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An improved multiple car-following model is proposed by considering the arbitrary number of preceding cars, which

includes both the headway and the velocity difference of multiple preceding cars. The stability condition of the extended

model is obtained by using the linear stability theory. The modified Korteweg–de Vries equation is derived to describe

the traffic behaviour near the critical point by applying the nonlinear analysis. Traffic flow can be also divided into three

regions: stable, metastable and unstable regions. Numerical simulation is in accordance with the analytical result for

the model. And numerical simulation shows that the stabilisation of traffic is increasing by considering the information

of more leading cars and there is unavoidable effect on traffic flow from the multiple leading cars’ information.
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1. Introduction

Traffic flow is an interesting problem of modern

society. To explain the complex properties of traffic,

various traffic models have been developed, such as

the cellular automaton models, car-following models,

hydrodynamic models and gas kinetic models.[1,2] The

car-following model is one of the favorable microscopic

traffic models that depict the motion of cars by dif-

ferential equations. The optimal velocity (OV) model

proposed by Bando et al.,[3] as one of car-following

models, has successfully described the formation of

traffic jams and revealed the simplistic transition

mechanism. The phase transitions between the freely

moving traffic and jammed traffic have been clarified

by linear stability analysis. Subsequently, much work

has been done based on the OV model.[4−36] Among

them, some induced by headways,[4−15] others consid-

ered velocity difference.[16−31] Also, the interactions

of both headways and velocity differences were taken

into account in a few models.[32−35]

In this study, drivers may obtain multiple infor-

mation of headways and velocity differences from lead-

ing vehicles by making use of the intelligent trans-

portation system (ITS). Based on considering the ef-

fect of multiple information of leading vehicles, we pro-

pose a multiple car-following (MCF) model. Linear

stability analysis shows that this new model is more

stable than previous ones. Numerical simulation also

shows that our model is more reasonable than others.

The paper is organised as follows. We review the

performance of the previous car-following models on

the evolution of congestion in Section 2. In Section

3, the improved car-following model is presented. In

Section 4, linear stability analysis is conducted. In

Section 5, nonlinear analysis is done. Both analytic

and numerical methods of this model are used to anal-

yse some observed physical features which exist in real

traffic in Section 6. Finally we conclude the paper in

Section 7.

2. Previous car-following models

2.1.The optimal velocity model

In 1995, Bando et al. proposed a simple micro-

scopic traffic model called the optimal velocity model

(for short, OV model).[3] It was based on the idea that

each vehicle has an optimal velocity, which depends on

the following distance of the preceding vehicle. The

motion of a vehicle n is described by the following

equation:

dvn(t)

dt
= a [V (∆xn)− vn(t)] , (1)
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where xn(t) is the position of car n at time t, ∆xn =

xn+1 − xn is the headway between car n+1 and car

n at time t, a is the sensitivity of a driver, and V

is the optimal velocity function (OVF). Bando et al.

adopted an optimal velocity function as:[3]

V (∆xn) = 0.5Vmax[tanh(∆xn − hc) + tanh(hc)], (2)

where hc = 2 is the safety distance and vmax is the

maximal velocity.

2.2.Xue’s model

By taking relative velocity into account, Xue et

al. developed an extended model.[18−20] The dynamic

equation of a vehicle n is as follows:

dvn(t)

dt
= a [V (∆xn)− vn(t)] + λ∆vn, (3)

where λ is a sensitivity coefficient different from

a. ∆vn(t) is the velocity difference between the

preceding vehicle n+1 and the following vehicle n,

∆vn(t) = vn+1 − vn. Numerical simulation shows

that the relative velocity in the Xue’s model can sta-

bilise traffic flow and decrease the number of jamming

phases.[18−20] They derived the modified Korteweg-de

Vries (mKdV) equation for describing the traffic jam

in unstable region. In addition, Jiang et al.[17] pre-

sented a same simplified OV model for investigating

the effects of the relative velocity, which is different

from Xue’s model at the sensitivity coefficient.

3. Model

Recently, by applying the ITS, drivers can receive

information of other cars on the roads. Several traf-

fic flow models have been proposed involving the use

of ITS information[8−15,29−35] to enhance the stabil-

ity of traffic flow. Therefore, we put forward a more

useful model called the multiple car-following model

(MCF model), which performs more realistically in

the dynamical evolution of congestion by taking into

account the multiple information of preceding leading

vehicles through the ITS application. Evidence shows

that this new model is theoretically an improvement

over the Xue’s model, and retains many strong points

of the previous ones. The dynamics equation shows

as follows:

dvn(t)

dt

= a [V (∆xn,∆xn+1, . . . ,∆xn+m−1)− vn(t)]

+ λG(∆vn,∆vn+1, . . . ,∆vn+m−1),m ≪ n, (4)

where m is the number of the front vehicles total con-

sidered in our model. V (•) represents optimal veloc-

ities of considering m preceding vehicles. Equation

(4) shows that the optimal velocities of the preceding

vehicles are integrated into one synthesised optimal

velocity function V (•), which is assumed in a linear

form

V (∆xn,∆xn+1, . . . ,∆xn+m−1)

= p1V (∆xn) + p2V (∆xn+1) + . . . pmV (∆xn+m−1).

