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1. Introduction

The investigation of integrability and the exact

solutions of nonlinear equations is an important aspect

in the study of nonlinear physical phenomena.[1−15]

In the course of seeking exact solutions of nonlin-

ear equations, the WTC method proposed by Weiss,

Tabor, and Carnebale is one of the most power-

ful tools.[16] More methods have been proposed in

succession through the efforts of researchers, such

as the Conte invariable method,[17] the Pickering

method,[18] the extended standard truncated expan-

sion method[19,20] and the W-K algorithm.[21,22] With

the help of these methods, some interesting results

are obtained.[23−25] Though the precise equivalence of

Painlevé property and Painlevé integrability remains

to be determined, a connection between integrability

and the Painlevé property has been noted since the

work of Kowalevskaya.[26] Therefore, the integrability,

the Lax pairs and Bäcklund transforms of equations

can be studied.[2,27]

The W-K algorithm is a very efficient method;

it makes the process of verifying whether the soli-

ton equations possess Painlevé properties more sim-

ple. In this paper, the Painlevé properties of the

modified C-KdV equation are verified by using the

W-K algorithm. Then some exact soliton solutions

are obtained by applying the standard truncated ex-

pansion method and the nonstandard truncated ex-

pansion method with the help of Maple software.

2. Painlevé analysis of the C-

KdV equation

The modified C-KdV equation[28] has rich prac-

tical applications in mathematical physics; the study

of its integrability and exact solutions plays an im-

portant role in the research of nonlinear physical phe-

nomena. It has the following form:

ut = vx − 3

2
uux + βux,

vt =
1

4
uxxx − vux − 1

2
uvx + βvx, (1)

where u, v can be written as u = φα
∑∞

i=0 uiφ
j , v =

φβ
∑∞

i=0 viφ
j , φ = φ(x, t), ui = ui(x, t), vi = vi(x, t).

Substituting u = u0φ
α, v = v0φ

β into Eq. (1),

we obtain α = −1, β = −2, u0 = φx, v0 = 3
4φ

2
x.

In order to carry out the procedure more easily, let

φ(x, t) = x+ ϕ(t), and we have u0 = 1, v0 = 3
4 .

Substituting the above results into Eq. (1), after

a series of complicated calculations, the recursion re-

lations are found to be

−3

2
(j − 2)uj + (j − 2)vj

= uj−2,t + (j − 2)uj−1φt − vj−1,x
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+
3

2

(
j−1∑
l=0

uluj−l−1,x +

j−1∑
l=1

uluj−l(j − l − 1)

)
− β(uj−2,x + (j − 2)uj−1),

1

4
j(j − 2)(j − 4)uj −

1

2
(j − 4)vj

= vj−2,t + (j − 3)vj−1φt −
1

4
(uj−3,xxx

+ 3(j − 3)uj−2,xx + 3(j − 2)(j − 3)uj−1,x)

+

j−1∑
l=0

vluj−l−1,x +

j−1∑
l=1

vluj−l(j − l − 1)

+
1

2

(
j−1∑
l=0

ulvj−l−1,x +

j−1∑
l=1

ulvj−l(j − l − 2)

)
− β(vj−2,x + (j − 3)vj−1). (2)

It is found that the resonance points occur at

j = −1, 2, 3, 4. From Eq. (2), we have the following

results.

(i) When j = 1,

3

2
u1 − v1 = −u0φt + βu0,

3

4
u1 +

3

2
v1 = −2v0φt +

1

2
(−u0v1 − 2u1v0) + 2βv0,

⇒ u1 = β − φt, v1 =
1

2
(β − φt). (3)

(ii) When j = 2,

0 = u0,t − v1,x +
3

2
(u0u1,x + u1u0,x),

v2 = v0,t − v1φt +
3

4
u0,xx + v0u1,x + v1u0,x

+
1

2
(u0v1,x + u1v0,x − u1v1) + βv1. (4)

Obviously, the first formula is tenable. It is also

easy to get v2 = 1
4 (β − φt)

2 and u2 is an arbitrary

constant. Therefore, we could set u2 = 0.

