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Electrostatic interaction of a spherical particle
in the vicinity of a circular orifice∗
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The electrostatic interaction of a charged spherical particle in the vicinity of an orifice plane has been investigated

in this paper. The particle can creep along the axis of the orifice and is immersed in a bulk electrolyte. By solving

the Poisson–Boltzmann problem, we have obtained the effective electrostatic interaction for several values of reduced

orifice radius h̃, including the cases of h̃ > 1, h̃ = 1 and h̃ < 1. Two kinds of boundary conditions of the orifice plane

are considered. One is the constant potential model corresponding to a conducting plane, the other is the constant

charge model. In the constant potential model, there is an electrostatic attraction between the particle and the orifice

plane when they get close to each other, while there is a pure electrostatic repulsion in the constant charge model.

The interactions in both boundary models are sensitive to the parameters of the reduced orifice radius, the reduced

particle–orifice distance, surface charge densities of the particle and orifice plane, and the reduced Debye screen constant

corresponding to the salt-ion concentration and ion valence.

Keywords: colloid movement, electrostatic interaction, orifice radius, particle–orifice distance

PACC: 8270D, 7115Q

1. Introduction

The electrostatic interaction in colloidal solu-

tions plays a crucial role in determining the struc-

ture and stability of the colloid dispersions or col-

loid aggregates.[1−3] When the colloidal suspension

involved is very dilute, the interaction between par-

ticles can be neglected. Then, the interaction be-

tween charged particles and boundaries becomes one

of the most important factors in determining the col-

loid movement.

Investigation of the electrostatic interaction be-

tween colloidal particles and various geometric bound-

aries has been made over the past several decades.

The effect of the presence of a planar solid boundary

was first examined by Morrison and Stukel[4] in their

study on a hard particle, which was re-examined later

by Keh et al.[5] and corrected some mistakes involved.

The electrostatic interaction of a colloidal sphere in

some other fixed boundaries, such as in a long circular

tube and along the centre line between two large par-

allel plates, have also been theoretically studied under

the assumption of infinitely thin double layer by Keh

group.[6] In 1997, Ennis and Anderson[7] extended the

scope of Keh group further to the finite double layer

thickness, but the edge of the double layer was not

allowed to touch the planar boundary. Fortunately,

this problem was soon solved by Shugai and Carnie.[8]

In their study, no restriction of double layer thickness

was imposed and the double layer of the particle was

allowed to touch the planar boundary. Additionally,

different from Refs. [4] and [5], a ‘soft’ particle was in-

vestigated in the electrostatic interaction of this par-

ticle normal to a plane by Cheng et al.[9] This ‘soft’

particle consisted of an inner hard core coated with

a concentric porous layer containing uniformly dis-

tributed fixed charges. In recent years, the effect of

the boundary of a spherical cavity on the electrostatic

interaction was also studied.[10,11]

Though various geometric boundary-corrected ef-

fects on the electrostatic interaction of colloidal solu-

tions have been involved in the previous investigations,

the study of the systems that possess much more com-

plex boundaries, such as a colloidal suspension with

porous boundary, is still open. The colloid move-

ment in the suspension, such as electrophoresis and

attachment, through an orifice or a porous medium

has a great potential in industrial applications and

also is of great significance in a number of environmen-

tal fields including contaminant transport, soil profile
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development, and subsurface migration of pathogenic

microorganisms.[12−15] Meanwhile, the colloid move-

ment through an orifice or a porous medium is also

concerned with for mimicking a transmembrane trans-

port of biomacromolecules which is an indispensable

process to lives.[16]

The electrostatic interaction of colloidal particle

restricted by an orifice in a large conducting plane

has been investigated by Keh and Lien[17] for the

first time. Unfortunately, this analysis was insuffi-

cient because of their employing of approximations.

An assumption of thin double layers adjacent to solid

surfaces was employed throughout their calculation.

