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The symmetries of wave equations on new lattices*
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This paper focuses on studying the symmetry of a practical wave equation on new lattices. It is a new step in

that the new lattice equation is applied to reduce the discrete problem of motion of an elastic thin homogeneous bar.

The equation of motion of the bar can be changed into a discrete wave equation. With the new lattice equation, the

translational and scaling invariant, not only is the infinitesimal transformation given, but the symmetry and Lie algebras

are also calculated. We also give a new form of invariant called the ratio invariant, which can reduce the process of the

computing invariant with the characteristic equation.
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1. Introduction

It is well known that continuous symmetry is a hot
topic; aspects of Lie group theory have been described
in many books and lecture notes.' =1 In recent pa-
pers, many methods have appeared to solve discrete
differential equations. The lattice equation has long
been used to reduce the differential equations. (61418l
It has developed into a powerful tool to solve differ-
ential equations. In fact, it is unnecessary to know its
complete continuous solution. We can turn a continu-
ous problem into a discrete problem and look for part
of its solution. The lattice equation method has long
been used to study wave equations. Not all difficult
wave equations can be solved by the lattice equation
only. However, a suitable lattice equation will make
the problem simpler; otherwise, the issue will be hard.
At the beginning of this paper, a new lattice equa-
tion will be introduced which has been developed in
spectral physics. For two independent variables, even
though we are not able to solve it by the lattice equa-
tion only, we can use the translational invariant and
scaling invariant to make the discrete wave equation
involve one variable rather than two.

In this paper, we make an attempt to adapt the
ideas of invariance to study the wave equation on the
new lattice. The construction of the invariant is de-
pendent on neither the Lagrangian nor the Hamilto-
nian. It is based on the infinitesimal. In view of the
fact of that invariant, we can also construct the ra-

So in addition to the method of the
characteristic equation, we obtain the ratio invariant

tio invariant.

method. While we can put the same wave equation
into different lattice equations, the invariant will be
different. So the new lattice will lead to a new form
of the solution which has never appeared before. It is
necessary to go beyond the symmetry of the continu-
ous wave equation and to consider Lie group actions
at different points of the lattice simultaneously.

The structure of this paper is arranged as follows:
In Section 2, the new lattice equation!'?! is given. In
Section 3, we discuss the symmetry and Lie algebras
of the discrete wave equation. Furthermore we give a
practical example to illustrate these results.

2. The new lattice equation

Let f be a lattice function. The shift operator FE
is defined as follows:

Ef(n)=f(n+1), (1)
where
n
Up = o ; (4)
Wn
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0 av?+ Bu,
U, = ko) (5)
-1 A—w,
We suppose that
T
Pn = y (6)
tn

and substituting Eqgs. (6) and (5) into Eq. (2) leads to

0 av?+ Bu, T
= - (M)

tn—i—l -1 A — W, tn

Tn+1

Following this, we get
Tyt = @Vt +Boptn, thi1 = —Tp+ My —wnty. (8)

When a =1, § = 0, we obtain the Toda lattice equa-
tion

Tnt1 = U?Ltn; thy1 = —Xpn + My — wntn. (9)

3. Symmetry of the discrete wave

equation and Lie algebras

3.1. A practical physical case

The equation of motion of a hyperelastic homoge-

neous bar, whose cross-sectional area is variable along
the bar,[20 is

S’ (z)

ERAIE)

Plaa T, (10)
where p is the constant mass density, u = x — y is
the displacement, y is the coordinate of the point P
in the present reference frame, T (u;) is the tension
and S(z) is the cross-sectional area which varies with

an exponential law

S = Speh?, (11)
when Sy and p are constants, it takes the following
form: L ar

7
= ——Uyy + =T 12
Ugt P duwu + P (12)

We take into consideration the following form for the

tension function
T =Tylog (14 uy), (13)

then equation (12) reads

T T
uyy — o )um—l—%log(l—i—uw). (14)

p(l+u,

The discrete derivatives are defined as(?!]

T, —1 T2 - 2T, +1
A= Am:%’ (15)
Ot g%
where o, and o, are steps in the ¢t and x directions,
respectively.

By Eq. (15), equation (14) will be changed to

Un+4+2 — 2un+1 + Un

(thrl - tn)2
- ulp Upt2 — 2Upg1 + Up
- _ 2
p (1 + Un 41 un) (],‘n+1 — J}n)
Tn+1 — Tn
T n - Un
4 Ko log (1 + u+1u> ) (16)
P Tp+1 — Tp

3.2. A scaling-invariant solution

A scaling-invariant solution will be written as:
u(xz,t) = u(z),z = x/t. Then u only depends on
one variable z. Furthermore, equation (16) will be
put into another form,

U (Znt2) = 2u (2n41) + u (20)
(tn+1 - tn)2
Ty [u (Znt2) —2u (ZnJrl) +u (zn)]

Tn41 — Tn
T n - n
+M010g<1+u(2 +1) u(z )) (17)
14 Tn+1 — Tn

From Eq. (9), we conclude

anrl _ Untn
tnt1 —Tp + My — wity
Un,
= )\ = W
—Zp [ty + A —wy, ( ")
= Zn+1
Un,
= 18
tn (13)

