
Chin. Phys. B Vol. 19, No. 5 (2010) 054206
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Through the picture of dressed states, this paper investigates the spontaneous emission spectrum from a microwave-

driven three-level atom embedded in double-band photonic crystals. The physical dynamics of the phase dependent

phenomenon are analysed by comparing two models ‘upper level coupling’ and ‘lower level coupling’. When the phase

is changed from 0 to π, the variety of spontaneous emission spectra from either of the two models are inverse to each

other, in which the relative height and width of the peaks are determined by the density of states in photonic crystals.
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1. Introduction

The process of spontaneous light emission is the

collective quantum dynamics of electromagnetic ra-

diation field and an atom. It has been shown that

the modification and control of the spontaneous emis-

sion spectrum (SES) can be achieved by two aspects.

On one side, atoms are put into photonic crystals

(PCs) or the cavities, which have different densities

of electromagnetic modes interacting with atoms. A

narrow spectral line is presented in SES[1,2] and the

upper state population reaches a steady state value

with a slight oscillation.[3] On the other side, atoms

are coupled with external coherent fields, especially

to modulate the relative phases between the exter-

nal fields.[4−6] Large enhancement or complete elimi-

nation of fluorescence spectra is achieved. Recently,

many researchers are interested in controlling the

spontaneous emission in a cavity varying the relative

phase.[7,8] The threshold value is controlled and quan-

tum logic devices will be realized in experiments.[9]

Unfortunately, phase control of spontaneous emission

from a double-band PCs has not been researched.

In free space, the modification of the phase differ-

ence allows us to efficiently control the shape of the

spontaneous emission spectrum and the population

dynamics, which was explained by Knight,[10,11] and

Martinez and Herczfeld.[12] However, in PCs, abrupt

changes in the density of states (DOS) and pho-

tonic band gap (PBG)[13−15] may drastically mod-

ify the emission dynamics. These modifications can

be viewed as long time memory effects and mani-

festations of non-Markovian behaviour in the atom-

reservoir interaction.[16]

In this paper, we investigate the SES in the sit-

uation that the energy interval between the two close

levels is smaller than the strength of external field.

Then the two spectral structures α1,2 and β1,2 locate

in each side of the band gap in PCs. The different

relative height and width of peaks in the SES are in-

fluenced by the DOS in different reservoirs. The width

of the peaks in isotropic PBG is narrow in compari-

son with that in anisotropic PBG and vacuum, where

SES are similar to each other. And the relative height

changes as the variety of the different DOS. Then the

origin of the phase dependence phenomenon, which is

the consequence of the quantum interference, is de-

scribed in detail. We found that the variety of the

relative phase can bring oppositive influence on the

two models. When the phase is changed from 0 to π,

the two SES of each system are almost symmetrical

with each other.

This paper is organized as follows. In Section 2,

we derive the equations for describing the SES of the

atom. In Section 3, the general calculated results and

analysis of them are presented. The conclusions are

summarized in Section 4.
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2. The simplified models

In our model system, a three-level atom with the

two close levels are driven by a microwave field of an-

gular frequency with ω0, Rabi frequency Ω0, as shown

in Fig. 1. The dipole allowed transitions are coupled

by the same reservoirs, which are the isotropic PBG

modes, anisotropic PBG modes and vacuum modes,

respectively. The Rabi frequency Ω0 is given by the

product of the driving field amplitude and the phase

term, Ω0 = |Ω0|eiϕ. We assume that the phase of

the pump laser field which is used to populate the up-

per levels is equal to zero, so the phase dependence

is only related to the variety of the phase of the con-

trolled laser field ϕ. The two models given in this pa-

per are introduced as follows. The first one, as shown

in Fig. 1(a), is ‘lower level coupling’ model, where the

two close lower levels in a Λ-type atom are coupled

by a microwave field. The second one, as shown in

Fig. 1(b), is the ‘upper level coupling’ model. In this

model two close upper levels in a V-type atom are

coupled by a microwave field. The atom initially pre-

pared in its excited states can decay spontaneously to

the ground state through dipole-allowed transitions.