The size effect of charged particle was neglected and

the boundary condition of the charged particle sur-

face was simplified as a homogeneous boundary. In

this paper, using the Poisson–Boltzmann theory and

considering the size effect of particle and the exact

boundary conditions of particle surface, we make a

systematic examination of the axisymmetric electro-

static interaction of a charged particle creeping along

the axis of an orifice in an infinite plane. Two kinds

of boundary conditions of the orifice plane are consid-

ered in this paper. One is the constant potential model

(corresponding to a conducting plane), and the other

is the constant charge model. In the calculation, we

find that there is an electrostatic attraction between

the colloid and orifice in the constant potential model,

while there is a pure repulsion in the constant charge

model. Meanwhile, these electrostatic interactions are

sensitive to the reduced colloid–orifice distance, Debye

screen length, reduced orifice radius, and charge den-

sities of the particle and orifice plane.

The paper is organized as follows. In Section 2,

the model and theory of electrostatic interaction of a

sphere along the axis of an orifice is described. The

formulation of the potentials of the system and the

solution scheme are given in Section 3. Based on the

analysis in the previous sections, numerical solutions

for the electrostatic energy of the system are obtained

in Section 4. Section 5 gives the summary of the pa-

per.

2. Model and theory

2.1.The electric potential of the system

Here, we consider a charged spherical particle

with radius a in the vicinity of a plane with a cir-

cular orifice of radius h on it, as shown in Fig. 1. This

particle can creep along the axis of the circular orifice.

The system is immersed in an electrolyte with coions

and counterions of valence z0, modeled by a dielectric

continuum of dielectric constant ϵe. For convenience

of calculation, we divide the system into three parts:

part I corresponds to the region of electric solution of

z < d including the colloidal particle, part II denotes

the region of electric solution of z > d, and part III

is the region inside the particle. We also denote the

boundary with the Cartesian coordinate z = d, ρ > h

by Gw (not including the circular orifice), the sur-

face of circular orifice (z = d, ρ ≤ h) by G0, and

the surface of the particle by Gp. Here, (ρ, z, ψ) and

(r, θ, ψ) denote the circular cylindrical coordinates and

the spherical coordinates respectively. The origins of

these two coordinates are both chosen at the sphere

centre. The electric potentials Ψ I and ΨII in regions I

and II are determined for a given particle-orifice dis-

tance d by solving the mean-field Poisson–Boltzmann

(PB) equation, and ΨIII in region III satisfies Laplace

equation. For a 1 : 1 symmetric electrolyte system,

the PB equation can be written as

∇2Φi(r) = z0b
2 sinh (z0Φi(r)) , i = I, II (1)

and the Laplace equation reads

∇2ΦIII(r) = 0, (2)

where Φi = eβΨi, i = I, II, III (e being the elemen-

tary charge) are the normalised potentials, b2 = 2c0λB
is related to a salt-ion concentration c0, and λB =

e2β/ϵe, with β = 1/kBT , is the Bjerrum length and

kB is the Boltzmann constant.

Fig. 1. A spherical particle creeping along the axis of a

circular orifice.
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The charges on the colloid surface or the surface

of the plane enter the problem through the boundary

conditions in the PB boundary value problem (BVP).

We employ the constant-charge boundary condition

which requires that the normal gradient of the elec-

tric potential is proportional to the particle surface

charge density σpe at surface Gp, i.e.

(τ∇ΦIII(r)−∇ΦI(r)) · np = λBσp, r ∈ Gp, (3)

ΦI(r) = ΦIII(r), r ∈ Gp. (4)

The second equation is the continuity condition of the

surface potential. Here, np is an outer normal unit

vector of surface Gp and τ = ϵp/ϵe is a ratio between

the dielectric constants of the particle and solution.

On the surface of the orifice plane, the boundary

conditions are complicated, which are determined by

the structure and property of the orifice plane. Here,

we consider two extreme situations: (a) constant sur-

face potential model for the surface of the orifice plane

corresponding the conducting plane; (b) constant sur-

face charge model for the surface of the orifice plane.

