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We have investigated the influence of the average degree ⟨k⟩ of network on the location of an order–disorder transi-

tion in opinion dynamics. For this purpose, a variant of majority rule (VMR) model is applied to Watts–Strogatz (WS)

small-world networks and Barabási–Albert (BA) scale-free networks which may describe some non-trivial properties of

social systems. Using Monte Carlo simulations, we find that the order–disorder transition point of the VMR model is

greatly affected by the average degree ⟨k⟩ of the networks; a larger value of ⟨k⟩ results in a more ordered state of the

system. Comparing WS networks with BA networks, we find WS networks have better orderliness than BA networks

when the average degree ⟨k⟩ is small. With the increase of ⟨k⟩, BA networks have a more ordered state. By implement-

ing finite-size scaling analysis, we also obtain critical exponents β/ν, γ/ν and 1/ν for several values of average degree

⟨k⟩. Our results may be helpful to understand structural effects on order–disorder phase transition in the context of the

majority rule model.
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1. Introduction

In recent years, statistical physics has provided

us with a powerful tool to examine and study the

emergence of collective phenomena in social systems,

in particular those related to the collective social be-

haviour of individuals, such as opinion formation,[1,2]

the propagation of rumours or diseases,[3−7] lan-

guage dynamics,[8] etc. Opinion dynamics has be-

come a topic of great interest in the field of statistical

physics.[9−12]

Processes of opinion formation are usually mod-

elled as simple collective dynamics in which the

individuals update their opinions following local

majority[1,9] or imitation.[13] Amongst these models,

individuals are located on the nodes of a graph and

endowed with a finite number of available states.

One simple opinion dynamics model, the majority

rule (MR) model first introduced by Krapivsky,[9]

has been considered as a typical model for consensus

formation.[1] In Ref. [14], Lambiotte presented a vari-

ant of the MR (VMR) model through introducing a

random flip probability q, and investigated the effects

of degree heterogeneity on order–disorder phase tran-

sition. The VMR model on complex networks with

modular structure was studied and the coexistence of

opposite opinions is observed in Ref. [15]. Guan et

al.[16] studied the effects of inhomogeneous influence

of individuals on the order–disorder phase transition

of the VMR model. These works revealed that the in-

teraction structure (heterogeneous degree distribution

and the presence of communities) affects the location

of the order–disorder transition.

Besides studying structural effects on dynami-

cal processes, a lot of research has focused on find-

ing universal laws when traditional statistical models

are confined to complex networks.[17−21] For instance,

the majority-vote model was extensively investigated

on small-world networks,[17] Voronoi–Delaunay lat-

tices in periodic boundary conditions,[18] random

graphs,[19] and (un)directed Barabási–Albert (BA)

networks.[20,21] By using finite-size scaling techniques,

these works studied in detail the critical exponents

β/ν, γ/ν, and 1/ν, and found that the exponents of

majority-vote (MV) on these networks are different

from each other, which indicates that the phase tran-

sition on these networks belongs to different universal-

ity classes. To the best of our knowledge, little atten-
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tion has been paid to the critical behaviour (critical

exponents β/ν, γ/ν, and 1/ν) of the VMR model on

complex networks.

In the present work, we follow the research lines of

Refs. [15]–[19] to investigate the structural effects on

order–disorder phase transition and the corresponding

critical exponents. In particular, we mainly focus on

the effects of average degree ⟨k⟩ of the interaction of

networks on the opinion dynamics. It is well known

that social networks exhibit non-trivial structures

such as fat-tailed degree distributions,[22−24] commu-

nity structure,[25,26] and high clustering coefficient,[27]

etc. For this reason, we consider the VMR on two

famous networks, Watts–Strogatz (WS) networks[27]

and BA networks[22] with different average degrees.

In the next section, we introduce the VMR model in

detail and formulate relevant quantities used in this

paper. In Section 3, simulation results and discus-

sions are presented. Conclusions are given in Section

4.

2. Model and computational ap-

proach

The VMR model[14] can be described as follows.

The population is composed of N individuals, each in-

dividual i is endowed with an opinion oi that can be α

or β. At each time step, one of the individuals is ran-

domly selected and two processes may take place: (i)

With probability q, the selected individual s randomly

changes its opinion,

os → α with probability 1/2,

os → β with probability 1/2. (1)

(ii) With probability 1− q, two neighbouring individ-

uals of the selected one s are randomly chosen and the

three individuals in this triplet update their opinions

according to the MR model. Therefore, the parame-

ter q measures the competition between the individ-

ual choices and neighbouring interactions. The sys-

tem will be more random as q is larger; in contrast,

the opinions of individuals tend to be more homoge-

neous as q is smaller. In the special case q = 0, it

is well known that the system asymptotically reaches

global consensus where all individuals share the same

opinion.[9] In the other limiting case q = 1, the sys-

tem is purely random and the average (over the real-

ization of the random process) number of individuals

with opinion α at time t goes to N/2 as t is large.

