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equation and its exact solutions®

Wang Hui( £ )", Dong Huan-He(#EHti),
Wang Yun-Hu(E = fE), and Wang Xin-Zeng( 1 Hi)

College of Information Science and Engineering, Shandong

University of Science and Technology, Qingdao 266510, China

(Received 23 July 2009; revised manuscript received 9 November 2009)

In this paper, the Painlevé properties of the modified C-KdV equation are verified by using the W-K algorithm.

Then some exact soliton solutions are obtained by applying the standard truncated expansion method and the nonstan-

dard truncated expansion method with the help of Maple software, respectively.
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1. Introduction

The investigation of integrability and the exact
solutions of nonlinear equations is an important aspect
in the study of nonlinear physical phenomena.!~1]
In the course of seeking exact solutions of nonlin-
ear equations, the WTC method proposed by Weiss,
Tabor, and Carnebale is one of the most power-
ful tools.'®) More methods have been proposed in
succession through the efforts of researchers, such

as the Conte invariable method,['7]

the Pickering
method, '8 the extended standard truncated expan-
sion method92% and the W-K algorithm.?"22 With
the help of these methods, some interesting results
are obtained.?3=25] Though the precise equivalence of
Painlevé property and Painlevé integrability remains
to be determined, a connection between integrability
and the Painlevé property has been noted since the
work of Kowalevskaya.[?6] Therefore, the integrability,
the Lax pairs and Béacklund transforms of equations
can be studied.?27]

The W-K algorithm is a very efficient method;
it makes the process of verifying whether the soli-
ton equations possess Painlevé properties more sim-
ple. In this paper, the Painlevé properties of the
modified C-KdV equation are verified by using the
W-K algorithm. Then some exact soliton solutions
are obtained by applying the standard truncated ex-

pansion method and the nonstandard truncated ex-
pansion method with the help of Maple software.

2. Painlevé analysis of the C-
KdV equation

The modified C-KdV equation[®® has rich prac-
tical applications in mathematical physics; the study
of its integrability and exact solutions plays an im-
portant role in the research of nonlinear physical phe-
nomena. It has the following form:

3
Ut = Vg — 5 Ul + B,
1 1
Ut = Jlsae ~ Vlip — 5 UV + Bug, (1)

where u,v can be written as u = ¢* Y .0, uipl,v =

PP Yo vip?s o = p(@, 1), up = uia,t),v; = v, t),
Substituting © = wuep®, v = vop® into Eq. (1),

we obtain @« = —1,8 = —2,uy = @z,v9 = %g@i.
In order to carry out the procedure more easily, let
o(z,t) = + ¢(t), and we have ug = 1,v9 = 3.

Substituting the above results into Eq. (1), after
a series of complicated calculations, the recursion re-
lations are found to be

~2G = 2Jus + G - 2y

=uj_ot+ (J—2)uj—10t —Vj—1,2
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= j—1

+ 3 (Z WU -1,z + Zuluj—l(j -1 - 1)>
=0 =1

— Buj—20 + (J — 2)uj-1),

V0 =26~ s — 56— 2,

. 1
= Uj—2; + (] - 3)vj—1§0t - Z(uj—S,fzm
+ 3(.7 - g)uj—Q,:cx + 3(.7 - 2)(.7 - 3)uj—17w)

j—1 j—1
+ Zvluj—l—l,a: + Zvluj—z(j —1-1)
1=0 =1

| (i j-1 ‘
+3 (Z Wi i—1a+ Y wvi(j—1—2)

1=0 1=1
= Bj—22 + (J = 3)vj-1). (2)

It is found that the resonance points occur at
j = —1,2,3,4. From Eq. (2), we have the following
results.
(i) When j =1,
3

Sl — U= U + Buo,

3 3 1
na + Ju1 = —2vp01 + 5(—uov1 — 2u1vp) + 2Py,

=u; = B — @, Uli%(ﬂ*%)- (3)
(ii) When j = 2,

0 = uo — V1,0 + i(uoul,x + Ut ),

(iv) When j =4,

3
Vg = Vot — V1Pt + Zuo,za: + VoU1,x + V1UQ,z
1
+ 5(“0”1@ + U195 — urv1) + Pui. (4)

Obviously, the first formula is tenable. It is also
easy to get va = 1(8 — ¢;)? and uy is an arbitrary
constant. Therefore, we could set us = 0.

