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The initial decoherence of the mesoscopic
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For a mesoscopic radio frequency superconducting quantum interference device (rfSQUID), at a degeneracy point,

the system reduces to a quantum two-state system which can be used as a flux qubit. When the noise environment is

equivalent to a harmonic oscillators bath, by virtue of an operator-norm measure for the short time decoherence, this

paper investigates the initial decoherence of the flux qubit operating in the ohmic noise environment and illustrates its

property by means of the numerical evaluation.
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1. Introduction

It is well known that the superconducting circuits

based on Josephson junction are considered to be a

promising candidate for large-scale quantum comput-

ing. Many kinds of the superconducting qubits, such

as Josephson charge, flux and phase qubits,[1] are pro-

posed by the scientists and the engineers to imag-

ine building the novel quantum information processors

in the past two decades. According to DiVincenzo’s

proposal,[2] however, a qualified qubit should have a

low decoherence degree to make sure that there is suf-

ficient coherence time to implement quantum manip-

ulation and measurement. So, the mechanisms and

the reasons of decoherence for the Josephson junc-

tion qubit had been studied both theoretically and

experimentally.[3−6] Generally, the conventional mea-

surements for decoherence are based on the Markov

approximation. It has been pointed out that, however,

the Markov approximation cannot be adopted in low

temperature and short time scales.[7,8] For the super-

conducting Josephson qubit, whose working temper-

ature should be as low as few 10 mK and the single-

qubit controlled times are 10−11–10−7 second corre-

spondingly, the conventional methods are not suitable

any more. So, the new more appropriate measures

based on the short-time approximation has been in-

troduced by Privman et al.[9] for short-time decoher-

ence. One can employ these measures to investigate

whether the physical qubit model satisfies the deco-

herence criterion and then decide a more suitable one

for quantum computation. The flux qubit, differing

from the Josephson charge qubit which has been ex-

tensively studied,[1,8,10−13] has a longer decoherence

time demonstrated by experiments.[14] Thus, research

of the decoherence properties of the flux qubit seems

to have a more practical significance.

In this paper, we present a detailed study of the

initial decoherence for the simplest flux qubit on meso-

scopic radio frequency superconducting quantum in-

terference device (rfSQUID) by virtue of the Priv-

man’s measures. It is arranged as follows. In Section

2, we give the Hamiltonian of the flux qubit interacted

with the noise environment. In Section 3, we present

the dynamics of short-time based on the short-time

approximation. In Section 4, we investigate the ini-

tial decoherence for the flux qubit operations in the

operator-norm measure and use the numerical evalu-

ation analysing the initial decoherence time.

2. Hamiltonian of the mesoscopic

rfSQUID and ohmic noise

For a single rfSQUID, which is formed by a loop

with one junction. Using L, we let EJ denote the

self-inductance of the loop and the Josephson tunnel-

ing energy. If there is no dissipation, when EJ ≫ Ec
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(Ec = 2e2/CJ, CJ is the junction capacitance), the

circuit acts as a simplest flux qubit. The phase dif-

ference φ across the junction is related to the flux Φ

in the loop (in units of the flux quantum Φ0 = h/2e,

h is the Plank constant) by φ/2π = Φ/Φ0 + integer.

If there is an external flux Φex applied in the system,

the Hamiltonian is[1]

Hrf =
Q2

2CJ
− EJ cos

(
2π

Φ

Φ0

)
+

(Φ− Φex)
2

2L
, (1)

where the charge Q = −i~∂/∂Φ is canonically conju-

gate to the flux Φ, i.e. [Φ,Q] = i~. If the externally

applied flux Φex is close to Φ0/2, the last two terms in

Eq. (1) form a double-well potential near Φ = Φ0/2.

When the temperature T is low enough, the certain

two states in the two wells contribute. Thus, the sys-

tem can be reduced to an effective two-state system[1]

Hs = −1

2
Bzσz −

1

2
Bxσx, (2)

where σz and σx are the Pauli matrices, Bz = Ip(Φex−
Φ0/2) is the energy bias between the two states, Ip is

the persistent current along the loop. The off-diagonal

term Bx describes the tunnel amplitude between the

two states with opposite directions of persistent cur-

rent along the loop, which is in proportion to the ca-

pacitance CJ for a fixed βL = 4π2LEJ/Φ
2
0.