(5)

G(•) is a generic, monotonically increasing function,

and assumed to have a linear form as:

G(∆vn,∆vn+1, . . . ,∆vn+m−1)

= q1∆vn + q2∆vn+1 + . . . qm∆vn+m−1, (6)

where

m∑
l=1

pl = 1, pl =


p− 1

pl
, for l ̸= m,

1

pl−1
, for l = m,

m∑
l=1

ql = 1, ql =


q − 1

ql
, for l ̸= m,

1

ql−1
, for l = m,

(7)

pl and ql are the weighting values, 0 ≤ pl ≤ 1 and

0 ≤ ql ≤ 1, which mean the intensity of driver react-

ing to preceding vehicle l. In our paper, p = 2, 3, 4, . . .

and q = 2, 3, 4, . . . being a constant. It is well known

that the influence of the vehicle ahead on the vehi-

cle motion reduces gradually as the distance between

the considered vehicle and the vehicle ahead increases,

which means pl > pl+1 and ql > ql+1. Also, the proper

values of pl and ql could lead to desirable results. The

model (4) conforms to the Xue’s model ifm = 1, which

only considers the effect of the nearest-neighbor ahead

car.

4. Linear stability analysis

Linear stability analysis can be conducted for the

MCF model as follows. It is obvious that the vehicles

move with the uniform headway b and the optimal

velocity V (b, b, . . . , b) is the steady state solution for

Eq. (4), which is given as:

x0
n(t) = bn+ V (b, b, . . . , b)t with b = L/N, (8)
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where N is the total number of vehicles, and L is

the road length. Suppose yn(t) to be a small devi-

ation from the steady-state solution x0
n(t): xn(t) =

x0
n(t) + yn(t). Substituting it and Eqs. (5), (6) and

(8) into Eq. (4) and linearising the resultant equation

yields.

y′′n(t) = a

[
m∑
l=1

plV
′(b)∆yn+l−1 − y′n(t)

]

+ λ

(
m∑
l=1

ql∆y′n+l−1

)
, (9)

where ∆yn = yn+1(t) − yn(t), and V ′(b) =

dV (∆xn)/d∆xn |∆xn=b . By expanding yn(t),

yn(t) = e(iαkn+zt), in the Fourier-models:

z2 +

(
a− λ

(
m∑
l=1

ql( e
ikl− e ik(l−1))

))
z

− aV ′(b)

(
m∑
l=1

pl( e
ikl− e ik(l−1))

)
= 0, (10)

where z = z1(ik) + z2(ik)
2 + . . ., and inserting them

into Eq. (4) we have the first- and second-order terms

of coefficients in the expression of z respectively as

follows:

z1 = V ′(b),

z2 =

a
m∑
l=1

pl(2l − 1) + 2λ
m∑
l=1

ql

2a
V ′(b)− (V ′(b))2

a
.

(11)

If z2 is a negative value, the uniform steady-state

flow becomes unstable for long-wavelength modes,

while the uniform flow is stable when z2 is a positive

value. Thus the neutral stability condition is:

V ′(b) =
a

2

m∑
l=1

pl(2l − 1) + λ. (12)

For small disturbances with long wavelengths, the uni-

form traffic flow is stable if

V ′(b) <
a

2

m∑
l=1

pl(2l − 1) + λ. (13)

When m = 1, the result of stable conditions is the

same as that of Xue’s model:[18]

V ′(b) <
a

2
+ λ. (14)

Comparing the result with that of Xue’s model, we

can conclude that the improved model is stabilised in

the region a/2 + λ < V ′(b) < a/2
m∑
l=1

pl(2l− 1) + λ by

the effect of introducing the multiple information of

preceding vehicles, which means that the traffic flow

becomes more stable than that in Xue’s model by in-

troducing the multiple information of preceding vehi-

cles into original car-following model. It can also be

obtained that the more the number of preceding lead-

ing cars are considered, the more stable the traffic will

be.

