (z)

xn+1 − xn

 (xn+1 − xn)
2

+
µT0

ρ
log

1 +
u
(
−vn

z

)
− u (z)

xn+1 − xn

 . (19)
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With the condition

u

(
z
vn+1

vn

)
− 2u

(
−vn

z

)
+ u (z) = 0,

u
(
−vn

z

)
− u (z) = 0, (20)

the general solution can be written as

u = az + b/z + cz2 + d/z2 + f, (21)

where a, b, c, d and f must satisfy the following condi-

tion

az
vn+1

vn
+ b

vv
zvn+1

+ c
z2v2n+1

v2n
+ d

v2n
z2v2n+1

+ f

= −a
vn
z

− b
z

vn
+ c

v2n
z2

+ d
z2

v2n
+ f

= az + b
1

z
+ cz2 +

1

z2
+ f,

where a = a (vn) , b = b (vn) , c = c (vn).

3.3.A translational invariant solution

From Eq. (9), we obtain

tn+1 − tn

= −xn + λtn − ωntn

− (−xn−1 + λtn−1 − ωn−1tn−1)

= − [xn − (λ− ωn) tn] + xn−1

− (λ− ωn) tn−1. (22)

With the translational invariant z = x+ at, assuming

λ− ωn = −a, we get the variable steps

σt = tn+1 − tn

= − (xn + atn) + xn−1 + atn−1

= −zn + zn−1, (23)

σx = xn+1 − xn

= vntn − vn−1tn−1

= vn (tn − tn−1) + tn−1 (vn − vn−1) . (24)

If vn = vn−1 (n = 1, 2 . . .), i.e. vn = c, equation (24)

reads

σx = xn+1 − xn

= vn (tn − tn−1)

= c (−zn−1 + zn−2) . (25)

Substituting Eqs. (23) and (24) into Eq. (19), we have

u (zn+2)− 2u (zn+1) + u (zn)

(zn − zn−1)
2

=
µT0 (u (zn+2)− 2u (zn+1) + u (zn))

cρ
[
c (zn−1 − zn−2)

2 − (zn−1 − zn−2) (u (zn+1)− u (zn))
] +

µT0

ρ
log

(
1 +

u (zn+1)− u (zn)

c (zn−1 − zn−2)

)
. (26)

3.4.The r-parameter Lie groups of

transformations

For an r-parameter Lie group of transformations

x∗ = X (x; ε) , (27)

assuming that x = (x1, x2 . . . , xn), and the parame-

ters are denoted by ε = (ε1, ε2, . . . , εn), we make that

ξαj =
∂x∗

j

∂εα

∣∣∣
ε=0

=
∂Xj (x; ε)

∂εα

∣∣∣
ε=0

,

α = 1, 2, . . . , r; j = 1, 2, . . . , n. (28)

The infinitesimal generator Xα, corresponding to the

parameter εα of the r-parameter Lie group of trans-

formations, is

Xα =
n∑

j=1

ξαj (x)
∂

∂xj
, α = 1, 2, . . . , r. (29)

Equation (26) is related to five points. Assuming that

zn−2, zn−1, zn, zn+1 and zn+2 are independent vari-

ables, we have

z∗n−2 =
(1 + ε3) zn−2 + ε4zn−1 + ε5

ε1zn−2 + ε2zn−1 + 1
+ znε

2
3 + zn−2,

z∗n−1 =
ε6zn−2 + (1 + ε7) zn−1 + ε8

ε1zn−2 + ε2zn−1 + 1
+ zn+1ε

4
1,

z∗n =
zn+2ε

2
1

ε21zn−2 + ε32zn−1 + 1
,

z∗n+1 = zn+1,

z∗n+2 = zn+2. (30)

Then substituting Eq. (30) into Eq. (28), the coef-

ficients of infinitesimal generator Xα are determined.

Then, from Eq. (29), the eight infinitesimal generators

are obtained as follows:

X1 =

2∑
i=−2

∂z∗n+i

∂ε1

∣∣∣
ε=0

∂

∂zn+i
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= −z2n−2

∂

∂zn−2
− zn−2zn−1

∂

∂zn−1
,

X2 =

2∑
i=−2

∂z∗n+i

∂ε2

∣∣∣
ε=0

∂

∂zn+i

= −zn−2zn−1
∂

∂zn−2
− z2n−1

∂

∂zn−1
,

X3 =

2∑
i=−2

∂z∗n+i

∂ε3

∣∣∣
ε=0

∂

∂zn+i
= zn−2

∂

∂zn−2
,

X4 =

2∑
i=−2

∂z∗n+i

∂ε4

∣∣∣
ε=0

∂

∂zn+i
= zn−1

∂

∂zn−2
,

X5 =

2∑
i=−2

∂z∗n+i

∂ε5

∣∣∣
ε=0

∂

∂zn+i
=

∂

∂zn−2
,

X6 =

2∑
i=−2

∂z∗n+i

∂ε6

∣∣∣
ε=0

∂

∂zn+i
= zn−2

∂

∂zn−1
,

X7 =

2∑
i=−2

∂z∗n+i

∂ε7

∣∣∣
ε=0

∂

∂zn+i
= zn−1

∂

∂zn−1
,

X8 =

2∑
i=−2

∂z∗n+i

∂ε8

∣∣∣
ε=0

∂

∂zn+i
=

∂

∂zn−1
. (31)

In order to find out the invariants, we give the char-

acteristic equations

dx1

ξ1 (x)
=

dx2

ξ2 (x)
= · · · = dxn

ξn (x)
, (32)

where x1, x2, . . . , xn are independent variables, and

ξi are the coefficients of infinitesimal generator Xα,

i = 1, 2, . . . ,5, α = 1, 2, . . . ,8, then we show the char-

acteristic equation with respect to X1

dzn−2

z2n−2

=
dzn−1

zn−2zn−1
. (33)

From Eq. (33), we calculate the invariant

I1 =
zn−1

zn−2
=

xn−1 + atn−1

xn−2 + atn−2
, (34)

the characteristic equation of X2 is

dzn−2

zn−2zn−1
=

dzn−1

z2n−1

,

then the invariant with respect to X2 will be written

as

I2 =
zn−2

zn−1
=

xn−2 + atn−2

xn−1 + atn−1
. (35)

In the same way, we will calculate the other six invari-

ants of Xi for i = 3, 4, . . . ,8.