From Eq. (2), one can perform a required one-

bit operation by changing the parameter Bz through

controlling the external flux Φex. If we choose the de-

generacy point Φex = Φ0/2, then by considering the

noise environment, the Hamiltonian becomes[13,15]

H = Hs +HI +Hb

= −1

2
Bxσx + σz

∑
k

ck(a
†
k + ak)

+
∑
k

~ωka
†
kak, (3)

where the noise environment is modeled by a bath

with a large set of harmonic oscillators. In thermal

equilibrium, the spectral density of the fluctuating

field which is related to the power spectrum is[13]

S(ω) ≡ 2~J(ω) coth
~ω

2kBT
. (4)

Here ω is the continuous frequency of the bath mode,

kB and T are the Boltzmann constant and tempera-

ture respectively. The bath spectral density J(ω) is

J(ω) ≡ π

~
∑
k

c2kδ(ω − ωk)

=
π

~

∫ ∞

−∞
N(ω)c2(ωk)δ(ω − ωk)dω

=
π

~
N(ω)c2(ω), (5)

where the N(ω) is the density of the states of envi-

ronment modes. For the standard ohmic dissipation,

taking some high-frequency cutoff ωc into account, we

obtain the behaviour of spectral density J(ω) at low

frequencies as

J(ω) =
π

2
α~ω e−

ω
ωc . (6)

The coefficient α is the dimensionless strength of this

kind of dissipation. In a physical system it depends on

the amplitude of the noise and the coupling strength.

Comparing Eq. (5) with Eq. (6), we have

N(ω)c2(ω) =
1

2
α~2ω e−

ω
ωc , (7)

which describes how the power of the bath is dis-

tributed with the frequency.

3. Short-time dynamics

According to Privman’s proposal,[15] the density

matrix R of the system plus bath at time t = 0 is

assumed to be the direct product

R(0) = ρ(0)⊗k θk, (8)

where ρ(0) is the initial state of the flux qubit and θk
is density matrices of the thermalized bath modes k,

θk =
e−β~ωka

†
kak

Trk( e−β~ωka
†
kak)

,

(
β =

1

kBT

)
. (9)

Thus, the time dependence of the density martix for

the system and bath is

R(t) = e−i(Hs+HI+Hb)t/~R(0) e i(Hs+HI+Hb)t/~. (10)

Utilizing the short-time approximation[15]

e i(Hs+HI+Hb)t/~+O(t3)

= e iHst/2~ e i(HI+Hb)t/~ e iHst/2~, (11)

we can express the elements of the reduced density

martix ρ(t) as

ρmn(t)

= Trb ⟨m| e−iHst/2~ e−i(HI+Hb)t/~

× e−iHst/2~R(0)

× e iHst/2~ e i(HI+Hb)t/~ e iHst/2~ |n⟩ . (12)
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Inserting several completeness relations
∑N

j=0 |j⟩ ⟨j| =
1 into Eq. (12), after some calculations one can

obtain[16]

ρ10(t) =
1

2
e−iBxt[1 + e−B2(t)]ρ10(0)

+
1

2
[1− e−B2(t)]ρ01(0), (13)

ρ11(t) =
1

2
[1 + e−B2(t)]ρ11(0)

+
1

2
[1− e−B2(t)]ρ00(0), (14)

where

B2(t) ≡ 8
∑
k

|ck|2

(~ωk)2
sin2

ωkt

2
coth

β~ωk

2
. (15)

In the limit of infinite number of the bath modes,

Eq. (15) can be replaced by the integration form,

B2(t) = 8

∫
dωN(ω) |c(ω)|2 (~ω)−2

× sin2
ωt

2
coth

β~ω
2
. (16)

Substituting Eq. (7) into Eq. (16) yields

B2(t) = 8

∫
dω

α

2ω
e−

ω
ωc sin2

ωt

2
coth

β~ω
2
. (17)

Note that the spectral function B2(t) is the mean-

squared value of the magnitude of the phase noise,[4]

which is decided by the choice of bath model and its

coupling forms with the system. As the time increases,

B2(t) grows monotonically from zero. Specifically,

for the standard ohmic dissipation, B2(t) is quadratic

growth for short times, logarithmic growth for the in-

termediate region and the linear behaviour in large

time scales.[15,16]

4. The initial decoherence of the

flux qubit

Fedichkin et al.[16] introduced an operator-norm

measure, which can be used for quantifying the degree

of decoherence. If the deviation operator is expressed

as

σ(t) ≡ ρ(t)− ρideal(t), (18)

where ρ(t), ρideal(t) are the density matrices of the

real evolution and ideal evolution (no interaction) re-

spectively, then operator norms ||σ||λ is defined as

||σ||λ = sup
φ ̸=0

(
⟨φ|σ†σ |φ⟩
⟨φ| |φ⟩

)1/2

. (19)

Here λ denotes the eigenvalue norm. For the single

qubit discussed in Section 1, the norms can be simpli-

fied as[16]

||σ||λ =

√
|σ10|2 + |σ11|2. (20)

For Eqs. (13) and (14), the evolutions of the ideal

condition are ρideal10 (t) = ρ10(0) e
−iBxt and ρideal11 (t) =

ρ11(0). Thus, from Eq. (18) we have

ρ10(t) =
1

2
ρ10(0)[1− e−B2(t)][1− e−iBxt],

ρ11(t) =
1

2
[1− e−B2(t)][ρ00(0)− ρ11(0)]. (21)