The neutral stability line (solid line) in the pa-

rameter space (b, a) for different m, as m = 1, 2, 3, 5

respectively, is shown in Fig. 1. Where λ = 0.1 and

p = 5. The neutral stability criterion presents the jam-

ming transition curve among the free traffic, the in-

homogeneous coexisting phase, and the homogeneous

congested traffic. The apex of each curve indicates

the critical point. The traffic flow is stable above the

neutral stability line and a traffic jam will not ap-

pear. While below the line, traffic flow is unstable

and the density waves emerge. In addition, once the

homogeneous traffic flow becomes unstable, the traffic

flow evolves in time into an inhomogeneous jamming

phase, which is characterised by the presence of an al-

ternation pattern (congestion cluster) of high-density

and low-density regions, and all vehicles in the platoon

enter into a state of stop-and-go traffic after enough

time. From Fig. 1, it can be seen that the more vehi-

cles ahead are taken into account, the more the criti-

cal points and the neutral stability curves are lowered,

which means that the more we consider the effects of

information of preceding leading cars, the more stable

the traffic will be. The traffic jam is thus suppressed

efficiently. When m=1, the neutral stability line is the

same as that of the Xue’s model in single-lane freeway.

Fig. 1. The schematic profile of the phase diagram in the

parameter space (∆x, a).

Theoretically speaking, with the increasing value

of m, the traffic flow is more stable. However, with

056401-3



Chin. Phys. B Vol. 19, No. 5 (2010) 056401

the increasing value of m, the information of more

preceding leading vehicles need be collected and pro-

cessed too. According to Fig. 1, when m = 3, 5, cor-

responding curves are almost coincided, which shows

that the information of only three preceding leading

vehicles (m = 3) is enough to make the traffic suffi-

ciently stable under small disturbance, which is same

as the result of cooperative driving model that did

not consider the velocity difference in Ref. [8]. How-

ever, many references[16−35] have verified that velocity

difference has played important role in car-following

models, which also shows that MCF model is obvi-

ously superior to cooperative driving model. There-

fore, m = 3 is the optimal state in MCF model. That

is to say, considering the effect of the three preceding

leading vehicles on the following vehicle can suppress

the traffic jam effectively as well as save the resource.

Also it implies that this model is more useful with

the consideration of effect of three preceding leading

vehicles on the following car.

5. Nonlinear analysis

For convenience of later nonlinear analysis, we

rewrite Eq. (4) as the following form:

d2(∆x(t))

dt2
= a

{
m∑
l=1

plV (∆xn+l)−
m∑
l=1

plV (∆xn+l−1)]−
d(∆xn)

dt

}

+ λ

{
m∑
l=1

ql

(
d(∆xn+l)

dt
− d(∆xn+l−1)

dt

)
. (15)

We apply the reductive perturbation method to

Eq. (15) and focus on the system behaviour near the

critical point (hc, ac). With such treatment, the

nature of kink–antikink soliton solutions can be de-

scribed by the mKdV equation. We introduce slow

scales for space variable n and time variable t,[8,13]

and define the slow variables X and T as:[8,13]

X = ε(n+ bt), (16)

T = ε3t, (17)

where ε =
√
(ac/a− 1), 0 < ε ≤ 1, b is a constant

to be determined. From the parabolic form of the

neutral stability line near the critical point, it is ex-

pected that the amplitude of the density wave scales

c ∝ ε.[8,13] The headway is set as

∆xn(t) = hc + εR(X,T ). (18)

Substituting Eqs. (16)–(18) into Eq. (15), and making

the Taylor expansions to the fifth order of ε, we obtain

the following nonlinear partial differential equation:

ε2[b− V ′]∂XR+ ε3
[
b2

a
− V ′

2

m∑
l=1

pl(2l − 1) −λ
b

a

]
∂2
XR+ ε4

[
∂2
TR+

[
−V ′

6

m∑
l=1

pl(3l
2 − 3l + 1)

−λ
m∑
l=1

ql(2l − 1)
b

2a

]
∂3
XR −V ′′′

6
∂XR3

}
+ ε5

{(
2b

a
− λ

a

)
∂T∂xR +

[
−V ′

24

m∑
l=1

pl(4l
3 − 6l2 + 4l − 1)

− 1

24

m∑
l=1

ql(3l
2 − 3l + 1)

λb

a

]
∂4
XR −V ′′′

12

m∑
l=1

pl(2l − 1)∂2
XR3

}
= 0, (19)

where V ′ = dV (∆x)/d∆x|∆x=hc
, V ′′′ = d3V (∆x)/d∆x3

∣∣
∆x=hc

.