Fig. 1. Schematic representations of a driven three-level

system: (a) for the ‘lower level coupling’, (b)for the ‘upper

level coupling’. The solid lines denote the microwave field,

and the dash lines indicate the dipole allowed transitions.

The dispersion relations near the PBG edges are

approximated by{
ωk = ωc1 −A1(k − k0)

2, k < k0,

ωk = ωc2 +A2(k − k0)
2, k > k0,

(1){
ωk = ωc1 −A1|(k − k0)|2, |k| < |k0|,
ωk = ωc2 +A2|(k − k0)|2, |k| > |k0|,

(2)

ωk = ck, (3)

for isotropic, anisotropic and vacuum dispersion rela-

tion, respectively. Here An ≈ ωcn/k
2
0 (n = 1, 2), ωc1

and ωc2 are the upper and lower frequencies at the

edges of the forbidden gap, respectively.

2.1. Equations for the SES of the ‘lower

level coupling’

In the interaction representation and the rotating

wave approximation the interaction Hamiltonian can

be written as:

HI = HA +HB, (4)

HA = −δ0 |2⟩ ⟨2|+ i h̄(Ω0 |2⟩ ⟨1| − Ω∗
0 |1⟩ ⟨2|), (5)

H l
B = i h̄

∑
kλ

[g31kλ(b
†
kλ |1⟩ ⟨3| ei

δk1t −H.c.)

+g32kλ(b
†
kλ |2⟩ ⟨3| ei

δk2t −H.c)], (6)

δ0 = ω0 − ω21, δkj = ωk − ω3j , (j = 1, 2),

where HA relates to the driving field. H l
B correlates

with the interaction between models and reservoirs.

The b†kλ, bkλ are creation and annihilation operators

for the kth mode with frequency ωk. It should be

noted that the superscript l denotes the operation in

the ‘lower level coupling’,

g3jkλ =
ω3jd3j

h̄

√
h̄

2ε0ωkV
ek · d3j

is the frequency-dependent coupling constant between

the atomic transition |3⟩→|j⟩ and the mode {kλ} of

the radiation field.

We show that a convenient set of dressed atomic

states paves the way to a much more natural descrip-

tion of the atomic dynamics. According to Eq. (5),

we can obtain the dressed atomic eigenstates in both

models,

|α⟩ = sin θ |1⟩+ cos θ i eiϕ |2⟩ ,
|β⟩ = cos θ |1⟩ − sin θ i eiϕ |2⟩ , (7)

and the corresponding eigenvalues are given by

λγ = −δ0
2

±

√(
δ0
2

)2

+ |Ω0|2, (γ = α, β),

where

sin θ =
|Ω0|√

|Ω0|2 + |λα|2
, cos θ =

|Ω0|√
|Ω0|2 + |λβ |2

.

So the expanded state vector of the system in the

interaction picture can be written as

|Ψ l(t)⟩ = C l
3(t) |3, 0⟩

+
∑
kλ

[αl
kλ(t) |α, 1k⟩+ βl

kλ(t) |β, 1k⟩]. (8)

Substituting Eqs. (4) and (8) into Schrödinger equa-

tion, i h̄(∂/∂t)Ψ = HΨ , we obtain the equations of

motion. The SES of the model, S(ωk), is the Fourior

transform of the equation,[17]
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⟨E−(t+ τ)E+(t)⟩t→∞ = ⟨Ψ l(t)|
∑
k,k′

b†kbk′eiωk(t+τ)e− iωk′ t|Ψ l(t)⟩t→∞. (9)

From and Eqs. (8) and (9), we can obtain the SES

Sl(ωk) ∝ D(ωk)[
∣∣αl

kλ(∞)
∣∣2 + ∣∣βl

kλ(∞)
∣∣2], (10)

where D(ωk) is the DOS of the radiation field, which can be derived as[16]