(a) Constant surface potential model for

the surface of the orifice plane

Since the plane extends to infinity and is an

equipotential surface, we set the electric potential at

Gw and the infinity as the electric potential reference

point. It is emphasized that the electric potential

at the orifice (the surface of G0) is not necessary to

be zero, which can be defined in a general form as

ΦI|G0< = ΦII|G0> = f(ρ). Meanwhile, the current

flux is continuous for ρ < h. The boundary condi-

tions on the surface of the orifice plane then can be

summarized as follows:

ΦI(r) = ΦII(r) =

{
f(ρ), r ∈ G0,

0 r ∈ Gw,
(5)

∇ΦI(r) = ∇ΦII(r), r ∈ G0. (6)

(b) Constant surface charge model for the

surface of the orifice plane

In this case, the normal gradient of the electric

potential on the orifice plane is proportional to the

surface charge density σwe. The potential and cur-

rent flux at the orifice are also continuous.

ΦI(r) = ΦII(r) = f0(ρ), r ∈ Gw, G0, (7)

(∇ΦI(r)−∇ΦII(r)) · nw =

{
λBσw, r ∈ Gw,

0, r ∈ G0,
(8)

where nw is an outer normal unit vector of surface

Gw.

Additionally, for both the constant surface po-

tential model and constant surface charge model, the

potentials in the regions I and II are finite as z → −∞
and z → ∞ respectively. Meanwhile, since we set the

potential in the infinity as the electric potential refer-

ence point for both models, we have

ΦI(r) = 0, z → −∞, (9)

ΦII(r) = 0, z → +∞. (10)

Finally, the whole system must be electroneu-

tral. This condition is automatically satisfied when

the above boundary conditions (3)–(10) are satisfied

simultaneously for both models (a) and (b).

2.2. Electrostatic interaction energy of

the system

The electrolyte in this paper is assumed to be un-

bounded, i.e. there is a reservoir of salt ions coupled

to the system, so that the number of ions is not fixed.

The fixed thermodynamics variables are: the temper-

ature T , the chemical potential µ0 for a given salt-

ion concentration (βµ0 = logc0Λ
3 with Λ the thermal

wavelength), and the volume of the electrolyte region

V . Our system is then in a grand canonical ensemble

with the grand potential, Ω , being the relevant ther-

modynamic function. The grand potential then can

be written in its final form[18,19]

βΩ =
σp
2

∫
Gp

dSΦI +
σw
2

∫
Gw

dSΦI

+
b2

2λB

∑
I=I,II

∫
I

dV (z0Φi sinh z0Φi

− 2 cosh z0Φi + 2). (11)

Here, the first term gives the electrostatic energy due

to the fixed colloidal charges on Gp, the second term

is due to the fixed orifice plane charges on Gw (this

term vanishes for ΦI|z=d,ρ>h = ΦII|z=d,ρ>h = 0 in

the constant surface potential model), and the third

term incorporates the entropic and electrostatic con-

tributions of the mobile ions in regions I and II. The

effective particle–orifice plane interaction energy W

can now be defined as

W = Ω − Ω∞. (12)

Ω∞ is determined by solving the PB problem when

the distance between the particle and orifice plane is

infinite.

058202-3



Chin. Phys. B Vol. 19, No. 5 (2010) 058202

3. Formulation for the electric

potentials of the system

Under the given boundary conditions (3)–(10),

solving the PB equation (1) and Laplace equation (2),

we can obtain the explicit potentials of the system.

However, it is formidable to gain analytic solutions of

Eq. (1) since it is nonlinear. (It usually can be solved

numerically by finite element methods or some other

numerical technique.) When the electric potential of

the system is weak enough, the PB equation can be

linearized

∇2Φi(r)− κ2Φi(r) = 0, i = I, II, (13)

where κ2 = (z0b)
2 = 2c0z

2
0λB is the screening param-

eter. Since the spherical particle is located on the

axis of the circular orifice and is uniformly charged,

the system is an axisymmetric one. That is to say,

the electric potentials of the system (including that in

regions I, II and III) are independent of the rotation

angle ψ. Following an idea of the multipole expansion

method,[20,21] the electric potential ΦI in region I can

be expanded in terms of basis functions.

