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Elastic behaviour of a wedge disclination dipole near a
sharp crack emanating from a semi-elliptical blunt crack*

Song Hao-Peng(K5¢), Fang Qi-Hong(J7#ik), and Liu You-Wen (X X )t

College of Mechanics and Aerospace, Hunan University, Changsha 410082, China

(Received 18 January 2009; revised manuscript received 4 December 2009)

The interaction between a wedge disclination dipole and a crack emanating from a semi-elliptic hole is investigated.

Utilising the complex variable method, the closed form solutions are derived for complex potentials and stress fields.

The stress intensity factor at the tip of the crack and the image force acting on the disclination dipole center are also

calculated. The influence of the morphology of the blunt crack and the position of the disclination dipole on the shielding

effect to the crack and the image force is examined in detail. The results indicate that the shielding or anti-shielding

effect to the stress intensity factor increases when the wedge disclination dipole approaches the tip of the crack. The

effects of the morphology of the blunt crack on the stress intensity factor of the crack and the image force are very

significant.
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1. Introduction

Disclinations are very important lattice defects
with a long range distortion field analogous to dis-
locations. A unit disclination is a special and very
strong source of internal elastic stress and possesses
an energy which is very large in comparison with the
energy of a dislocation. However in the case of self-
screened disclination configurations, such as disclina-
tion dipoles and disclination loops, the energy may
be relatively small and disclinations can exist in crys-
talline and amorphous materials.[') Disclination elas-
tic fields determine many of the physical properties of
the phenomena in the deformation process of materi-
als. As a result, a great deal of work was conducted
on the elastic fields and elastic energies produced by
screened disclinations.[!—?!

On the other hand, dislocations/disclinations in
the vicinity of a crack tip play an important role in
fracture mechanics. When plastic deformation has
occurred around a crack tip, the stress field in the
vicinity of the tip alters. One of the mechanisms,
the dislocation emitted from the crack tip into the
plastic zone, can reduce the stress intensity factor
at the crack tip. This phenomenon is known as the
dislocation /disclination shielding effect.[5] Apart from

the dislocation/disclination shielding effect, the crack

blunting is another important mechanism which can
reduce the stress field around the crack tip. Hence,
the interaction between dislocations/disclinations and
blunt cracks has prompted many investigations.!” =9
Vehoff and Neumann'® provided experimental evi-
dence that the crack widens as it propagates, but its
tip still remains sharp. In addition, Ohr!*!! also pro-
vided experimental evidence that the emission of a
dislocation from crack tip results in crack blunting.
When the crack is blunted to a certain extent, the
emission of dislocations from a crack tip can be inter-
rupted. The blunted crack will not propagate until
the nucleation of a new sharp crack. The disloca-
tion may be re-emitted from a sharp crack emanating
from the blunt crack. Shiue and Leel'?l considered
the problem of the elastic interaction between screw
dislocations and the blunt crack with a sharp crack.
In addition, indentations at the surface of materials
often bring about cracks and finally lead to fracture.
Therefore the elastic interaction between a screw dis-
location dipole and a sharp crack emanating from a
surface semi-elliptic hole was investigated by Yang et
al.'3] However, the problem of a wedge disclination
dipole interacting with a crack emanating from a sur-
face semi-elliptic hole has not been studied due to the
complexity of the calculation. Hence, the purpose of
this work is to discuss the effect of the morphology of
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the blunt crack and the position of the wedge discli-
nation dipole on the shielding effect and the image
force, which can give a better insight into plastic de-
formation mechanism and fracture and a better un-
derstanding of the mechanisms of strengthening and
toughening of materials.

In the present paper, we analyse the elastic in-
teraction between a wedge disclination dipole and a
sharp crack emanating from a surface semielliptic hole
by the conformal mapping technique and the complex
variable method. The stress intensity factor at the tip
of the crack and the image force acting on the wedge
disclination dipole centre are derived. The influence
of the morphology of the blunt crack and the position
of the wedge disclination dipole on the shielding effect
to the crack and the image force is also discussed.