(iii) When j = 3,

−3

2
u3 + v3

= u1,t + u2φt − v2,x +
3

2
(u0u2,x + u1u1,x + u2u0,x

+ 2u0u3 + u1u2 + u3u0)− β(u1,x + u2)

− 3

4
u3 +

1

2
v3

= v1,t −
1

4
u0,xxx + v0u2,x + v1u1,x + v2u0,x + 2v1u3

+ v1u2 +
1

2
(u0v2,x + u1v1,x + u2v0,x

+ u1v2 − u2v1)− βv1,x. (5)

Applying the known results, equation (5) can be

written as − 3
2u3 + v3 = −φtt. Obviously, there must

be an arbitrary function between u3 and v3. We can

provide u3 = 0, v3 = −φtt.

(iv) When j = 4,

−3u4 + 2v4 = u2,t + 2u3φt +
3

2
(u0u3,x + u1u2,x + u2u1,x + u3u0,x + 3u0u4 + 2u1u3 + u2

2)

− v3,x − β(u2,x + 2u3),

0 = v2,t + v3φt −
1

4
(u1,xxx + 3u2,xx + 6u3,x) + v0u3,x + v1u2,x + v2u1,x + v3u0,x + 2v1u3

+ v2u2 +
1

2
(u0v3,x + u1v2,x + u2v1,x + u3v0,x + u1v3 − u3v1)− β(v2,x + v3). (6)

It is not difficult to verify that the second equation of Eq. (6) is tenable for ever. In other words, there

must be an arbitrary function between u4 and v4. The compatibility condition at j = 4 is satisfied identically.

From the above analysis, we can have the conclusion that the modified C-KdV equation possesses the

Painlevé property. It is Painlevé integrable.

3. Standard truncated expansion

In order to obtain the exact soliton solutions of Eq. (1), we truncate the Painlevé expansion at the constant-

level term[29]

u(x, t) = ϕ−j(x, t)

j∑
l=0

ul(x, t)ϕ
l(x, t), v(x, t) = ϕ−k(x, t)

k∑
l=0

vl(x, t)ϕ
l(x, t). (7)

On balancing the highest-order contribution from the linear term with the highest-order contributions from

the nonlinear term, we have j = 1 and k = 2.
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Consequently, equation (7) can be written as

u(x, t) =
u0(x, t)

ϕ
+ u1, v(x, t) =

v0(x, t)

ϕ2
+

v0(x, t)

ϕ
+ v2. (8)

Substituting Eq. (8) into Eq. (1) and letting the coefficient of the like power of ϕ vanish, a set of Painlevé–

Bäcklund equations are obtained

2v0ϕx − 3

2
u2
0ϕx = 0, −u0ϕt + v1ϕx − v0x +

3

2
(u0u0x − u0u1ϕx) + βu0ϕx = 0,

u0t − v1x +
3

2
(u0u1x − u0xu1)− βu0x = 0, u1t = v2x − 3

2
u1u1x + βu1x,

3

2
u0ϕ

3
x − 2u0v0ϕx = 0,

−2v0ϕt −
3

2
(u0xϕ

2
x + u0ϕxϕxx) + (v0u0x − u0v1ϕx) +

1

2
(u0v0x − u0v1ϕx − 2u1v0ϕx) + 2βv0ϕx = 0,

v0t − v1ϕt +
1

4
(3u0xxϕx + 3u0xϕxx + u0ϕxxx) + (v0u1x + v1u0x − u0v2ϕx)

+
1

2
(u0v1x + u1v0x − u1v1ϕx)− β(v0x − v1ϕx) = 0,

v1t −
1

4
u0xxx + (v1u1x + v2u0x) +

1

2
(u0v2x + u1v1x)− βv1x = 0,

v2t =
1

4
u1xxx − v2u1x − 1

2
u1v2x + βv2x. (9)

Case 1

In order to simplify the solutions, we may let u1 = v2 = 0, then we have the following results.

(I) Single-soliton solutions

Now, we are able to find a family of exact analytical solutions of Eq. (1) after taking into consideration a

trial solution ϕ(x, t) = 1 + ekx+ct+ξ0 . Substituting it into Eq. (9), we obtain c = (2βk − k2)/2.