I3 = Inzn−2 = In (xn−2 + atn−2) ,

I4 =
zn−2

zn−1
=

xn−2 + atn−2

xn−1 + atn−1
,

I5 = zn−2 = xn−2 + atn−2,

I6 =
zn−1

zn−2
=

xn−1 + atn−1

xn−2 + atn−2
,

I7 = Inzn−2 = In (xn−2 + atn−2) ,

I8 = zn−1 = xn−1 + atn−1. (36)

3.5.Ratio invariant

Make new variables that can be written as

I1 = un+1 − un, I2 = un − un−1, ξ1 =
I1
I2

. (37)

The operator X, keeping only the necessary terms, is

X = I1∂I1 + I2∂I2 , (38)

where I1 and I2 are not invariants of X but ξ1 is. It

is vital for us to consider a nonuniform net

σn+1
t = ϕ (x, t) . (39)

We extend the operator by σn+1
t and σn

t , i.e.,

X = x2 ∂

∂x
+ σn+1

t

(
2x+ 2t+ σn+1

t

) ∂

∂σn+1
t

+ σn
t (2x+ 2t− σn

t )
∂

∂σn
t

. (40)

It is important to construct an invariant net starting

from the invariants of the group G:

y1 =
e2t/xσn+1

t

x2
(
σn+1
t + 2x+ 2t

) ,
y2 =

x2 (2x+ 2t− σn
t )

σn
t e2t/x

. (41)

We construct, for example, an invariant nonuni-

form net on the interval (0, L0). Taking L0 = y1, we

get the equality

σn+1
t =

L0x
2 (2x+ 2t)

e2t/x − L0x2
. (42)

Owing to both y1 and y2 being arbitrary constants,

we make

y2 = ef(x,t)y1 = L0 e
f(x,t), (43)

then we get

σn
t =

x2 (2x+ 2t)

L0 ef(x,t)+2t/x + x2
. (44)

Theorem For time steps σn
t and σn+1

t if there

exists a function f = f(x, t) that satisfies the following

equation
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L0x
2

[
ef(x,t)+2t/x

(
∂f

∂x
− 2t/x2

)
+ 2x

] (
e2t/x − L0x

2
)
+

(
ef(x,t)+2t/x + x2

)( 2t

x2
e2t/x + 2xL0

)
(
e2t/x − L0x2

)2
+

(
σn+1
t

)2
σn
t

+ σn+1
t = 0,

then the ratio[22] can be written as

σn+1
t

σn
t

=
L2
0

(
ef(x,t)+2t/x + x2

)
e2t/x − L0x2

, (45)

which also gives an invariant manifold.

3.6. Lie algebras

The commutator of any two infinitesimal

generators of an r-parameter Lie group of

transformations[23−25] is also an infinitesimal gen-

erator, in particular

[Xα, Xβ ] = Cγ
αβXγ ,

where Cαβ are constants called structure constants,

α, β, γ = 1, 2, . . . , r.

Consider an r-parameter Lie group of trans-

formations with infinitesimal generator {Xα}, α =

1, 2, . . . , 8; the commutation relation of Xα and Xβ

is another first order operator

[Xα, Xβ ]

= XαXβ −XβXα

=
n∑

i,j=1

[(
ξαi (x)

∂

∂xi

)(
ξβj (x)

∂

∂xj

)

−
(
ξβi (x)

∂

∂xi

)(
ξαj (x)

∂

∂xj

)]
=

n∑
j=1

ηj (x)
∂

∂xj
, (46)

where

ηj (x) =
n∑

i=1

[
ξαi (x)

∂ξαj (x)

∂xi
− ξβi (x)

∂ξαj (x)

∂xi

]
,

(47)

then

[Xα, Xβ ] = − [Xβ , Xα] .

It is convenient to display the commutators of a

Lie algebra through its commutator table whose (i, j)-

th entry is [Xi, Xj ]. It follows that the table is anti-

symmetric with its diagonal elements all zero. The

structure constants are easily read off from the com-

mutator table.

For the infinitesimal generators we give the fol-

lowing commutator table.

Table 1. Commutators of a Lie algebra.

X1 X2 X3 X4 X5 X6 X7 X8

X1 0 0 −X1 −X2 −2X3−X7 0 0 −X6

X2 0 0 0 0 −X4 −X1 −X2 −X3−2X7

X3 X1 0 0 −X4 −X5 X6 0 0

X4 X2 0 X4 0 0 X7 −X3 −X4 −X5

X5 2X3 +X7 X4 X5 0 0 X8 0 0

X6 0 X1 −X6 X3 −X7 −X8 0 X6 0

X7 0 X2 0 X4 0 −X6 0 −X8

X8 X6 X3 + 2X7 0 X5 0 0 X8 0

4. Conclusions

In this paper, a new lattice equation is applied to reduce the discrete wave equation of the lattice equation.

The result reveals how the discrete wave equation keeps the symmetry on the new lattice. The Lie algebras show

the relationships between infinitesimal generators. It is practicable to extend this result to the heat conduction

equation and other wave equations.
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