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A two scale nonlinear fractal sea surface model
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Using the theory of nonlinear interactions between long and short waves, a nonlinear fractal sea surface model

is presented for a one dimensional deep sea.

Numerical simulation results show that spectra intensity changes at

different locations (in both the wave number domain and temporal-frequency domain), and the system obeys the energy

conservation principle. Finally, a method to limit the fractal parameters is also presented to ensure that the model

system does not become ill-posed.
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1. Introduction

Although stochastic waves and periodic sine
waves can be used to construct a rough sea surface,[l]
in nature the sea surface is neither purely stochas-
tic nor absolutely periodic. Thus, these models can
not reliably show all of the characteristics of the
sea surface. Fractal geometry? is a potentially im-
portant tool to characterise the sea surface because
it can incorporate semi-stochastic and semi-periodic
features.’=% In fact different linear fractal sea sur-
face models have recently been used to simulate the
sea surfacel®=14 and land surfaces.['%]

Fractal sea surface models have been extensively
applied to simulate electromagnetic (EM) scattering
from a rough sea surface.®~14 These models are lim-
ited to narrow band conditions. Although they can
simulate the linear Gaussian sea surface, they cannot
fully represent the real sea surface which is always full
of nonlinear ocean waves. Moreover, nonlinear ocean
waves involve nonlinear interactions between long and
short waves, for example as discussed by Longuet-
Higgins and Stewart['8) and many other researchers in
recent decades. The discrepancies between EM echo
signals scattering from a linear sea surface and those
scattering from a nonlinear sea surface are large, as is

evident when the EM echo from a rough sea surface
is numerically calculated.['”) To reduce errors in esti-
mates of EM echo signals, it is necessary to develop a
nonlinear fractal sea surface model. In this letter, we
present a relatively simple two-scale nonlinear fractal
sea surface model for a one-dimensional (1D) deep sea.

2. Nonlinear fractal sea surface

model in a 1D deep sea

A linear fractal Gaussian sea surface model was
presented by Berizzi et all®=9 In the 1D case, the
linear sea surface can be presented as:

N
flinear(mat) = Zan sin by, (1)
n=1

where subscript n(l < n < N) denotes the nth
sine wave component of the surface with amplitude
a, = oCbE=2=1 " phase 1, = kb '(z + Vi) —
Qnt + ®,,, wave number k, = k6"~ and frequency
2, = \/gk,, sea surface current velocity is V. Here,
C = /(2[1 —v2G=2])/(1 — b2N(=2) and b is a con-
stant which relates to the auto-correlation function,®

s is fractal dimension (1 < s < 2), o is the variance of
the linear sea surface, and g is the gravitational accel-
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eration. Initial phases @,, are uniformly distributed in
[—7,7]. The mean value of fiipear(,t) is zero.

In order to construct a relatively simple nonlin-
ear fractal sea surface model, we apply the two-scale
method of Longuet-Higgins and Stewart!*®! to the lin-
ear sea surface model. One can divide the wave com-
ponents into two groups, the long waves and the short
waves. The separation criterion for these two groups

is provided by the critical value n, = Ny; wave com-

l

ponents satisfying n < Ny belong to the long waves
group, otherwise they are short waves. Here, Ny is
determined by the relation:

pNo+1) _ p(No) > 10, (2)

which suggests that ky,4+1 > kn,, and thus the non-

linear interaction relations for long and short waves

(16]

of Longuet-Higgins and Stewart can be applied.

These nonlinear interactions are defined as:

fis(z,t) = <al sin; — %a?kl Sin(2¢l)> + (as sin, — %agks sin(?z/;s))
— ajas (ks cos 1y cosths — kysin )y siny) , (3)

where subscripts [ and s denote long and short waves, respectively.

One can obtain the fractal ocean wave components of the sea surface, by considering the nonlinear interac-

tions between each long and short waves. To begin with, the nonlinear sea surface elevation of the primary or

base wave (with the longest wavelength denoted with subscript 1) nonlinearly interacts with the Ny + 1st wave,

the Ny +2nd ..., and the Nth short waves according to the following relations:

. 1 . . 1 .
faNg+1) = <a1 siny — ia%kl sm(21/11)> + <aN0+1 sin ¥y, +1 — *a?\rﬁlkNoH sm(?szOH))

2

— a1aNy+1 (KNy+1 COS Y1 COSYN,+1 — k1 siney sinn,+1) , (4)

. 1 . . 1 .
fa,No+2) = <a1 sin iy — iafkl 8111(21[}1)) + <aN0+2 sin Yy, +2 — fa?V0+2kN0+2 51n(21/)N0+2))