To study the critical behaviour of the VMR model

on networks, we define the variable m by m =

1
N |

∑N
i=1 oi|. We are interested in the magnetization

MN , the susceptibility χN , and Binder’s fourth-order

cumulant UN ,[28] defined, respectively, as

MN (q) = [⟨m⟩]C, (2)

χN (q) = N{[⟨m2⟩]C − [⟨m⟩]2C}, (3)

UN (q) = 1− [⟨m4⟩]C
3[⟨m2⟩]2C

, (4)

where ⟨· · ·⟩ denotes that the average is taken in the

stationary state, and [· · ·]C means configurational av-

erages.

The above quantities are functions of the pa-

rameter q and satisfy the following finite-size scaling

relation:[29]

MN (q) = N−β/νM̃(N1/νε), (5)

χN (q) = Nγ/ν χ̃(N1/νε), (6)

UN (q) = Ũ(N1/νε), (7)

where ε = q − qc. From the size dependence of M

and χ we can obtain the exponents β/ν and γ/ν, re-

spectively. The maximum value of susceptibility also

scales as Nγ/ν . Moreover, we denote the value of q

for which χ has a maximum by qχmax
c = qc(N). It is

expected to scale with the system size as

qc(N) = qc + bN−1/ν , (8)

where the constant b is close to unity. The above rela-

tion is used to determine the exponent 1/ν. We have

also checked if the calculated exponents satisfy the

hyperscaling relation

2β/ν + γ/ν = Deff (9)

in order to gain the effective dimensionality, Deff , for

several values of ⟨k⟩.

3. Simulation results and discus-

sions

In this section, we give numerical results obtained

by means of Monte Carlo simulations and finite-size

scaling techniques under the initial condition a = 0.2,

where a represents the average proportion of individ-

uals with opinion α.

First, we investigate the influence of ⟨k⟩ on the

threshold of order–disorder transition for a fixed net-

work size N . We note that |δ| = |a − 0.5| can mea-

sure the order extent of the system, which is ordered

when |δ| is a positive number and becomes disordered

when |δ| reduces to zero. We define the value of q

as the threshold of the order–disorder transition qc
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when |δ| changes from a positive number to zero. In

Figs. 1(a) and 1(b), we show |δ| versus q for different

values of ⟨k⟩ for N = 10000 on WS and BA networks,

respectively. From Fig. 1 we note that |δ| decreases
monotonously with the increase of q on both the WS

and BA networks. In particular, a larger value of ⟨k⟩
leads to a larger value of qc. The non-autonomous

dependence of qc on ⟨k⟩ can be understood as fol-

lows: When ⟨k⟩ is small, events of exchange of opin-

ions among individuals are rare. In such a situation,

it would be difficult to achieve consensus of opinions

among the individuals. Hence, the threshold value qc

of the order–disorder transition is smaller than that

in the well mixed case.[14] For large ⟨k⟩, each indi-

vidual has more chance to interact with others. In

other words, the system will be more mean-field-like

with increasing ⟨k⟩. It is clear that for ⟨k⟩ = 20, the

threshold qc is very close to 0.6, the mean-field solu-

tion for a completely connected graph.[14]

Fig. 1. Bifurcation diagram of |δ| as a function of q on the (a) WS networks and (b) BA networks for different

values of ⟨k⟩. Network size N = 10000.

To obtain the threshold qc, for each given ⟨k⟩ we plot Binder’s fourth-order cumulant as a function of q for

several system sizes N = 250, 500, 1000, 2000, 4000 in Fig. 2. The threshold qc of the order–disorder transition

is estimated as the point at which the curves for different network sizes N intercept each other. In Figs. 2(a)

and 2(b) we plot UN versus q for the WS networks with ⟨k⟩ = 8 and 50, respectively. Figures 2(c) and 2(d)

display UN versus q for the BA networks with ⟨k⟩ = 6 and 20, respectively.

Fig. 2. Binder’s fourth-order cumulant UN as a function of q for N = 250, 500, 1000, 2000, 4000. In the case of

the WS networks we have ⟨k⟩ = 8 (a) and 50 (b). In the BA networks ⟨k⟩ = 6 (c) and 20 (d).

The phase diagrams of qc versus ⟨k⟩ are presented in Fig. 3(a) for the VMR on the WS networks, and

3(b) on the BA networks. It is found that the increase of qc is more pronounced for small values of ⟨k⟩, which
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agrees with the results given in Fig. 1. Comparing Fig. 3(a) with 3(b), we can observe that with the increase

of ⟨k⟩ the threshold qc for the WS networks is close to 0.6 which is the mean-field solution, while for the BA

networks the threshold qc is bigger than 0.6, which indicates that the BA networks have better orderliness than

WS networks.

Fig. 3. Phase diagram for the threshold qc as a function of ⟨k⟩, (a) on the WS networks and (b) on the BA

networks.