The single soliton solutions are obtained by combining all terms

u(x, t) =
k

2

(
1 + tanh

(1
2

(
kx+

(
βk − k2

2

)
t+ ξ0

)))
,

v(x, t) = −3k2

16
tanh2

(1
2

(
kx+

(
βk − k2

2

)
t+ ξ0

))
+

k2

8
tanh

(1
2

(
kx+

(
βk − k2

2

)
t+ ξ0

))
− k2

16
, (10)

where k, β, ξ0 are arbitrary constants (see Fig. 1).

Fig. 1. Plots of u(x, t) and v(x, t) at k = 2, β = 3, ξ0 = 0.
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(II) Two-soliton solutions

If we set ϕ(x, t) = 1 + eθ1 + eθ2 + a12 e
θ1+θ2 , (θi = kix + cit + ξi0, i = 1, 2), a family of the analytical

solutions of Eq. (1) are obtained as follows:

u(x, t) =
k1 e

θ1 + k2 e
θ2

1 + eθ1 + eθ2
,

v(x, t) =
−2k21 e

θ1 − 2k22 e
θ2 + k21 e

2θ1 + k22 e
2θ2 + (−2k21 − 2k22 + 6k1k2) e

θ1+θ2

4(1 + eθ1 + eθ1)2
, (11)

where θi = kix+ cit+ ξi0, ci = (2βki − k2i )/2, i = 1, 2, and k, β, ξ0 are arbitrary constants (see Fig. 2).

Fig. 2. Plots of u(x, t) and v(x, t) at k1 = 1, k2 = 2, β = 3
2
, ξ10 = ξ20 = 0.

(III) Three-soliton solutions

Let ϕ(x, t) = 1 + eθ1 + eθ2 + eθ3 + a12 e
θ1+θ2 + a13 e

θ1+θ3 + a23 e
θ2+θ3 + a12a13a23 e

θ1+θ2+θ3 , where θi =

kix+ cit+ ξi0, i = 1, 2, 3. A family of analytical solutions of Eq. (1) is given as follows:

u(x, t) =
k1 e

θ1 + k2 e
θ2 + k3 e

θ3

1 + eθ1 + eθ2 + eθ3
,

v(x, t) =
−2k21 e

θ1 − 2k22 e
θ2 − 2k23 e

θ3 + k21 e
2θ1 + k22 e

2θ2 + k23 e
2θ3 + (−2k21 − 2k22 + 6k1k2) e

θ1+θ2

4(1 + eθ1 + eθ2 + eθ3)2

+
(−2k21 − 2k23 + 6k1k3) e

θ1+θ3 + (−2k22 − 2k23 + 6k2k3) e
θ1+θ2

4(1 + eθ1 + eθ2 + eθ3)2
, (12)

where θi = kix+ cit+ ξi0, i = 1, 2, 3 and k, β, ξ0 are arbitrary constants (see Fig. 3).

Case 2

Based on Eq. (9), through a complicated calculation, the following results can be obtained directly

u0 = ϕx, v0 =
3

4
ϕ2
x, u1 =

−2ϕt − ϕxx + 2βϕx

2ϕx
, v1 = −1

2
ϕt −

3

4
ϕxx +

1

2
βϕx,

v2 =

1

2
ϕxϕxt +

1

4
ϕ2
t −

1

4
ϕtϕxx − 1

2
βϕxϕxt +

1

4
ϕxϕxxx − 1

4
βϕxϕxx − 3

16
ϕ2
xx +

1

4
β2ϕ2

x

ϕ2
x

. (13)
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Fig. 3. Plots of u(x, t) and v(x, t) at k1 = 1, k2 = 2, k3 = 3, β = 5
2
, ξi0 = 0, i = 1, 2, 3.

Assuming ϕ(x, t) = 1 + ekx+ct+ξ0 and substituting it into Eq. (9), with the help of Eq. (13), we obtain

k = c. Therefore, the solutions can be written as follows:

u(x, t) =
k

2
tanh

(1
2

(
kx+ kt+ ξ0

))
− 1 + β,

v(x, t) =
3k2

16
tanh2

(1
2

(
kx+ kt+ ξ0

))
+
(
− k

2
+

k2

8
+

βk

2

)
tanh

(1
2

(
kx+ kt+ ξ0

))
+

1

8
k2 − 1

2
βk +

1

4
+

1

4
β2,

where k, β, ξ0 are arbitrary constants (see Fig. 4).