Substituting Eq. (21) into Eq. (20) yields

||σ(t)||λ

=
1

2
[1− e−B2(t)]

×
{
[ρ00(0)− ρ11(0)]

2 + 4 |ρ10(0)|2 sin2
Bxt

2

}1/2

,

(22)

where the value of the norm is equal to 0 at t = 0,

and then it increases to positive as time goes by. This

namely is the degree of the initial decoherence based

on the short-time approximation. If the initial pure

state is known, the evolution of the norms will depend

on the system parameter Bx to some extent. However,

the initial state is not always given, we must turn to

the maximal norm,[16] D = supρ(0)(||σ(t, ρ(0))||λ), for
characterizing the decoherence for an arbitrary initial

state, pure or mixed. For the above discussion, the

expression of the maximal norm is

D(t) =
1

2
[1− e−B2(t)]. (23)

ThoughD(t) can not give the decoherence process

in detail, we still obtain an upper-bound estimate of

decoherence for an arbitrary initial state. It is suitable

for the most practical cases. Consequently, we can use

the results in Eqs. (22) and (23) for evaluating the ap-

preciate flux qubit in the quantum computing designs.

In the following, we can analyse the initial de-

coherence time by means of the numerical evalua-

tion. For the different pure initial states ψ(i) =

(cosφi, sinφi)
T (where 0 ≤ φi ≤ 2π), we can plot the

decoherence varying with the time t. Here, we confine

ω in 1 Hz–50 GHz, the cutoff frequency ωc ∼ 10−12,[8]

the temperature T = 50 mK,[17] the tunneling energy

Bx = 16.4 µeV,[17] and the coefficient α is an esti-

mated value about 10−6–10−8.[14] By using these pa-

rameters, we can plot respectively the norms ||σ(t)||λ
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versus time t when we choose φ0 = 0, φ1 = π/4,

φ2 = π/6.

In Fig. 1, the upmost line corresponds to φ0 = 0,

the middle dash line and the lowest dot line represent

φ2 = π/6, φ1 = π/4 respectively. The upmost line

is the maximal, while the others are under it and os-

cillate with time t periodically. So, it shows that the

different initial states has different decoherent degree

accordingly, but in the mean time they have the same

maximum. Comparing the inset of Figs. 1(a), 1(b)

and 1(c), we can see that the different value of α can

produce a marked amplitude variation of the norms

from the scale of vertical axis. So, we know that the

strength of decoherence is closely associated with the

strength of the dissipation. The larger value of dis-

sipation coefficient α, the stronger of the decohernce

accordingly. The norm curves, however, keep the sim-

ilar shape and have nothing to do with the value of

α. Specially, when φ0 = 0, which corresponds to the

initial state ψ(0) = (1, 0)T, the norm ||σ(t)||λ is the

maximum and it equals to the maximal norm D(t).

If we denote the low decoherence (D(t)a < 5 × 10−6,

D(t)b < 5 × 10−7 and D(t)c < 5 × 10−8 which are

depicted in the insets in Fig. 1) time by τ , then it

can be obtained about 1.5 × 10−10 s = 0.15 ns or

more, while the characteristic time of the gate op-

eration τ0 = ~/Bx = 12.7 ps.[8] Obviously τ ≫ τ0,

which shows that there is enough decoherence time

for completing the quantum manipulation. This also

is why the flux qubit is proposed as a candidate for

quantum memory. At the same time, it proves that

the flux qubit investigated above can be taken as the

qubit for quantum computing because it satisfies the

DiVincenzo’s low decoherence criterion.[2]

Fig. 1. The norms ∥σ∥λ versus time t for (a) α = 10−6, (b) α = 10−7, (c) α = 10−8. The insets are the traces in

a shorter time for the different α respectively.

5. Conclusion

In summary, we use the short-time approximation and norm measurement method to demonstrate the

evolution of the initial decoherence for the flux qubit in the ohmic noise environment. We know that the initial

decoherence decided by not only the parameters of tunnel energy Bx and the working temperature T , but also

the dimensionless strength coefficient α and the kind of the pure initial states. In practice, for a rfSQUID

circuit, Bx and T are always determined, whether the device is qualified for a qubit or not mainly depends on

the coupling strength and the pure initial state. By means of the numerical evaluation, it is shown that the
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decoherence increases with the increase of dimensionless strength of the dissipation. Furthermore, no matter

what the initial state is, the low decoherence time can be estimated by Eq. (23). Because we employ the short-

time approximation, it is more accurate to acquire the initial decoherence process. So, by virtue of this measure

we further confirm that the flux qubit may be a good candidate of qubit for quantum computation.
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