In order to investigate the critical exponents of the VMR, in Fig. 4 we plot the size dependence of the

magnetization and susceptibility at q = qc on the WS networks, while the results on the BA networks are

summarized in Fig. 5. The slopes of the curves correspond to the exponents β/ν and γ/ν according to Eqs. (5)

and (6). Tables 1 and 2 summarize the values of qc, the exponents (β/ν, γ/ν, 1/ν) and the effective dimen-

sionality of the system on WS networks and BA networks, respectively. In Tables 1 and 2, γ/νqc is obtained

using χN (qc) and γ/νqc(N) is obtained using χN (max). Because there is no previous work studying the critical

exponents for the VMR model on complex networks, we have compared our present results with those for the

MV model on complex networks. In Ref. [21], it was pointed out that β/ν increases, and γ/ν decreases, at

q = qc with increasing ⟨k⟩ for the MV model on undirected BA networks. By comparison, the exponents of β/ν

and γ/ν for the VMR model on BA networks are not a monotonic function of ⟨k⟩. Instead, for all values of

⟨k⟩, we find that the exponents are confined to the hyperscaling relation with effective dimensionality Deff = 1,

estimated using γ/ν from χN (qc) in Tables 1 and 2. The same results can be derived for the VMR on the WS

networks (see Table 1). We also studied the VMR model on assortative scale-free networks and obtained the

same result (not shown here). Thus, we can conclude that the critical exponents β/ν and γ/ν of the VMR

model on complex networks are not a monotonic function of the average degree, which is different from the MV

model on BA networks[21] and random graphs.[19]

Fig. 4. Magnetization and susceptibility at q = qc versus N on the WS networks. The different data correspond

to different values of ⟨k⟩. From top to bottom, ⟨k⟩ = 6, 8, 20, 18. (a) Plot of the magnetization, the exponent

values β/ν are 0.179(4), 0.208(6), 0.209(1), 0.229(0) from top to bottom. (b) Plot of the susceptibility, the

exponent values γ/ν are 0.558(4), 0.531(4), 0.507(6), 0.493(8) from top to bottom.
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Fig. 5. Magnetization and susceptibility at q = qc versus N on the BA networks. The different data correspond to

different values of ⟨k⟩. From top to bottom, ⟨k⟩ = 4, 6, 12, 20, 50. (a) Plot of the magnetization, the exponent values

β/ν are 0.244(3), 0.247(4), 0.241(1), 0.262(2),0.261(8) from top to bottom. (b) Plot of the susceptibility, the exponent

values γ/ν are 0.492(9), 0.512(0), 0.528(1), 0.470(9),0. 467(2) from top to bottom.

Table 1. The threshold qc, the critical exponents, and the effective dimensionality Deff , for WS networks with the

average degree ⟨k⟩.

⟨k⟩ qc β/ν γ/νqc γ/νqc(N) 1/ν Deff

4 0.414(5) 0.235(0) 0.512(0) 0.496(1) 0.635(1) 0.982(2)

6 0.500(2) 0.179(4) 0.558(4) 0.540(5) 0.635(1) 0.917(3)

8 0.531(7) 0.208(6) 0.531(4) 0.463(5) 0.693(6) 0.948(7)

10 0.546(2) 0.195(1) 0.554(0) 0.556(3) 0.693(6) 0.944(3)

12 0.554(7) 0.243(4) 0.520(1) 0.493(0) 0.693(6) 1.006(9)

14 0.561(0) 0.185(1) 0.547(6) 0.499(2) 0.719(7) 0.917(8)

20 0.573(6) 0.209(1) 0.507(6) 0.464(3) 0.693(6) 0.925(9)

Table 2. The threshold qc, the critical exponents, and the effective dimensionality Deff , for BA networks with the

average degree ⟨k⟩.

⟨k⟩ qc β/ν γ/νqc γ/νqc(N) 1/ν Deff

4 0.293(7) 0.244(3) 0.492(9) 0.532(4) 0.332(1) 0.981(7)

6 0.525(9) 0.247(4) 0.512(0) 0.480(6) 0.614(1) 1.006(9)

8 0.557(2) 0.232(8) 0.475(1) 0.504(8) 0.474(8) 0.940(7)

10 0.576(2) 0.226(8) 0.517(7) 0.512(6) 0.614(1) 0.971(5)

12 0.584(1) 0.241(1) 0.528(1) 0.482(9) 0.605(8) 1.010(4)

14 0.594(5) 0.252(7) 0.480(1) 0.499(9) 0.540(4) 0.985(7)

20 0.606(7) 0.262(2) 0.470(9) 0.463(3) 0.455(6) 0.995(4)

4. Conclusion

In summary, we have studied the influence of average degree on the location of the order–disorder phase

transition for a variant majority-rule model respectively on Watts–Strogatz networks and Barabási–Albert

networks using Monte Carlo simulations and finite-size scaling techniques. Numerical simulations show that

a larger average degree results in a larger threshold of the order–disorder transition. By means of finite-size

scaling techniques, we have also analysed the critical exponents β/ν, γ/ν and 1/ν of the VMR model on both

the WS networks and BA networks. We found that β/ν and γ/ν are not monotonic functions of the average

degree, and satisfy the hyperscaling relation with effective dimensionality Deff = 1, which is different from the

MV model on the BA and random networks. These results may be helpful to understand structural effects on

order–disorder phase transition in the context of majority rule.
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