Near the critical point (ac, hc), with b = V ′, ac/a = 1 + ε2 and eliminating the second- and third-order

terms of ε from Eq. (19), equation (19) can be simplified as:

ε4[∂TR− g1V
′∂3

XR+ g2∂XR3] + ε5[g3∂
2
XR+ g4∂

4
XR+ g5∂

2
XR3] = 0, (20)
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where

g1 =
1

6
V ′

m∑
l=1

pl(3l
2 − 3l + 1) +

1

2

m∑
l=1

ql(2l − 1)λV ′/ac, (21a)

g2 = −V ′′′

6
, g3 =

1

2
V ′

m∑
l=1

pl(2l − 1), (21b)

g4 =

(
2V ′

ac
− λ

ac

)[
V ′

6

m∑
l=1

pl(3l
2 − 3l + 1) +

1

2

m∑
l=1

ql(2l − 1)λV ′/ac

]

+

[
− 1

24
V ′

m∑
l=1

pl(4l
3 − 6l2 + 4l − 1) −1

6

m∑
l=1

ql(3l
2 − 3l + 1)λV ′/ac

]
, (21c)

g5 = − 1

12
V ′′′

[
m∑
l=1

pl(2l − 1)− 4V ′/ac − 2λ

]
. (21d)

In order to get the standard mKdV equation, we use

the transformations

T ′ = g1T, R =

√
g1
g2

R′. (22)

Substituting Eq. (22) into Eq. (20), we obtain the reg-

ularised equation:[8]

∂TR
′ − ∂3

XR′ + ∂XR′3 + εM [R′] = 0, (23)

where

M [R′] =

√
1

g1

[
g3∂

2
XR′ +

g1g5
g2

∂2
XR′3+g4∂

4
XR′

]
.

(24)

Equation (23) is the modified KdV equation with an

O(ε) correction term. Firstly, we ignore the O(ε) term

in Eq. (23) and get the mKdV equation with the kink-

antikink soliton solution:

R′
0(X,T ′) =

√
c tanh

√
c/2(X − cT ′), (25)

where c is the propagation velocity. In order to de-

termine c for the solution of Eq. (23), the following

requirement must be satisfied:[8,13]

(R′
0,M [R′

0])

=

∫ +∞

−∞
dXR′

0(X,T ′)M [R′
0(X,T ′)]

= 0, (26)

where M [R′
0] = M [R′]. By solving the above equa-

tion, we obtain the selected velocity c for the kink–

antikink solution according to the general solution pre-

sented by Ge et al.:[8]

c = 5g2g3/(2g2g4 − 3g1g5). (27)

Hence, the kink–antikink soliton solution is of the form

(V ′ = 1, V ′′′ = −2).[8,13]

R(X,T )

=

√
g1c

g2

(ac
a

− 1
)
× tanh

√
c/2(X − cg1T ). (28)

Thus the general kink–antikink soliton of the headway,

i.e., the mKdV equation, is obtained:

∆xn(t) = hc +

√
g1c

g2

(ac
a

− 1
)
× tanh

√
c

2

(ac
a

− 1
)

×
[
j + V ′t− cg1

(ac
a

− 1
)
t
]
. (29)

Here the amplitude A of the solution is:

A =

√
g1c

g2

(ac
a

− 1
)
. (30)

The kink–antikink solution represents the coexist-

ing phase, which consists of the freely moving phase at

low density and the jammed (or congested) phase at

high density. The headway of the freely moving phase

and the jammed phase are given by ∆x = hc + A

and ∆x = hc–A, respectively. Thus, we can obtain

the coexisting curve in the (∆x, a) plane (see Fig. 1).

Komatsu and Sasa[37] and Muramats and Nagatani[38]

showed that the traffic flow could be divided into three

regions: stable, metastable and unstable regions. Our

model also exhibits the similar regions as shown in

Fig. 1. Therefore, the solution of the mKdV equation

gives the coexisting curve in the jamming transition.

When m = 1, the result is similar to that solved by

Xue et al.[18]
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6. Numerical simulation

A numerical simulation is carried out to observe

the traffic dynamics in the MCF model. For compar-

ison, we take the same parameters as those in Xue’s

model. There are N = 100 vehicles running on a road

with the length L = 200, under a periodic boundary

condition. We set the same initial disturbance as that

in Ref. [18]:

xN (0) = x
(0)
N (0) + 0.1,

xn(0) = x(0)
n (0), (n ̸= N), (31)

ẋn(0) = 0. (32)

Other parameters: a = 1, λ = 0.1, b = L/N , p = 5,

q = 4.