2

— Q1N +2 (kN0+2 COS ¢1 COS wN(H_Q — k‘1 sin wl sin ¢N0+2) 5 (5)

and

. 1 . . 1 .
fan = <a1 siny — ia?kl Sln(21/11)> + <aN sinyy — 5@?\;]6]\7 sm(Zz/JN))

— arap (ky costy cosyy — kysinyy sinty) . (6)

Equations (7)—(9) represent the nonlinear interactions between the secondary long waves (denoted by sub-

script 2) and all the short waves,

. 1 . . 1 .
fe.No+1) = (a2 sin 1y — 5&%/62 51n(2w2)> + (a'No-i-l sin Yy, +1 — *a?v0+1k‘N0+1 sm(2z/JN0+1))

2

— a2aN,+1 (Kny+1 €08 cOs Y, +1 — kg sin g sinn,+1) , (7)

. 1 . . 1 .
feNg+2) = (az sin g — 5@%/{2 sm(21/)2)> + (aN0+2 sinyny+2 — 7a?vo+2kNO+2 sm(2¢N0+2))

2

— a2aNy+2 (KNg42 €OS 12 cOS YN, 12 — k2 sinths sin g 42), (8)

and

. 1 . . 1 .
fe.n = (a2 sin g — §a§k2 51n(2w2)> + (aN sinyy — 5@?\,]@\; 51n(2¢N)>

— aszan (ky costhy coshy — ko sinihy siny) . (9)

Similar expressions represent the nonlinear interactions between the shortest of the long waves and the short

waves

2

. 1 . .
f(No,Not1) = <G’N0 sin Y, — =ak, kn, sin 2(1/1N0)> + <GN0+1 sin Yy 11 —

1 .
QG‘?VOJrlkNoJrl Sln(2wNo+1))
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— ANy ANy +1 (k)N0+1 cos PN, CoSYn,+1 — kN, Sin Y, sin ¢N0+1) , (10)
. 1 . . 1 .
fvo,No+2) = <aN0 sin Y, — §a?V0kN0 Sln(%No)) + (GN0+2 SIn Y42 — §a?Vo+2kNo+2 Sln(2¢No+2)>
— ANy ANy+2 (kN0+2 COS wNo COS wNO+2 — kN() sin wNo sin ’(/JNO+2) s (11)

and

. 1 . . 1 .
f(No,N) = (aNO s1n1/)N0 — Ea%/'okNO SIH(QIZJNO)) + <(ZN SlIl?/JN - ia?\/k]\r SIH(Q’I/JN)>
— anyan (kn costn, cosn — kn, sin oy, sin ) . (12)
We add all the sea surface equations (4)—(12) together and obtain
F = fa,no+1) + fa,ne+2) + - fa.n) + fene+) + feno+2) + - fen +

+ f(No,No+1) T f(No,No+2) T -+ - f(No, )
N

= (N - NO) nZ::l (an sin v, — %aikn SiIl(Z’(/Jn))
N N
- Z Z GGy, [Kry €OS 1y, COS Wy, — Koy SIN A, SIN Y4 . (13)

n=No+1m=1

Dividing by N — Ny, equation (13) becomes:

flz,t)

F
T NN,
_ fawern + fanery + - fam N feNo+1) + feNe+2) - fie,n n

N~ Vo) (N - No)
f(NO,N0+1) + f(No,No+2) T -+ [ (o, )
(N — No)
= Z (ansmwn— —a; 2 sm(21/1n)> — N No) Z Z An G, (kn + Fom) c08(n + Yim) . (14)
n=1 0) n=No+1m=1 +(kn — km) cos(¥n — V)

\
The first term of the right side of equation (14)  (2), we infer that Ny = 12.

is the linear fractal part of sea surface model. This To compare the nonlinear and linear fractal mod-
is evident from equation (1), the linear fractal model  els, we present the numerical simulation results in the
developed by cited authors. Other terms of the right domain from = —300 m to 300 m (twice the longest

side of equation (14) can be regarded as constituting wavelength). The spatial variations in elevation of

the nonlinear part of the proposed nonlinear fractal (Lo Jinear and nonlinear fractal sea surface models

sea surface model, in a 1D deep sea. are shown in Figs. 1(a) and 1(b), respectively. Fig-

ure 1(c) shows the elevation difference between the

3. Numerical results and discus- nonlinear and linear fractal models. It is evident that
. the nonlinear interactions essentially occur near the
S1011 wave crest and trough locations in Fig. 1(c), which

In this section, nonlinear and linear fractal ocean ~ coincides with the results from Longuet-Higgins and

waves are simulated with the following initial condi- Stewart.['6] Thus, we call these locations the nonlinear
tions ¢ = 0: the longest wavelength of the spectra is ¢, ~ interactions areas. The numerical simulations suggest
with A\; = 300 m, b = 2¢/3, fractal dimensions s = 1.4,  that the nonlinear fractal sea surface is rougher than
o = 0.5, the number of wave components is N = 25,  the linear fractal sea surface, especially in the nonlin-

and current velocity V' = 0.5. According to equation  ear interactions areas.
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o

Fig. 1. Elevation of the fractal sea surface showing: (a)
linear sea surface, (b) nonlinear sea surface, and (c) differ-
ence between linear minus nonlinear fractal sea surfaces.
Units are m.