ΦI =
∑
l

Alkl(κr)Pl(cos θ)

+

∫ ∞

0

F (µ)µJ0(µρ)e
√

µ2+κ2zdµ,

l = 0, 1, 2, . . . ,∞, (14)

where kl(κr) is defined as the modified spherical Bessel

function of the second kind, Pl(cos θ) denotes the Leg-

endre polynomial of order l, J0(µρ) is the Bessel func-

tion of the first kind of order zero, Al are unknown

constant coefficients and F (µ) is an unknown function

of µ. Each part of Eq. (14) is a linear superposition of

the complete solutions of Eq. (13). The first part of

this equation written in spherical coordinates denotes

the potential due to the charged particle, and the sec-

ond part written in cylindrical coordinates represents

the disturbances generated by the orifice plane.

In the region z ≥ d, it is sufficient to represent

all the disturbances generated at the plane z = d by a

Fourier–Bessel integral like the form given in Eq.(14).

ΦII =

∫ ∞

0

G(µ)µJ0(µρ)e
−
√

µ2+κ2zdµ, (15)

where G(µ) is an unknown function of µ. Note that a

solution of the forms of ΦI and ΦII given by Eqs. (14)

and (15) immediately satisfies the boundary condi-

tions (9) and (10).

The electric potential in the particle which sat-

isfies Eq. (2) can be expressed in terms of the basis

functions with the spherical coordinates.

ΦIII =
∑
l

Blr
lPl(cos θ), l = 0, 1, 2, . . . ,∞, (16)

where Bl are unknown constant coefficients.

The unknown coefficients Al and Bl and functions

F (µ) and G(µ) in Eqs.(14)–(16) are determined by the

boundary conditions (3)–(10). However, the accuracy

is low when we solve the two unknown functions F (µ)

and G(µ) directly by numerical calculation. Fortu-

nately, this problem can be avoided by some analyti-

cal inversions. At first, the boundary condition (5) or

(7) is satisfied along the orifice plane in each region

for both models. After an inverse Hankel transform,

the unknown functions F (µ) and G(µ) can be deter-

mined in terms of the coefficients Al and the unknown

potential profile f(ρ) or f0(ρ) at the orifice. Then,

by matching the current flux equation (6) or (8) at

the orifice, the unknown orifice potential can be ob-

tained in terms of the coefficients Al. Finally, using

the collocation technique described in Refs. [20] and

[22], the numerical values of the coefficients Al and

Bl can be provided by satisfying the boundary condi-

tions (3) and (4) on the surface of the sphere. We now

give the specific solving process for these two cases of

orifice plane boundaries respectively.

3.1.The solution of the potential for the

constant potential model of the ori-

fice plane

Substituting the electric potentials ΦI and ΦII

into the plane boundary condition (5) for the con-

stant potential model of the orifice plane and making

an inverse Hankel transform, we obtain

F (µ) = e−
√

µ2+κ2d

[
f∗(µ)−

∞∑
l=0

AlH
∗
1 (l, µ)

]
, (17)

G(µ) = e
√

µ2+κ2df∗(µ), (18)

where

f∗(µ) =

∫ h

0

f(ρ)ρJ0(µρ)dρ, (19)

H∗
1 (l, µ) =

∫ ∞

0

kl(κr)Pl (cos θ) ρJ0(µρ)dρ, (20)

here, f(ρ) is the unknown electric potential profile at

the orifice which has been mentioned in Eq. (5). Ap-

plying the continuous condition of current flux on sur-

face G0 in Eq. (6), we obtain
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f∗(µ) =
1

2

∞∑
l=0

AlH
∗
1 (l, µ)−

1

2
√
µ2 + κ2

∞∑
l=0

AlH
∗
2 (l, µ) (21)

with

H∗
2 (l, µ) =

∫ h

0

dρρJ0(µρ)