Let z, = z. Combined with Eq. (18), equation (17)
can be reduced to

u (Jt}:l) ~ 2 (—”7”) tu(z)

(tnt1 — tn)
T {u (Z"Z?) — 2 (J%") +u (z)}

IERE

pl 1+

Tn41 — Tn
Un
T u (——) —u(z)
+ B0 log [ 1+ = (19)
P Tp+1 — Tp
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With the condition

u <ZUZ:1) —2u (—U?n) +u(z) =0,

u (—%) —u(z) =0, (20)
the general solution can be written as
u=az+b/z+c2+d/*+ f, (21)

where a, b, ¢, d and f must satisfy the following condi-
tion

2,,2 2
Un+1 Uy 250541 v
az +b te—F—t+d55—+f
Un 2ZUn41 (04 ZU5 41
2 2
(% z v z
=—a—~b—tecgtd5+f
z Up, z (4

1 1
= az+b7+czz+—2+f,
z z
where a = a (v,),b="0b(v,),c = c(vy).
3.3. A translational invariant solution
From Eq. (9), we obtain

tn+1 - tn

U (Zny2) — 2u (ZnJrl) +u(2n)

(Zn - anl)z

1To (U (zns2) — 2u (2n41) +u(2))

= —Ty + Aty — Wity

— (—Zp—1 + Myt —wn—1tpn_1)
—[Tn — (A —wp) tn] + Tr_1

— A= wn) tp_1.

(22)

With the translational invariant z = x 4 at, assuming
A — w, = —a, we get the variable steps

Oy = tn+1 - tn

= - (mn + atn) + Tp—1+atn_1

= —2u+ 2Zn_1, (23)
Op = Tpil — Tn

= Uptn — Un—1ln—1

= vp (tn —tno1) + tno1 (Un —vp—1). (24)

If v, =v,—1 (n=1,2...), i.e. v, = ¢, equation (24)
reads

Or = Tnt1 — Tn
- tnfl)

c(—2p—1+ 2n—2).

vp, (tn

(25)

Substituting Eqgs. (23) and (24) into Eq. (19), we have

cp [c (#n-1— 2n-2)" = (Zn-1 — Zn—2) (U (zn41) — u (Zn))}

3.4. The r-parameter Lie groups of
transformations

For an r-parameter Lie group of transformations

¥ =X (x;e), (27)

assuming that z = (z1,22...,2,), and the parame-

ters are denoted by € = (¢1,e3,...,&,), we make that

¢ _:% _ 09X (z;¢)
A ey le=0 Ocq  le=0’
a=12,....r; j=12,...,n (28)

The infinitesimal generator X, corresponding to the
parameter €, of the r-parameter Lie group of trans-
formations, is

- 0
Xazz,gaj(x)%, a=1,2,...,m (29)
=1 !

#To U (Zn41) — u(zn)
+ 71og <1 + TER—— > . (26)

Equation (26) is related to five points. Assuming that
Zn—2sZn—1, Zn, 2n+1 and z,yo are independent vari-
ables, we have

X (1+e3)zn—2+€szpn_1 +¢5 2
Zp_9 = + 2p€3 + 2Zn_2,
€12n—2 +€22p—1 +1

_ €6zn—2+ (1+e7) 21 +esg

* 4
z + z 13
—1 n+1<1,
" €12pn—2 + €221 + 1
2
* Zn+42€7
zy =

€%Zn_2 + 5§’zn_1 + 1,
Zpt1 = Zntls
Zp o = Znya. (30)

Then substituting Eq. (30) into Eq. (28), the coef-
ficients of infinitesimal generator X, are determined.
Then, from Eq. (29), the eight infinitesimal generators

are obtained as follows:
2

X, = Z 0z

Oe
-2 1

0

e=0 8Zn+i
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VL
n—2 8,2"_2 n—2<n—1 3Zn_1’
2
0z .. 0
X, — Zonti
2 1_22_32 8:‘32 52082n+i
) , 0
= —Zn_9%Zn_ -z ,
2 lazn—2 1821171
2
0z,
X3 = @ i = Zn—2 0 ’
P 663 5:082n+i 8Zn_2
2
0z, 0 0
Xy = i O T An— ’
4 ZZQ 664 52083n+i 5 18Zn_2
y 22: R o 9
> 9 365 e=0 827z+i B 8zn_2’
2
0z ., 0 0
Xe= Y ) S . :
6 22 356 5:062n+i i Zazn_l
2
0z,
X7 = Hnti 0 = Zn-1 0 ;
i——9 367 5:062n+i an_l
2
0z ., 0 0
Xg = ot = : 31
8 ,2_2 868 5:062n+i azn_l ( )

In order to find out the invariants, we give the char-
acteristic equations

dz, dzo dzy,

B0 e L@ %

., T, are independent variables, and

where x1, xo,..
& are the coefficients of infinitesimal generator X4,
1=1,2,....5, a=1,2,...,8, then we show the char-

acteristic equation with respect to X3
dzn72 o dZn,1

2
Zn—2

(33)

B Zn—2Zn—1
From Eq. (33), we calculate the invariant

— — tn—
Zn—2 Tp—2 + atn72

the characteristic equation of X5 is

dzn—Q dzn—l
= 3 ,
Zn—22n—1 Zn—1

then the invariant with respect to X, will be written

as
12 — Zn—2 _ Tp—2 + Cltn—2 ) (35)
Zp—1 Tn-1+ atnfl

In the same way, we will calculate the other six invari-
ants of X; for i =3,4,...,8.