Firstly, we consider the case of MCF model at

different values of m. In order to get insight infor-

mation of the variation of vehicles, the snapshots of

the velocities of all vehicles at t = 100 s, t = 300 s

and t = 1000 s for MCF model are shown in Figs. 2,

3 and 4, respectively. We clearly see from the figures

that vehicle velocities tend to locate on the two typical

values as time develops. The homogeneous flow even-

tually develops into congestion, which corresponds to

stop-and-go traffic. However, we clearly observe the

appearance of the amplitude of the curves decreasing,

which shows that the more stable the uniform traffic

flow is, with the increasing value of m from 1–3.

Secondly, the velocity-headway trajectory in the

MCF model is compared to that in the Xue’s model

as follows. A closed trajectory called a hysteresis loop

is clearly observed in Xue’s model and MCF model,

respectively. When the traffic flow becomes stationary

after sufficiently large time, the motion of all vehicles

Fig. 2. Snapshot of the velocities of all vehicles at different

values of m when t = 100 s in MCF model.

Fig. 3. Snapshot of the velocities of all vehicles at different

values of m when t = 300 s in MCF model.

Fig. 4. Snapshot of the velocities of all vehicles at different

values of m when t = 1000 s in MCF model.

forms a loop as shown in Figs. 5–7 separately. Chang-

ing the value of m, loops of different size can be ob-

tained in MCF model [see Fig. 5], which shows that

the more vehicles are taken into account, the smaller

the area of loops is. The result is the same as the re-

sults in Ref. [18] when m = 1. From Fig. 6, it shows

that the hysteresis loops become smaller with the de-

creasing of p and q at m = 3. When p = 3 and

q = 2, criterion (13) is held, the traffic flow is sta-

ble, the hysteresis loop will not be generated, and in

phase space, there will be only a point H on the op-

timal velocity curve instead. The unrealistic phenom-

ena of the negative velocity appear if the condition

of a < 0.68 is satisfied in Xue’s model according to

Fig. 7. From Fig. 7, the unrealistic negative velocity

can disappears in MCF model by considering the mul-

tiple information of leading vehicles. From this point

of view, MCF model describes the traffic dynamics

more exactly when the value of m over 1, which fur-

thermore verifies that the modification of Xue’s model

is more reasonable and realistic than previous ones.

Obviously, a decreases with the increasing value of m

under stable traffic flow.
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Fig. 5. Loops for the MCF model at different values of

m. The dashed curve represents OVF.

Fig. 6. Loops for the MCF model at different values of p

and q when m = 3. The dashed curve represents OVF.

Fig. 7. Loops for the MCF model at different values of m

when a = 0.68. The dashed curve represents OVF.

Finally, the plot of the headway versus car num-

ber is given at two different large times in Fig. 8 when

p = 4 and q = 3. In patterns (a) and (b), the traffic

flow is unstable because the stability condition is not

satisfied for m = 1, 2. When a small disturbance is in-

troduced into the homogeneous traffic flow, the traffic

flow evolves into the inhomogeneous traffic flow due to

the amplification of the perturbation after sufficiently

long time. In patterns (c) and (d), the traffic flow is

stable for m = 3, 4. So our conclusion is that the

Fig. 8. The headway profiles of all cars at t = 1000 s and t = 1080 s for m = 1, 2, 3, 4.
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uniform traffic flow is getting more and more stable

with the number of the considered front vehicles in-

creasing in the pattern (a) to (d). It is not enough for

suppressing the traffic congestion that only the next-

nearest-neighbor interaction is taken into account with

the same sensitivity in this simulation.

From Fig. 8, we can also see that the kink–

antikink soliton solution appears as traffic jams. In

the headway profiles, the two curves at t = 1000 s and

t = 1080 s exhibit the same shape and the propaga-

tion direction is backwards, which is obviously seen

from patterns (a) and (b). The amplitude of the den-

sity waves decreases with the number of the consid-

ered front vehicles increasing in the pattern (a) to (d).

Moreover the two curves in patterns (c) and (d) are

coincided and the density waves disappear. The traf-

fic jams are suppressed effectively by considering more

interactions.

7. Conclusions

We introduce an improved MCF model for a sin-

gle lane car-following theory which is more realistic

than the Xue’s model by taking the multiple infor-

mation of leading vehicles into account. Linear sta-

bility analysis has been done and the stable criterion

is given. The kink–antikink soliton solution of the

mKdV equation near the critical point is derived to

describe the traffic jams. The kink–antikink soliton

solution appeared as traffic jams and the propaga-

tion direction of the density waves are exhibited in

the same pattern. From the numerical simulation, we

can conclude that the stabilisation of traffic is increas-

ing efficiently by taking into account the information

of more leading cars. Also simulation results directly

indicate that the preceding vehicles term has an im-

portant impact on the traffic dynamics.
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