Fig. 4. Plots of u(x, t) and v(x, t) at k = 2, β = 1, ξ0 = 0.

4. Non-standard truncated expansion

Applying the extended truncated expansion and obtaining the partial derivatives of variable ξ with respect

to x and t respectively as ξx =
∑N

j=0 Sjξ
j , ξt =

∑N
j=0 Yjξ

j , the solutions of the system can be expressed as

060202-5



Chin. Phys. B Vol. 19, No. 6 (2010) 060202

u =
∑M

j=0 ujξ
j−1, v =

∑Q
j=0 vjξ

j−2.

By using the maximum power of ϕ, we have M = N,Q = 2N. Since Si and Yi (i = 0, 1, 2) are set to be

constants, it is easy to verify that the results are equivalent to the soliton solutions of the standard truncated

expansion when N = 1,M = 1, Q = 2.

Now, let N = 2,M = 2, Q = 4, then

ξx = S0 + S1ξ + S2ξ
2, ξy = Y0 + Y1ξ + Y2ξ

2. (14)

Because ξ satisfies the compatibility conditions, we have

Y1S2 − Y2S1 = 0, Y2S0 − Y0S2 = 0, Y0S1 − Y1S0 = 0. (15)

This is equivalent to
Y0

S0
=

Y1

S1
=

Y2

S2
= λ, (16)

where λ is a constant.