(
k′l(κr)κPl(cos θ) cos θ + kl(κr)P

′
l (cos θ)

sin2 θ

r

)
, (22)

where r =
√
d2 + ρ2, cos θ = d/

√
d2 + ρ2, k′l(κr) = dkl(x)/dx|x=κr and P ′

l (cos θ) = dPl(x)/dx|x=cos θ. Substi-

tuting Eq. (21) into Eqs. (17) and (18) and making once Hankel and inverse Hankel transform respectively, we

obtain analytic expansions of F (µ) and G(µ) with coefficients Al

F (µ) =
1

2
e−

√
µ2+κ2d

[
−

∞∑
l=0

AlH
∗
1 (l, µ)−

1√
µ2 + κ2

∞∑
l=0

AlH
∗
2 (l, µ)

]
, (23)

G(µ) =
1

2
e
√

µ2+κ2d

[ ∞∑
l=0

AlH
∗
1 (l, µ)−

1√
µ2 + κ2

∞∑
l=0

AlH
∗
2 (l, µ)

]
. (24)

Finally, the values of coefficients Al and Bl in the expansion of electric potentials of regions I and III in

Eqs. (14) and (16) are determined by the boundary conditions on the particle surface with Eqs. (3) and (4).

Applying these conditions to the Eqs. (14) and (16), we obtain a series of linear equations about Al and Bl

∞∑
l=0

Bla
lPl(cos θ)−

∞∑
l=0

Alkl(κa)Pl(cos θ) = χ∗
0(θ), (25)

τ
∞∑
l=0

Bla
l−1lPl(cos θ)−

∞∑
l=0

Alk
′
l(κa)κPl(cos θ) = χ∗

1(θ), (26)

where

χ∗
0(θ) =

∫ ∞

0

dµF (µ)e
√

µ2+κ2a cos θµJ0(µa sin θ),

χ∗
1(θ) =

∫ ∞

0

dµF (µ)e
√

µ2+κ2a cos θµ
[
µJ ′

0(µa sin θ) sin θ + cos θ
√
µ2 + κ2J0(µa sin θ)

]
+ σλB. (27)

In the calculations, χ∗
0(θ) and χ

∗
1(θ) are regarded as functions independent of current Al and Bl and determined

only by given θ. So, to obtain explicit solutions of Al and Bl, we must use an iteration method. First, for an

initial guess of the coefficients Al and Bl, F (µ) is obtained from Eq. (23) through fast Hankel transformation,

then inserting the results into Eqs. (25) and (26) to form a set of linear equations for the unknown Al and Bl,

the results are used as input for the next iteration. This iteration will never stop until the difference between the

solutions of the last two iterations converges to a desired accuracy. Here, the accuracy is specified as the relative

error of the coefficients between iterations less then 10−7. This simple iteration scheme generally converges to

the desired accuracy after 8 to 14 iterations for this axisymmetric system when the particle is close to the orifice.

3.2.The solution of the potential for the constant charge model of the orifice plane

Following the procedure as described in previous subsection, the potential of the constant charge model

can be implemented in a straightforward way. Substituting the electrostatic potentials in the regions I and

II expressed in Eqs. (14) and (15) into the boundary conditions of charged orifice wall, Eqs. (7) and (8), and

making some Hankel and inverse Hankel transforms, we gain the analytic expressions of ΦI and ΦII as functions

of Al,

ΦI =

∫ ∞

0

dµ
1

2
e
√

µ2+κ2(z−d)

[
H0(µ)−

∞∑
l=0

AlH
∗
1 (l, µ)

]
µJ0(µρ) +

∞∑
l=0

Alkl(κr)Pl(cos θ), (28)

ΦII =

∫ ∞

0

dµ
1

2
e
√

µ2+κ2(d−z)

[
H0(µ) +

∞∑
l=0

AlH
∗
1 (l, µ)

]
µJ0(µρ), (29)
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where

H0(µ) =
1√

µ2 + κ2

[
σw
µ

(δ(µ)− hJ1(hµ))−
∞∑
l=0

AlH
∗
3 (l, µ)

]
(30)

with

H∗
3 (l, µ) =

∫ ∞

0

dρρJ0(µρ)

(
k′l(κr)κPl(cos θ) cos θ + kl(κr)P

′
l (cos θ)

sin2 θ

r

)
. (31)

Here, δ(µ) denotes Dirac delta function and H∗
1 (l, µ) has been given in Eqs. (20).