Is=Inz, o =In(x,—2+at,_2),
Tp—o+ atp_o
Tp_1 +at,_1’

Zn—2
I, ===

Zn—1

I5 =Zp—2 = Tp_2+ aty_2,
Tp—1+ atn—l
16 = )
Zn—2 Tp—2 + alp_2
I =Inz, o=1In (In—2 + atn—Z) ;

Zn—1 _

Ig = Zpn-1==2Tpn_1+ atn,l. (36)

3.5. Ratio invariant

Make new variables that can be written as

I
Iy = up — Up_1, fl = 71 (37)

Ii = Upy1 — Up, 7
2

The operator X, keeping only the necessary terms, is
X = 118[1 + 12612, (38)

where I; and Is are not invariants of X but & is. It

is vital for us to consider a nonuniform net

ot = ¢ (x,1). (39)
We extend the operator by o7t and o7, i.e.,
0 n " 0
X = an—x + oyt (2m + 2t + oy +1) Py

t

+ o0 2z +2t —op) (40)

—.
0oy

It is important to construct an invariant net starting

from the invariants of the group G:

e2t/wa?+1
Y1 = 3 [ n+l )
T (at + 2z + 2t)
22 (22 + 2t — o
Yy = ( t ) (41)

n ~2t/x
ol et/

We construct, for example, an invariant nonuni-
form net on the interval (0, Lg). Taking Lo = y1, we
get the equality

ol Loz? (27 + 2t)

t T e2t/e _ [ga2 (42)

Owing to both y; and y, being arbitrary constants,
we make
Yo = ef(%t)y1 = Lo ef(évﬂf)7 (43)

then we get

n 22 (2 + 2t)

Oy = Ly ef(m,t)—‘,—Zt/x_'_a:Q'

(44)

Theorem For time steps ¢ and o™ if there
exists a function f = f(x,t) that satisfies the following
equation
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2t
ef(a:,t)+2t/:r ﬁ _ 2t/1’2 42z (6215/1 _ Loﬂj’z) + (ef(z,t)+2t/x + LTJQ) = e2t/:1: + 2(£L0
ox x?

L(),T2

then the ratio??! can be written as

0_;1-&-1 B L% (e,f(x,t)+2t/;ﬂ +{E2)

4
oy e2t/v — Lyx? ’ (45)
which also gives an invariant manifold.
3.6. Lie algebras
The commutator of any two infinitesimal
generators of an r-parameter Lie group of
transformations?*=2° is also an infinitesimal gen-

erator, in particular
[Xa, Xp] = CgﬁX"/’

where C,g are constants called structure constants,
a,By=1,2,...,r.

Consider an r-parameter Lie group of trans-
formations with infinitesimal generator {X,}, a =
1,2,...,8; the commutation relation of X, and Xg
is another first order operator

(e2t/ — L0m2)2

I
N
| —|
N
I
R
B
Flo
N———
N
722%
sy
<
—
8
N—
Pl
<
N———

= Y@ )
where
7 (47)
then

[XavXB] = [Xﬁa Xa] .

It is convenient to display the commutators of a
Lie algebra through its commutator table whose (i, j)-
th entry is [X;, X;]. It follows that the table is anti-
The

structure constants are easily read off from the com-

symmetric with its diagonal elements all zero.

mutator table.

[Xa, Xp] For the infinitesimal generators we give the fol-
= X Xg — XX, lowing commutator table.
|
Table 1. Commutators of a Lie algebra.
X1 Xo X3 X4 X5 X6 X7 Xg

X1 0 0 -X1 - X2 —2X3—-X7 O 0 —Xs

Xo 0 0 0 0 —Xy -X1 - X2 —X3—-2X7
X3 X1 0 0 —X4 —-X5 X6 0 0

X4 Xo X4 0 0 X7 — X3 —-X4 — X5

X5 2X3 4+ X7 X4 X5 0 0 Xs 0 0

X 0 X1 — X X5 — X7 —Xg 0 X 0

X7 0 X 0 X4 0 — X6 0 — X3

X3 X6 X3 +2X7 0 X5 0 0 X3 0

4. Conclusions

In this paper, a new lattice equation is applied to reduce the discrete wave equation of the lattice equation.

The result reveals how the discrete wave equation keeps the symmetry on the new lattice. The Lie algebras show

the relationships between infinitesimal generators. It is practicable to extend this result to the heat conduction

equation and other wave equations.
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