(iii) When j = 3,

7511,3 + V3

3
= U1t + U2y — V2o + 5(“0“2,1 + ULUL ¢ + U2l

+ 2uousg + urug + uztg) — B(u1 4 + ug)

1
— U3+ ;U3
4 2
1
= ULt~ JU0axa + VoU2,g + V1UL,¢ + V2Up,z + 201U3

1
+ viug + 5(“0”2@ + U115 + U2V o

+ U1v2 — u2'l)1) — B’Ul,w- (5)

Applying the known results, equation (5) can be
written as *%Ug + v3 = —pyu. Obviously, there must
be an arbitrary function between uz and v3. We can

provide ug = 0, v3 = —@y.

3
—3us + 2vs = ug + 2uzpr + 5(“0“3@ + Uit ¢ + UaU1 5 + UsU x + SUoUs + 2uqus + u%)

— 35 — B(u2,e + 2us),
1
0 = v9; +v3008 — Z(ul,mxz + 3Ug zq + 6us ) + VoUs » + ViU » + Vol » + V3l + 201 Us
1
+ voug + §(U0U3,a: + U2 » + UV 5 + UV oz + UIV3 — uzV1) — B(V2,z + V3). (6)

It is not difficult to verify that the second equation of Eq. (6) is tenable for ever. In other words, there

must be an arbitrary function between u4 and vy. The compatibility condition at j = 4 is satisfied identically.

From the above analysis, we can have the conclusion that the modified C-KdV equation possesses the

Painlevé property. It is Painlevé integrable.

3. Standard truncated expansion

In order to obtain the exact soliton solutions of Eq. (1), we truncate the Painlevé expansion at the constant-

level term/[29]

J

k

U(I,t) = (Z)ij('rvt) Zul(x’t)d)l(x’t)) U(Ji,t) = ¢7k(x’t) Zvl(x’t)¢l<x’t)' (7)

=0

=0

On balancing the highest-order contribution from the linear term with the highest-order contributions from

the nonlinear term, we have j =1 and k = 2.
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Consequently, equation (7) can be written as

vo(xz,t)  wvo(z,t)
®? ¢

Substituting Eq. (8) into Eq. (1) and letting the coefficient of the like power of ¢ vanish, a set of Painlevé-

+uy, v(x,t)= + va. (8)

Béacklund equations are obtained

20005 — guéw =0, —uo¢t +v1¢s — voz + g(uouo;c — ugu1¢z) + Buody = 0,

Ut — Vig + i(uoulx — UpzU1) — Pugy =0, Uy = vy — FU1l1e + Buis, guoéf)i — 2ugvop, = 0,
—2vg¢py — g(uoﬂﬁi + Uy Paz) + (VoUor — UGVI L) + %(UOUOm — UV Pz — 2u1V0Ps) + 2Bvo¢, = 0,
vor — V19t + £(3U0m¢z + 3U0z Prz + U0 Prza) + (VoUiz + V1UGE — UoV2Px)

1
+ = (uov1z + U1V0r — ULV1Ds) — B(vozr — V1) = 0,

2
1 1
V1t — iu()aca::r + (Vi1 + v2uosz) + §(U002x +uv1z) — fie =0,
1 1
V2t = Uleze — V2ULs — 5UIV2e T Buag. 9)
Case 1

In order to simplify the solutions, we may let u; = vo = 0, then we have the following results.

(I) Single-soliton solutions

Now, we are able to find a family of exact analytical solutions of Eq. (1) after taking into consideration a
trial solution ¢(x,t) = 1 + eF¥+et+8o Substituting it into Eq. (9), we obtain ¢ = (28k — k?)/2.

The single soliton solutions are obtained by combining all terms

u(w,t) = g(l + tanh (%(lm—f— (k- %2>t+§0))>7

) =S (3 i+ (3 )1+ 6)) + v (3 (- 5)rv0)) - 5

1
16 8 6’ (10)

where k, 8, &y are arbitrary constants (see Fig. 1).

|
N
=~

o
o]
AN AN AN

|
o
=)

u(z,t)

Fig. 1. Plots of u(z,t) and v(z,t) at k =2,8 =3,& = 0.
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(IT) Two-soliton solutions
If we set ¢(z,t) = 1+ e’ + e% + ajpe® 1% (0, = kjz + cit + &, i = 1,2), a family of the analytical
solutions of Eq. (1) are obtained as follows:

k’1 e‘91 + kQ 892

1+ et + ef2’

—2k? e —2k2ef k2 e?0r 4 k2 e202 4 (—2k? — 2k3 + 6k ko) 01102
4(1 + efr 4 ef1)2 ’

u(z,t) =

v(z,t) =

where 0; = k;x + c;t + &0, ¢ = (28k; — k2)/2, i = 1,2, and k, 3, &, are arbitrary constants (see Fig. 2).