2. Problem statement and solu-

tion

The current problem is shown in Fig. 1(a). A
free surface z = 0 contains a semi-elliptic hole where
its centre is located at the origin, and A and B are,
respectively, the lengths of the major semi-axis and
minor semi-axis of the ellipse. A sharp crack of length
L—-A emanates from the semi-elliptic hole along the
positive x-axis. The wedge disclination dipole con-
sists of a positive disclination with strength w at
21(= 21 +1iy1 = 20 —ae'¥) and a negative disclination
with the same strength at zo(= @ + iys = 2o +ael®)
so that the dipole arm has length 2a. Both disclina-

tion lines are perpendicular to the xoy-plane.
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Fig. 1. An wedge disclination dipole near a sharp crack emanating from a semi-elliptic hole (a), and {-plane after

conformal mapping (b).

For a plane strain problem, stress fields and dis-
placement fields can be expressed in terms of two
Muskhelishvili’s complex potentials ¢(z) and 1(z) as

follows:
Ouz + 0yy = 2[¢'(2) + ¢/ (2)], (1)
Oyy — i0zy = ¢'(2) + ¢/ (2) + 29" (2) + ¥/ (2), (2)
2(uy + 1uy) = kp(2) — 29 (2) — P(2), (3)

with z = 2+ iy and K = 3 —4v in which p is the shear
modulus and v Poisson’s ratio. The superposed bar
denotes a complex conjugate, and the prime denotes
differentiation with respect to argument z.

Introduce the following mapping function:[!3]

AP+ L2+ B\ + L2 CP?
- Cc2p ’

z=w(()

(4)

with ¢ = n + i§,P = L/(LA— By/L? —C?) and
C =+A2-B2 , which maps the surface blunt crack
in the z-plane into a half space in the (-plane (1 > 0)
as shown in Fig. 1(b).

With the aid of the mapping function Eq. (4),
Equations (1) and (2) can be rewritten in the {-plane
as follows:

Ozx + Oyy = 2[¢(C) + ¢(<)]7 (5)

Oyy — ia'acy = @(C) + % + QSI(C) + @’ (6)

where &(C) = ¢'(Q)/w'(C), ¥'(C) = (¥"(O)w'(C)

—¢'(Qw"(O))/[w'(¢)]* and ¥(¢) = ¥’ () /w'(C).
According to Ref. [5], if a wedge disclination

dipole is located at an arbitrary point 2y, complex
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potentials p(z) and ¥(2) can be chosen as
Dw

o(z) = D20z~ )z — 1) — (= — ) (= — )]

+¢o(2), (7)
9() = D2 1mn(e - 2) — 21z - 21)] + (), (9
where D = p/2n(1 — v), po(2) and to(2) refer to

the terms resulting from the interaction of the wedge

disclination dipole with the surface blunt crack.
Substituting Eq. (4) into Egs. (7) and (8), the

complex potentials in the {-plane are given as

©(¢)
= D20 G)mlc - ) — Hal¢ - G)In(c - o)
+§00(<)7 n > Oa (9)
¥(Q)
= D;][ n(¢ — ¢2) — 21 In(¢ — ¢1)]
+¢o(C), 1 >0, (10)
_ 1 Al B¢
whereHl—CQP <\/C12+L2+\/C12+L204P2>’
and Hy = 1 e B¢,

C?P\\/G+I1? JZ+L>-C'P?
Applying the Riemann—Schwarz symmetry prin-
ciple, a new analytic function x(¢) can be introduced

as follows:
WO =0 5E + 00, n>0. ()
The substitution of Egs. (9) and (10) into Eq. (11)
vields
x(¢)