Similarly, the values of coefficients Al and Bl in the expansion of electric potentials of regions I and III in

Eqs. (14) and (16) are determined by the boundary conditions on the particle surface with Eqs. (3) and (4).

Applying these conditions to Eqs. (14) and (16), we obtain a series of linear equations for Al and Bl

∞∑
l=0

Bla
lPl(cos θ)−

∞∑
l=0

Alkl(κa)Pl(cos θ) = χ∗
2(θ), (32)

τ

∞∑
l=0

Bla
l−1lPl(cos θ)−

∞∑
l=0

Alk
′
l(κa)κPl(cos θ) = χ∗

3(θ), (33)

where

χ∗
2(θ) =

∫ ∞

0

dµ
1

2

[
H0(µ)−

∞∑
l=0

AlH
∗
1 (l, µ)

]
µJ0(µa sin θ)e

√
µ2+κ2(a cos θ−d),

χ∗
3(θ) = σλB +

∫ ∞

0

dµ
1

2
µ
[
µJ ′

0(µa sin θ) sin θ + cos θ
√
µ2 + κ2J0(µa sin θ)

]
×

[
H0(µ)−

∞∑
l=0

AlH
∗
1 (l, µ)

]
e
√

µ2+κ2(a cos θ−d). (34)

The definite integrals in above equations must be per-

formed numerically, and the iteration method is also

needed.

In the complete expansions of Eqs. (25) and (26)

or Eqs. (32) and (33), there are infinite numbers of

coefficients to be determined since l → ∞, which is

a formidable task. Fortunately, due to the continuity

and finiteness of the electric potentials of the system,

the coefficients of Al and Bl will be convergent with

number l. That is to say, these expansions can be

truncated at some value of lmax = N in numerical cal-

culations. In this case, we leave 2(N + 1) numbers

of coefficients to be determined. Using the colloca-

tion technique,[20−22] these coefficients can be deter-

mined by substituting 2(N + 1) numbers of discrete

set of points on the generating arc of the particle into

Eqs. (25) and (26) or Eqs. (32) and (33). It is no-

ticeable that each point on the particle’s generatrix

denotes a circle on the particle’s surface due to the

axisymmetry of the system. Since the truncated equa-

tions are approximations of the complete equations,

different choices of points on the boundaries may give

different solutions of the expansion coefficients. It is

also possible that some sets of points result in equa-

tions with the solution not uniquely determined. This

kind of questions have been studied in the context of

viscous flow problems, and some useful guide lines of

convergence analysis were available.[21,22] In our calcu-

lation, we choose the points by the guidance resulting

from viscous flow studies and check the convergence

by successive increase of the order of truncating and

by the comparison of the results from different sets

of points used in calculations. The accuracy of the

truncation technique is principally a function of the

relative spacing d/a. For the cases of d/a = 1.1 (for

h/a = 0.8) and d/a = 2.0 (for h/a = 1.5), the num-

bers of collocation points N = 30 and N = 20 are

sufficiently large to achieve this convergence.

4. Results and discussion

Once the electric potentials are given, the grand

potential and the interaction energy between the

charged particle and orifice plane can be obtained eas-

ily from Eqs. (11) and (12). The parameters that

have been employed are: the Debye screening con-

stant κ that describes the salt-ion concentrations c0
and ion valence z0, Bjerrum length λB that describes
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the equilibrium temperature of the system T and the

dielectric constant of electrolyte ϵe, the particle ra-

dius a, the orifice radius h, the particle–orifice dis-

tance d, and the surface charge densities of the par-

ticle and orifice plane, σp and σw. Generally, water

with ϵe = 80ϵ0 (ϵ0 denotes the dielectric constant of

vacuum) is used as the solvent, and the system is usu-

ally set at room temperature, i.e. T = 300 K. Hence,

λB = e2/kBTϵe = 0.875×10−2 µm. Scaling all lengths

by a, the system then is characterised by five inde-

pendent parameters: h̃ = h/a, κ̃ = κa, d̃ = d/a,

σ̃p = aσpλB, and σ̃w = aσwλB.