Substituting u =
∑2

j=0 ujξ
j−1, v =

∑4
j=0 vjξ

j−2 and Eqs. (14), (15) into Eq. (1), and setting the coefficients

of ξ of the sub-power to zero, we obtain the following equations

2v0S0 −
3

2
u2
0S0 = 0,

−3

2
u2
0S1 + 2v0S1 + v1S0 − v0x + βu0S0 − u0Y0 −

3

2
u0u1S0 +

3

2
u0u0x = 0,

u0t + 2v0S2 −
3

2
u2
0S2 − u0Y1 + v1S1 + βu0S1 − v1x − βu0x +

3

2
u0u1x +

3

2
u1u0x − 3

2
u0u1S1 = 0,

u1t +
3

2
u1u1x + βu0S2 +

3

2
u2u0x + v1S2 − v2x − βu1x − 3

2
u0u1S2 − v3S0 − βu2S0

+
3

2
u1u2S0 − u0Y2 + u2Y0 +

3

2
u0u2x = 0,

3

2
u2u1x − v3S1 − βu2S1 +

3

2
u1u2x − v3x − βu2x + u2t − 2v4S0 +

3

2
u2
2S0 + u2Y1 +

3

2
u1u2S1 = 0,

3

2
u2
2S1 + u2Y2 − v3S2 − βu2S2 − 2v4S1 − v4x +

3

2
u2u2x +

3

2
u1u2S2 = 0,

3

2
u2
2S2 − 2v4S2 = 0,

3

2
u0S

3
0 − 2u0v0S0 = 0,

−3

2
u0xS

2
0 − 3

2
u0v1S0 + 3u0S1S

2
0 +

1

2
u0v0x − 2βv0S0 + v0u0x − u1v0S0 − 2u0v0S1 − 2v0Y0 = 0,

1

2
u0v1x − 2βv0S1 −

9

4
u0xS0S1 − u0v2S0 − 2u0v0S2 + v0u1x +

7

4
u0S

2
1S0 + v1u0x − v1Y0 + v0t

− 3

2
u0v1S1 − 2v0Y1 +

3

4
u0xxS0 + βv0x − 1

2
u1v1S0 − u1v0S1 + 2u0S

2
0S2 − βv1S0 +

1

2
u1v0x = 0,

−3

2
u0xS0S2 +

1

2
u2v0x + u2xv0 +

1

2
u1v1x − 1

4
u0xxx + v1t −

3

4
u0xS

2
1 − u0v2S1 + βv1x + 2u0S0S1S2

+
1

4
u0S

3
1 +

3

4
u0xxS1 − v1Y1 −

3

2
u0v1S2 − 2v0Y2 −

1

2
u1v1S1 +

1

2
u2v1S0 −

1

2
u0v3S0 − 2βv0S2

+
1

2
u0v2x − βv1S1 + u0xv2 + u1xv1 − u1v0S2 = 0,

−1

4
u1xxx +

3

4
u0xxS

−
2

3

4
u2xxS

+
0

1

4
u0S0S

2
1 − 1

4
u2S0S

2
1 +

1

2
u0S0S

2
2 − 3

4
u0xS1S2 −

1

2
u2S2S

2
0 − 3

4
u2xS1S0

+ βv3S0 −
1

2
u0v3S1 −

1

2
u1v1S2 +

1

2
u2v1S1 +

1

2
u1v3S0 +

1

2
u1v2x +

1

2
u2v1x +

1

2
u0v3x + u1xv2

+ u0xv3 + u2xv1 + u0v2S0 − u0v2S2 − v1Y2 + v3Y0 + v2t + βv2x − βv1S2 = 0,
1

2
u2v2x + v3u1x +

1

2
u1v3x + 2βv4S0 + v3Y1 +

1

2
u1v3S1 −

3

2
u2xS0S2 +

3

2
u2v3S0 + v3t + v4u0x

− 1

4
u2xxx + v2u2x +

1

2
u2v1S2 −

3

4
u2xS

2
1 − 3

4
u2xxS1 +

1

2
u0v4x + u2v2S1 −

1

2
u0v3S2 + 2v4Y0 + βv3x

− 1

4
u2S

3
1 + βv3S1 + u1v4S0 − 2u2S0S1S2 = 0,
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βv4x + v3u2x +
1

2
u1v4x − 3

4
u2xxS2 + v3Y2 + v4u1x − 7

4
u2S2S

2
1 + v4t + 2v4Y1 +

1

2
u2v3x + u1v4S1

+ 2u2v4S0 −
9

4
u2xS1S2 − 2u2S0S

2
2 + βv3S2 + 2βv4S1 + u2v2S2 +

1

2
u1v3S2 +

3

2
u2v3S1 = 0,

3

2
u2v3S2 + 2v4Y2 + u1v4S2 + 2βv4S2 +

1

2
u2v4x + 2u2v4S1 −

3

2
u2xS

2
2 − 3u2S1S

2
2 + v4u2x = 0,

−3

2
u2S

3
2 + 2u2v4S2 = 0. (17)

Substituting Eq. (16) into Eq. (17), and making use of Maple software, we have

u0 = S0, v0 =
3

4
S2
0 , u1 =

1

2
S1 − λ, v1 =

(3
4
S1 −

λ

2
− β

)
S0, u2 = S2, v4 =

3

4
S2
2 ,

v2 =
1

16
S2
1 − 1

4
λS1 −

1

2
βS1 + λβ +

1

4
λ2 + β2 +

1

2
S0S2v3 =

(3
4
S1 −

λ

2
− β

)
S2,

ξ(x, t) =
−S1 + tan

(1
2
x
√

4S0S2 − S2
1 +

1

2

(
λt± c

)√
4S0S2 − S2

1

)√
4S0S2 − S2

1

2S2
. (18)

Therefore, one of the solutions of Eq. (1) can be written as

u =
u0

ξ
+ u1 + u2ξ, v =

v0
ξ2

+
v1
ξ

+ v2 + v3ξ + v4ξ
2, (19)

where ξ(x, t) =

−S1 + tan

(
1

2
x
√
4S0S2 − S2

1 +
1

2
(λt± c)

√
4S0S2 − S2

1

)√
4S0S2 − S2

1

2S2
.

5. Conclusions

In this paper, we have introduced the Painlevé property of the modified C-KdV equation in detail, then

drawn the conclusion that it is Painlevé integrable. Applying the standard truncated expansion and non-

standard truncated expansion methods, we obtained two types of exact soliton solutions, respectively. We can

use these methods to derive more solutions of other nonlinear equations.
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