Fig. 2. Plots of u(x,t) and v(z,t) at k1 = 1,ko =2,8 = %,glo =50 =0.

(III) Three-soliton solutions
Let ¢(I,t) =1+ 691 + 602 + 663 —+ a2 601+62 + a3 601+93 + ao3 602+63 + a12a13a23 661+02+63, where 97 =

kix + cit + &o,1 = 1,2,3. A family of analytical solutions of Eq. (1) is given as follows:

k1eft + ke + kyefs
1+ e + ef2 + efs
—2k% e —2k3ef —2k2e% + kP e201 4 k3 e2%2 4 k2205 + (—2k% — 2k2 + 6k1ky) eP1102
4(14 e + ef% 4 ef2)2
N (—2k2 — 2k2 + 6k k3) e%1+0s 4 (—2k2 — 2k2 + 6koks) e¥1102

u(z,t) =

)

v(z,t) =

12
4(1 + efr 4 e%2 + efs)2 ’ (12)
where 6; = k;x + ¢;t + &o,7 = 1,2,3 and k, 3, &, are arbitrary constants (see Fig. 3).
Case 2
Based on Eq. (9), through a complicated calculation, the following results can be obtained directly
Uy = Pz, Vg = Z¢g2ca Uy = L 20, , U1 = 7§¢t - qu:mc + §ﬂ¢w
1 1 1 1 1 1 3 1
Vg = . (13)

92
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Fig. 3. Plots of u(z,t) and v(z,t) at k1 = 1,ka =2,ks = 3,8 = 5,&0 =0,i=1,2,3.

Assuming ¢(x,t) = 1 + efo+et+& and substituting it into Eq. (9), with the help of Eq. (13), we obtain
k = c. Therefore, the solutions can be written as follows:

u(z,t) = gtanh (%(kx—l—kt—l—&))) - 145,

(1) = 31—]22tanh2 (%(kx+kt+§o)) + (—§+§+%) h(%(kx—i—kt—k&o))

1, 1 11,

where k, 8, &y are arbitrary constants (see Fig. 4).
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Fig. 4. Plots of u(z,t) and v(z,t) at k =2,8=1,& = 0.

4. Non-standard truncated expansion

Applying the extended truncated expansion and obtaining the partial derivatives of variable & with respect
to x and t respectively as &, = Z;.V:O S;¢, & = Z;V:O Y;&7, the solutions of the system can be expressed as
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U= Zj‘vio ui& v = Z]Q:O v 2

By using the maximum power of ¢, we have M = N,Q = 2N. Since S; and Y; (i = 0,1,2) are set to be
constants, it is easy to verify that the results are equivalent to the soliton solutions of the standard truncated
expansion when N =1, M =1,Q = 2.

Now, let N =2, M =2,Q = 4, then

€x = So + 516+ S2€2, &, =Yy + Y& + Yol (14)

Because ¢ satisfies the compatibility conditions, we have

Y152 — Y251 =0, YaSy— Y052 =0, YpS1—Y15,=0. (15)
This is equivalent to
Yo Y1 Y
0t =\ 16
So S1 5 ’ (16)

where A is a constant.
Substituting u = Z?:o w0 v = Z?:o v;€77% and Egs. (14), (15) into Eq. (1), and setting the coefficients
of £ of the sub-power to zero, we obtain the following equations

3
21}050 — 5”880 = O,

3 3 3
—§U351 + 20951 + v1.50 — voz + PuoSo — weYo — §U0U150 + —upupy =0,

2
3, 3 3 3
Uot + 2v9S2 — 5%52 —ugY1 +v151 + BupS1 — viz — Bugs + 5 UoU1a + 5 U1tos — §U0U151 =0,

3 3 3
uie + FUtlLs + PupSz + 5 U2Uos + 0152 — Vap — BUig — §U0U152 — v3S0 — BuaSy
3 3
+ §U1U250 —upYs + usYy + JUoU2e = 0,
3 3 3, 3
U2tz — v351 — BuaS1 + 5 U1tize — U3z — Buge + uzr — 20450 + 5“250 +ugY7 + §U1U251 =0,
3 3 3
5”351 + u2Ys — v352 — BuaSas — 20451 — Vaz + SUUe + ZUIU2S2 = 0,