We use the same sea surface parameters as those
of Johnson et al.,l'® and we compared the average nor-
malised radar cross section (NRCS) for the nonlinear
fractal sea surface model and that of the linear fractal
sea surface within the nonlinear interactions area, with
that of the so-called West model, 819 for different
incidence angles (40° and 80°) and polarisation styles
(VV/HH). The results are shown in Table 1. From Ta-
ble 1, one can easily find that the NRCS is somewhat
underestimated by the linear fractal sea surface model
when calculating the electromagnetic wave scattering
intensity from the sea surface for moderate to large
incidence angles. This result is owing to the absence
of contributions from nonlinear interactions between
long and short waves.

Table 1. Average normalised radar cross sections of dif-
ferent models.

. L. RCS/dB RCS/dB RCS/dB
incidence polarisation
° west nonlinear linear
angle/ style
model model model
40 \AY% —22.93 —22.99 —23.51
80 \AY -31.27 -31.53 -31.95
40 HH —28.70 —28.92 —29.37
80 HH —56.98 —57.08 -59.56

Fourier transforming the results in Fig. 1, we give
the spectra intensities as a function of wave numbers
in Fig. 2. To show the structural differences in the
spectra intensities between linear and nonlinear mod-
els, we only show spectra intensities on the [0, 0.3]
interval on the y-axis in Fig. 2.

Comparing the spectra intensities of the nonlin-
ear and the linear models in Fig. 2, it is evident that

several new spectra components are generated in the

0.2

of linear model

|

L L nwﬂm

0 2 4 6 8 12

Wave number k /rad - m

nonlinear model
o
—

Spectra intensity of Spectra intensity

—1

Fig. 2. Spectra intensity of the sea surface as a function
of wavenumber: (upper panel) linear model, and (lower
panel) nonlinear model.

former. For example, new spectra intensity compo-
nents appear with different wave bands at k = [2.00,
2.50], [3.02,3.50], [5.40,5.68], and [10.08,11.45] ... .
Moreover, another difference between the nonlinear
and linear fractal models is that the spectra intensi-
ties at some wavenumbers are increased, for example,
at k = 3.864 rad/m, with spectra intensities of 0.244
in the linear model and 0.2557 in the nonlinear model,
whereas in other instances spectra intensities are de-
creased; at k = 7.138 rad/m spectra intensities are
0.1182 in the linear fractal model and 0.1172 in the
nonlinear model. These phenomena can be explained
by energy conservation; an increase in spectra energy
density at a given wave number must be linked to en-
ergy sinks at other wave numbers. Moreover, equation
(14) implies that spectra intensities at wave numbers
kn + ky, and k,, — k,, should experience these changes.

Similar differences in spectra intensities of lin-
ear and nonlinear fractal models in the temporal-
frequency domain are shown in Fig. 3. Changes in
spectra intensity can again be explained by energy
conservation, Eq. (14), in conjunction with the deep
sea dispersion relationship £2,, = v/gkn.

3t (a) |
B 27
.% 0 . | L
£ 3 (b)
[
=N
w9l
1 ' 1
0 LU [T
0 0.5 1.0 1.5 2.0
Frequency/Hz

Fig. 3. As in Fig. 2, showing spectra intensity as a func-
tion of frequency for (upper plot) the linear model, and
(lower plot) the nonlinear model.
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It is well know that swell has dramatic effect on
the energy spectra intensity of wind waves whose fre-
quencies are higher than that of the swell. Donelan2"!
‘The
growth of the mechanical waves in response to the

depicted his finding from a tank experiment:

wind and the attenuation of the wind waves are appar-
ent when both paddle and wind are exited together.
It is noteworthy that the wind spectrum is not only
dramatically reduced swell than without’. The phe-
nomenon is caused by nonlinear interaction between
swell and wind waves. Comparing spectra (see Figs. 2
and 3) of nonlinear fractal sea surface model with that
of linear sea surface model, one can find that spectra
of nonlinear fractal sea surface model are coincide with
Donelan’s result while linear fractal sea surface model

l

10
(a)
5 4
. | M‘
fé mm “| | 1T
2 (b)
A; 5 ‘ |
§ 10 ol ) M N
a ()
5 j
0 ‘ ] . . /-
0 2 4 6 8 10 12

Wave number k /rad - m~!