_ Dw

25 (6) = 25 (1) = 2 -w(0) In(~¢ — &) + @(0)]
Dw

—““*[111(4 ¢1)In(¢ —¢1) —

According to the Plemeij formula, we obtain

eo(0) = 2100 (¢ ~ &) +@(() In
2(¢) = D[HC ~ )¢ — ) -

(¢ — ()]
Hy(¢ = ¢2)In(¢ — (2)]- (18)

_ %[_w@ (¢ — ¢1) +w(¢) In(¢ — )]

225 m( - 6) - A - Q)+ x0(0)- (12)

Following Muskhelishvili’s treatments, the
traction-free boundary condition along the imaginary

axis is satisfied by

€)= (13)

o)+ 257 4

To treat the boundary conditions on the inter-
face, it is convenient to introduce the following ana-

lytic function:

2(¢)

= —X(=¢)
Dw. _ _ _

= P20~ ) +(C) (¢ ~ &)
—%[Zz In(—¢ — () — 21 In(—¢ — G)]
+£20(¢), n<0. (14)

Using Eq. (13) together with Eq. (14), we have
P () =27 (t) =0, (15)

where ¢ denotes the point on the imaginary axis in
the (-plane. The superscripts + and — denote the
boundary values of a physical quantity when ( ap-
proaches the imaginary axis from n > 0 and n < 0,
respectively. Considering Egs. (9) and (14), boundary

condition Eq. (15) can be rewritten as

1(~¢~ &)~ 22z (¢~ &) — 21 In(—¢ ~ )
Hy(¢ — () In(¢ — )] (16)

- TM[Zz In(—¢ — &) — 21 In(—=¢ — G1)], (17)

Substituting Eq. (17) into Eq. (9), the complex potential ¢(¢) is given as

00 = 200 m(-¢ - &) + 60
+&[H1(C G)In(¢ =) =
From Egs. (14) and (18

(¢~ &)~ 22lean(~¢ ~ &) — 21 In(~¢ ~ G)]
Hs(¢ = ¢2) In(¢ — &) (19)

), the complex potential x(¢) can be obtained to be
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X(©) = DO (¢~ () + (O (¢~ 6]+ 22 [ In(¢ — &)~ 2 InC — )
P (- Q)¢ - Q) ~ Ea(~¢ - B In(~¢ - Go)]. (20)
The substitution of Eqgs. (19) and (20) into Eq. (11) yields
¥(0
_AVCH L+ BYC AL —CIP? (Do oo ey o ey @0 @(Q)
SR S— (52 [ mi-c - @) + @/ Omi-¢ - Gy + 1 - <
\/@ 1+ L2 \/CZ 1+ L2 _(C4p2
Dw 29 zZ1 Dw
t— G —C—Cl] +7[H1 In(¢ — ¢1) — HaIn(¢ — C2) + Hy —H2]>
22O~ )+ @O - @)+ D (¢~ )~ e - )]
P (¢ Q) In(~¢ - )~ Ea(~¢ - &) In(~¢ - G (21)

In view of Egs. (1)—(6) and the obtained complex potentials, the stress fields and displacement fields can
be easily derived. Here we omit the details for saving space.

3. Stress intensity factors at crack tip

Stress intensity factor (SIF) near the crack tip is a very important and meaningful physical quantity.
According to Zhang et al.l'¥l the stress intensity factor at the crack tip can be found from the complex stress
field to be

. . ¢'(€)
K1 —iKy = 2v2r limy w(¢) —w(0)5 o (22)

with

¢ = 52 |Om(—¢ - ) - (Oln(—¢ G + S - ZG | B (B B

(+G C+al 2 \(+& (+a
+%[H1 In(¢ — Q) — HeIn(¢ = G2) + Hy — Ha], (23)
o oL AQ B¢
The substitution of Eqgs. (23) and (24) into Eq. (22) yields
i, B
LopyIF—cipe\ L VL2 - CiP
Ki — iKy = 7Dw Lid
LB+ AVIL? - Cip?
x (ch —é+% —%JFHI In(—C1) — Holn(—Go) + Hy —HQ). (25)