Figure 2 shows the interaction energy between the

particle and orifice plane as a function of the reduced

particle–orifice distance d̃ for different reduced orifice

radius h̃. Two kinds of the boundary conditions of

the orifice plane are given in this figure: the constant

potential model and the constant charge model ( the

latter is shown in the inset). The solutions for the

electrostatic energy of the same particle normal to an

infinite plane as h̃ = 0 are compared with the results

for the limiting case as h̃ = 0.2 → 0. It can be found

that the results for h̃ → 0 from the calculation in

this paper agree remarkably well with the exact re-

sults of all relative spacings between the sphere and

the plane wall. This agreement demonstrates the ac-

curacy of the numerical solution obtained using the

collocation technique introduced in the previous sec-

tion. Additionally, examination of the data shown in

Fig. 2 reveals an interesting feature. For the con-

stant potential model of the orifice plane, the inter-

action energy decreases with reducing particle–orifice

distance for all finite orifice radius, while it increases

with the decrease of the particle–orifice distance for

the constant charge model. That is to say, there is

electrostatic attraction between the particle and ori-

fice plane for the constant potential model, while there

is pure electrostatic repulsion for the constant charge

model. (F ∝ −∂W/∂d, here F is electrostatic interac-

tion force.) Meanwhile, these interaction forces will be

enhanced when the sphere approaches to the orifice for

both models. The different properties of these inter-

action forces between the particle and orifice plane for

these two kinds of boundary model imply two opposite

directions of the electrophoretic mobility for the parti-

cle in the vicinity of the orifice plane. Moreover, these

interactions (including the attraction and repulsion)

with nonzero orifice radius are all weaker than that

for the system of an identical sphere close to an infi-

nite plane. The interaction decreases with the increase

of the reduced orifice radius h̃ for all relative spacings

of the particle and orifice plane. This phenomenon is

due to the decreasing effective wall-interaction areas

that offer attraction or repulsion to the particle as the

reduced orifice radius increases.

Fig. 2. The interaction energy of the charged particle

and orifice plane as a function of reduced particle–orifice

distance d̃ for different reduced orifice radius h̃. Two

kinds of boundary conditions of the orifice plane are con-

sidered: the constant potential model and the constant

charge model (shown in the inset). The reduced Debye

screen parameter is κ̃ = 1.673.

The electrostatic interaction energy of the

charged particle and orifice plane versus the reduced

particle–orifice distance for different reduced Debye

screen constants corresponding to the reduced salt-

ion concentrations c̃0 and ion valence z0 are plotted in

Fig. 3 for both constant potential model and constant

charge model. It can be found that the absolute values

of the interaction energy for these two models are both

enlarged with the decrease of the dimensionless salt-

ion concentrations c̃0. Meanwhile, monovalent ions

can more remarkably enhance the electrostatic inter-

action of the charged particle and orifice plane than

the divalent ions. That implies colloid electrophoresis

will be more significant in the case of monovalent ions

solution, such as Na+, than that in the case of divalent

ions solution, such as Ca2+, which have been demon-

strated by many papers.[23,24] It is noteworthy that

the salt-ion c̃0 and ion valence z0 are not independent

parameters. Different couples of c̃0 and z0 can re-

sult in the same electrostatic energy. In fact, reduced

Debye screen constants κ̃ ∝ |z0|c̃1/20 determines exclu-

sively the electrostatic energy when the other param-

eters such as h̃, d̃, σ̃p, and σ̃w are fixed. In the inset

of Fig. 3, comparisons of the electrostatic interaction

energies with several couples of c̃0 and z0 are given for

both the constant potential model and the constant
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charge model. Obviously, the curves of the electro-

static energy agree remarkably with each other in the

cases of identical κ̃ though they have different values

of c̃0 and z0 such as the curves with c̃0 = 200, z0 = 1

and c̃0 = 50, z0 = 2, and have the same Debye screen

constant κ̃ = 2.646, as see in Fig. 3.