Fig. 4. Spectra intensity distribution with wave num-
bers at different wave length values of A1. (a) N = 30,
A1 = 150; (b) N = 30, A1 = 250; (¢) N =30, Ay = 350.

4. Limitation of fractal parame-
ters

Although fractal dimensions are limited to the
range of (1 < s < 2), N can become theoretically
very large. However, numerical simulations will be
ill-posed in the nonlinear fractal ocean model if N is
larger than some critical value. According to Eq. (14),
a possible factor causing ill-posed results is short wave
steepness because the amplitude and wave number be-
come large with increasing of n. The steepness (e,,) of
the nth wave component is the product of amplitude

a, and wave number k,,:

) (s—1)(n—1) 201 — 2(5—2)
mob [1-0 ] C(15)
N 1 _ p2N(s—2)

Figure 6 shows that wave steepness is small when

En = Ankn =

s and N are small. However, steepness increases

without the case. To sum up, the simulating results
of nonlinear fractal sea surface model is closer to real
swell with wind sea states than those of linear fractal
sea surface model.

Finally, the spectra intensity distribution with re-
spect to wave number is calculated when N changes
or \; changes. Figures 4 and 5 presents the spectra
intensity caused by the nonlinear interactions between
long and short waves at high frequency areas of the do-
mains. The bandwidth of these domains are affected
mainly by the number of sine wave components N and
the maximum wavelength ;. For example, the band-
width becomes narrower when \; increases in Fig. 4.
Moreover, the bandwidth is broadened when N in-
creases in Fig. 5.

10

5

} (a)

10

5
10

Spectra intensity

5

| .
-
W
0 2 4 6 8 10 12
Wave number k /rad - m™!

Fig. 5. Spectra intensity distribution with wave number
at different numbers of sine wave components. (a) N = 20,
A1 = 200; (b) N =30, A1 = 200; (c) N =40, A1 = 200.

sharply when N > 40, and when s > 1.6 at N = 50.
When ¢t = 0 and « = 10, Figure 6 shows that frac-
tal dimensions s and number of sine components N
can affect steepness, and that numerical simulations
become ill-posed when N > 40 and s > 1.6.

100007 A b e

T 80004

=

< 6000 N e ,

S|

w

g 4000 50

& 20001 10 5

oy 0 & %

n < &
0 & &
2.0 0ysg
c L8 16 s

1.4 1.2 0
Fractal dimensiong o

Fig. 6. Variation of fractal dimensions, number of sine
components (N) and steepness (s), when t = 0 and z = 10,
where N varies from 1 to 50, and s varies from 1.01 to 2.
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The critical value for truncation of fractal param-
eters can be determined by steepness and energy. One
can use Eq. (15) to calculate steepness to find fractal
parameters when e, = 27. Starting with these ini-
tial parameter values, one can find the critical frac-
tal parameters values (for instance, s and N) through
Eq. (16):

2 -2 <, (16)

where 7 is pre-selected to be sufficiently small to en-
sure that the model does not become ill-posed.

Figure 6 is the result simulated with Eq. (15),
those parameters are also basic parameters for the lin-
ear model. Thus, our limitations on fractal parame-
ters for the nonlinear model are also applicable to the
linear model.

5. Conclusions

Starting from a linear fractal sea surface model
in a 1D deep sea, the analytic solution for nonlinear
interactions between long and short waves is used to

develop a nonlinear fractal sea surface model. Energy
conservation and our nonlinear fractal ocean model
can explain why spectra intensities of spectra compo-
nents (whose wavenumbers are k,, + k,, or k, — k)
should experience change, compared to a correspond-
ing linear fractal model. A method is presented to
determine the critical values for fractal parameters,
whereby the linear and nonlinear fractal sea surface
models avoid being ill-posed.

The nonlinear fractal sea surface is rougher than
linear fractal sea surface. Thus, the backscattering
radar cross section (RCS) of the nonlinear fractal sea
surface model will be different from cases resulting
from a linear fractal model. Owing to selected new
spectra intensity components appearing in the nonlin-
ear fractal sea surface, with different new wave bands
relative to the linear sea surface model, the former rep-
resents a potentially more accurate characterisation of
the real sea surface. Therefore, nonlinear fractal sea
surface model can potentially provide a higher preci-
sion backscattering RCS in studies of electromagnetic
scattering from the sea surface.
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