Using Eq. (25), Fig. 2 shows the curves for nor-  tensity factor K1 = 0. The shielding effect is maximal
malised SIF Kjg = K1/10v/ADw versus ¢ with differ-  around ¢ = 47 and the anti-shielding effect is maxi-
ent values of L/A. Tt is found that the wedge discli-  mal around ¢ = 0. The shielding effect to K7 increases
nation dipole will anti-shield the tip first, and then  with the increase of L/A.
shield it with the increase of the absolute value of Figure 3 shows the curves for normalised SIF

@. There exist a critical value of ¢ and stress in- Ko = K1/10v/ADw versus # (radian) with different
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values of L/A. The anti-shielding effect increases with
the increase of L/A. The anti-shielding effect is max-
imal around 0 = £2.
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Fig. 2. Curves for normalised SIF Kig versus 6 with dif-
ferent values of L/A for b, = 0, A/by = 10%, B/b, = 103,
and d/b, = 103.
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Fig. 3. Curves for normalised SIF Kig versus 6 with dif-
ferent values of L/A for by =0, A/b, = 10%, B/b, = 103,
and d/by = 103.

l

The variations of the normalised SIF K9 =
KH/IO\/ZDUJ with ¢ are shown in Fig. 4 with dif-
ferent values of B/A. Tt is seen that Ky is always
negative (shielding effect) when ¢ < 0. The shield-
ing effect to K1 produced by the wedge disclination
dipole is maximal as ¢ = —7/2 and the anti-shielding
effect is maximal around at ¢ = 7/2. The shielding
effect to K7r also increases with the increase of B/A.
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Fig. 4. Curves for normalised SIF Ky versus 6 with dif-
ferent values of L/A for by =0, A/by = 104, B/b, = 103,
and d/b, = 103.

4. Image force on wedge disclina-

tion dipole centre

In the present work, the force components per
unit length on the disclination dipole centre can be
calculated approximatively from the Peach—Koehler
formulal?!

fo —ify = 2wacos 9o,y + 2wasin oy, + i[2wa cos Yo 4, + 2wasin Yo 4y (26)

where 044,04y, and o, are the components of the perturbation stress at the disclination dipole centre in the
Cartesian coordinates. The perturbation stresses can be calculated by the perturbation stress functions @7 (zo),
@3 (20) and ¥y (z0) in the region St. Referring to Ref. [15] by Qaissaunee and Santare, equation (26) can be
rewritten as

fo —ify = 2wae'?[®*(¢o) + P*(Co)] + 2wae ' P[ZP" (Co) + T*((o)]- (27)

According to the work of Stagni, Ref. [16], the perturbation complex potentials *({y), @'* (o) and ¥*((o)
may be calculated as follows:

ey — i | £©  20(©)

T [W’(O w(’)(C)] ’ (28)
ey = i | 2HQWC) = P (QW(€) w5 (Qw(€) — #u(Q)w” ()

P (CO) - CIHCO |: [w/(c)]?) [(,J(C)]fi , (29)

7" (Go) = lim

[W(O Yo
¢—<Co

w'(¢)
The substitution of Egs. (23) and (24) into Eqgs. (28)—(30) yields
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D = = . » D

B {w’(g) eSO e T G CWJ(rCsz - Cwicgl} - TW (C fC_z - CilC_l)

3 (Cy) = , 31

(©) N (3
C?P\\JZ+I1? /@Z+L>—-CP?

Dw _ [w’(C)(C +G) —@(Q) @O+ C) —@(¢)

(C+G)? (C+¢)?