Fig. 3. The interaction energy of the charged particle and orifice plane versus the reduced particle–orifice

distance for different reduced Debye screen constants corresponding to the reduced salt-ion concentrations c̃0
and ion valence z0. The reduced orifice radius is h̃ = 0.8.

Except h̃, κ̃, and d̃, the reduced surface charge

density of the particle σ̃p is also an important factor

in affecting the interaction energy. In Figs. 2 and 3,

we set σ̃p = 0.696 corresponding to the total charges

Q = 500, which is much lower than that in general

experiments.[25−27] The selection of such a low sur-

face charge density of the sphere is to ensure that the

electric potential of the system are weak enough to be

valid in the linear approximation. Figure 4 gives the

Fig. 4. The interaction energy of the charged particle and

orifice plane as a function of reduced particle–orifice dis-

tance for different surface charge densities of the particle

σ̃p. The other parameters are: h̃ = 0.8, κ̃ = 1.673.

interaction energy for difference surface charge den-

sities of the particle for both the constant potential

model and the constant charge model. It is obvi-

ous that the magnitudes of interaction are enhanced

rapidly with the increase of reduced surface charge

density of the particle. In the case of the constant

charge model, the surface charge density of the orifice

plane σ̃w also has remarkable effect on the interaction

energy. The energy is also enhanced with the increase

of the charge density of the orifice plane, as shown in

Fig. 5.

Fig. 5. The interaction energy of the charged particle

and orifice plane versus reduced particle–orifice distance

for different surface charge densities of the orifice plane

σ̃w for the constant charge model. The other parameters

are: h̃ = 0.8, κ̃ = 1.673.
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5. Summary

The electrostatic interaction of a colloidal sphere

approaching a solid orifice plane or a porous film is

often encountered in the colloid electrophoresis or any

other colloid transportation in dielectric materials. It

is important to understand if the solid surface sig-

nificantly affects the electrostatic interaction of the

spheres. In the present work, we have investigated

the electrostatic interaction of a system with a charged

spherical particle of radius a creeping along the axis

of a circular orifice in an infinite plane. The system

is immersed in a bulk electrolyte. Using the collo-

cation technique described in Refs. [21] and [22], we

have calculated the effective electrostatic interaction

for various values of reduced orifice radius h̃, including

the cases of h̃ > 1, h̃ = 1 and h̃ < 1, by solving the

PB BVPs. In the calculation, two kinds of boundary

conditions of the orifice plane are considered. One is

the constant potential model and the other is constant

charge model. The results of the calculation show that

there is electrostatic attraction between the charged

particle and the orifice plane when they are close to

each other in the constant potential model, while there

is pure electrostatic repulsion in the constant charge

model. Simultaneously, the effective electrostatic in-

teraction is sensitive to the reduced orifice radius h̃

for both boundary models. Due to the decrease of ef-

fective wall-interaction areas that offer attraction or

repulsion to the particle as it approaches the orifice,

the interaction decreases with the increase of h̃. Addi-

tionally, the reduced Debye screen constant κ̃ (corre-

sponding to ion-salt concentration c̃0 and ion valence

z0) is also an important parameter in determining the

electrostatic interaction between the charged particle

and orifice plane. The interaction is enhanced more

significantly when the system is immersed in a mono-

valent salt-ion solution than that in a divalent salt-ion

solution when the ion-salt concentration is fixed. The

solution with lower concentration of ion-salt is helpful

to the electrostatic interaction between the charged

particle and orifice plane. But whatever the z0 and c̃0

are, the electrostatic interaction will be fixed as long

as κ̃ ∝ |z0|c̃1/20 is fixed.

In practical applications of electrophoresis or

other colloid movement, the particles can approach

an orifice in an off-centre path. It would be of inter-

est to know whether the electrostatic forces tend to

push the particle more off-centre or to bring it back

to the centreline. This asymmetric problem is now un-

der investigation and will be presented in a subsequent

article.
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