2 2
3 2 3 3
*UzSQ — 27)452 = 0, U()SO — 2’LLO’U()SO = 0,
2 2
3 3 1
—§u0$58 — 5’1101}150 + 3UO515€ + i’u,ovow — 2819 Sy + vougy — ULV Sy — 2ugveS1 — 2v9Yy = 0,

1 9 7
SUovie — 2BvS1 — 1U0m5’051 — upv2So — 2upvoS2 + VoUis + EUOS%SO + v1uoz — V1Yo + vor
3 3 1 1
- 5“01}151 — 200Y7 + EUOMSO + Buoe — 5“111150 — ugv9S1 + 2upSg G2 — fu1 Sy + FUvor = 0,

3 1 1 1 3
— 05052 + = U0y + U2zV0 + =UIVIE — ~Uogaz + Vit — —U0xST — UgV2S1 + BV14 + 210SS1 52

2 2 2 4 4
1 3 3 3 1 1
+ ZUQSl + Zu()mSl — Ul}ﬁ — §UOU152 — 2UOY2 — 5’(1,11]151 + 5@621}150 — §U0’U350 — Qﬂ’UQSQ
1
+ §U0U2x — u1S1 + UpzV2 + U101 — U vSe = 0,
1 3 _3 1 1 1 3 1 3
*Zulmm + EUOmxSQ *UzmSS_ZUoSoS% — ZU2SOSf + iuososg — ZUOmslsQ — §U252»9§ — Zu2m5150

1 1 1 1 1 1 1
+ Bv3So — 5“0’0351 — §U1'0152 + 5“2’0151 + 5’&1’0350 + 5’&1”021 + §U2’U1m + iuovsz + U1, V2

+ Uz V3 + U2,V1 + UgV2S) — UeV2S2 — V1Y 4+ v3Yy + vay + Brg, — Fu1Se = 0,

1 1 1 3 3
—UgV2y + V3ULy + ZU1V3z + 280450 + v3Y1 + - u1v3S1 — Zu2:5052 + S u2v3Sy + U3¢ + Vatos

2 2 2 2 2
1 3 9 1 1
- ZUQmmr + vaug, + §U20152 - Zuzxsl - Z'L’szsl + §UOU4x + U251 — 5“0”352 + 2u4Y) + Pusg
1
— *'LLQS? + PBu3S1 + u1v4Sy — 2u2.5¢S51.52 = 0,

4
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1
Brag + v3U2 + FUlVae — 4

3
—U2z0S2 + V3Y2 + Va1, —

7 1
iu252512 + vgp + 204Y1 + 5U2Vs0 + u1v451

9 1 3
+ 2uov4.S — iUQQJSlSQ — 2UQSOS§ + L3Sy + 281451 + U259 + —u1v3S59 + —usv3S; =0,

2 2

3 1 3
§UQ’U352 4+ 204Y5 + w0452 + 250455 + 5’&21}4;3 + 2u9v4 57 — 5“293522 — 311@515% + V42, = 0,

3
—§UQS§ + 2ugv4 Sy = 0. (17)
Substituting Eq. (16) into Eq. (17), and making use of Maple software, we have
_ 3 1 (3 A _ 30
ug = So, Vo = 1507 up = 551 A n = (151 ) —5)5’0, up =S, vy = 152,
1 1 1 1 1 3 A
= 5% - NS — =BS1 FAB+ =N+ B2+ ZSpSovs = (=S — = —B)S
V2 = 7551 412514—54-4 +3+202U3 (4125)2,
1 1
—S1 + tan (ix 1805 =7+ 5 ()\t + c) V45055 — Sf) V45,8, — &2
£, 1) = - . (15)
2
Therefore, one of the solutions of Eq. (1) can be written as
Ug U1 2
u:?+ul+U2§, 1;:5—24—?4—112—&—0354-?145, (19)

where £(z,t) =

5.

1 1
—Sl + tan (2.’1,' 45052 - 512 + 5()\75 + C)\/4S()SQ - S%) \/45052 — 512

25,

Conclusions

In this paper, we have introduced the Painlevé property of the modified C-KdV equation in detail, then

drawn the conclusion that it is Painlevé integrable.

Applying the standard truncated expansion and non-

standard truncated expansion methods, we obtained two types of exact soliton solutions, respectively. We can

use these methods to derive more solutions of other nonlinear equations.
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