' (¢o) =
2

1 Ao . Bdo
C?P\ \JZ+L> \/G@+L>-Cip?
— 11 s FN AN s (I)/(C) _ w'(¢) %2 _ A1
+w (C)ln( C CQ) w (C)ln( C Cl) + <+§2 <+<_1 + (<+§2)2 (<+<_1)2
(A(§§ +L%) — AG + B(¢§ +L? — C'P?) — BC3>
(G + L2)3/2 (GG +L> —cip2)3i2 ) Dw { w() @)
2

; FIARTTIARAL
C4Pp?

3

Ao n By
VE+L2 \JE+L2-C4P?
(O In(—C = &)= =2 A ] , (32)

(+C6 ¢+Q
AVGEHID+BYV@+ L2 —CIP2 Dw [&/(QC+G) @) &'(QC+E) —w(Q)

w* = _— — — =
() 1 Ao B¢ 22 [ (€ +¢)? (C+&)?
C?P\ /@ +12 @+ L2 CiP?

(O (¢ — &) — (O In(~C — &) + L 2 e

(1G +G  Cr0rE (Cra)y

(op (AG+LD) — AG | B(G+ L2 - C*P?) - BG
@G+1P (@GP

) (AVE+T7+ BYG+ 17— CP?)

+ 3

Ao n B(o
VE@+L2 @+ L*-CP?

—@'(OIn(—¢ = G) +&'(¢) In(—¢ — ¢2)

cp Dol

Ao B 2
VE+L2 /@ +L*-C4P?
w(¢) w(¢) 29 2 }
B —+H; — H — — _
(-G —C—C2+ ! 2+—C—C2 —(—Q
%[*Hl In(—¢ — (1) + HoIn(—¢ — () — Hy + Ho) (33)
1 A6, B '
C?P\ \JGZ+L? +/GZ+L>—CiP?

+

Now the detailed expression of the image force can  tracted by the crack. The attraction force acting on
be found from Eq. (27) together with Eqgs. (31)—(33).  the wedge disclination dipole decreases with L/A and

In the following discussion, we consider the case  x(/L increasing. Figure 6 shows the variations of nor-
where the wedge disclination dipole lies on the z-axis ~ malised image force f.o = f./Dw?a with B/A for dif-
(z0 = xo > L). Figure 5 shows the curves for nor-  ferent values of L/A and zo/L. It is seen from Fig. 6
malised image force f.o = f./Dw?a versus xo/L with  that the attraction force acting on the wedge disclina-
different values of L/A. It can be found that the  tion dipole increases with the increase of B/A, while
normalised image force f,o is always negative, which  the attraction force decreases with L/A and x¢/L in-
means that the wedge disclination dipole is always at-  creasing.
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Fig. 5. Variations of normalised image force fro with
zo/L for different values of L/A at A =1, B = 0.1, and
by = 0.
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Fig. 6. Variations of normalised image force f.o with B/A
for different values of L/A and zo/L at A =1, and by = 0.

5. Conclusions

The problem of a wedge disclination dipole in-
teracting with a sharp crack emanating from a sur-
face semielliptic hole is solved by the conformal map-
ping technique and the complex variable method. The
closed form solutions are derived for complex poten-
tials and stress fields. The stress intensity factor at
the tip of the crack and the image force acting on the
wedge disclination dipole centre are also calculated.
The influence of the morphology of the blunt crack
and the position of the wedge disclination dipole on
the shielding effect to the crack and the image force is
discussed.

The results show that the wedge disclination
dipole can reduce SIF Kj at the tip of the crack
(shielding effect) only when |p| > 7/2 and the wedge
disclination dipole can reduce SIF Ki; at the tip of
the crack only when ¢ > 0. The shielding or anti-
shielding effect to the stress intensity factor increases
when the wedge disclination dipole approaches the tip
of the crack. In addition, the effect of the morphology
of the crack on the image force on the wedge disclina-
tion dipole center is very significant. The attraction
force produced by the blunt crack increases with the
increase of B/A but decreases with L/A and x¢/L in-

creasing.
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