D(ωk) =
√
ωk − ωc2Θ(ωk − ωc2) +

√
ωc1 − ωkΘ(ωc1 − ωk), anisotropic PBG, (11)

D(ωk) =
1√

ωk − ωc2
Θ(ωk − ωc2) +

1√
ωc1 − ωk

Θ(ωc1 − ωk), isotropic PBG, (12)

D(ωk) = 1, vacuum, (13)

and

αl
kλ(∞) = −g31kλC̃

l
3(sα1) sin θ + i g32kλe

− iϕC̃ l
3(sα2) cos θ,

βl
kλ(∞) = −g31kλC̃

l
3(sβ1) cos θ − i g32kλe

− iϕC̃ l
3(sβ2) sin θ,

sγj = − i(δkj + λγ), (14)

where

C̃ l
3(s) = {s+ [(G̃α1

11 + G̃β2
22 ) sin

2 θ + (G̃β1
11 +Gα2

22 ) cos
2 θ] + i[(G̃α1

12 − G̃β1
12 ) sin θ cos θe

iϕ

+(G̃β2
21 − G̃α2

21 ) sin θ cos θe
− iϕ]}−1. (15)

In the above equations

G̃γj
jl (s) =

1

2
pjplηjl(

√
− i

√
s− i δjc1 − λγ +

√
i
√
s− i δjc2 − λγ), anisotropic PBG, (16)

G̃γj
jl (s) =

1

2
pjplηjl

( √
i√

s− i δjc1 − λγ

+

√
− i√

s− i δjc2 − λγ

)
, isotropic PBG, (17)

G̃γj
jl (s) =

1

2
pjplηjl, vacuum (j, l = 1, 2),

they are the Laplace transforms of the delayed Green

function

Gγj
jl (t− t′) =

∑
k

g3jkλg
3l
kλ exp[− i(δkj + λγ)(t− t′)],

and the definitions of the parameters are:

αj =
1

2πε0

ω2
jd

2
jω

1/2
c2

3h̄c3
, pj =

√
αj ,

β
3/2
j =

1

2πε0

ω2
jd

2
jω

3/2
c2

3h̄c3
, pj =

√
β
3/2
j ,

γj =
2

πε0

ω3
jd

2
j

3h̄c3
, pj =

√
γj ,

here, the parameters βj and α2
j are the resonant fre-

quency splittings[16] of anisotropic and isotropic PBG,

γj is the effective decay rate for the transition from

the upper level |3⟩ to the lower level j in the vacuum

reservoir.

The η12 is the coherent coupling coefficient of

the transitions between |3⟩→|1⟩ and |3⟩→|2⟩ (|2⟩→|0⟩
and |1⟩→|0⟩ for the ‘upper level coupling’) coupled

to the PBG and vacuum modes. So when η12 = 1,

namely, the associated dipoles are parallel or antipar-

allel, the two transition paths are tangled with each

other and the quantum interference is maximal. And

when η12 = 0 meaning that the associated dipoles are

orthogonal, there is no quantum interference between

the two transitions. The parameter ηjj is independent

of η12 and constantly equal to 1.[1]

The SES we obtained for the ‘lower level coupling’

is demonstrated in Fig. 2. Some necessary parameters

are defined: δk = ωk − (ωc1 + ωc2)/2 is the detun-

ing of frequency of radiation field in the middle of the

forbidden gap. δc2c1 is the width of the PBG, and

δjcl = ω3j − ωcl (δjcl = ωj0 − ωcl in ‘upper level cou-

pling’).
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Fig. 2. The spontaneous emission spectrum S(δk) for the ‘lower level coupling’ as a function of detuning δk: (a)

double-band anisotropic PBG reservoir; (b) double-band isotropic PBG reservoir; (c) vacuum reservior. The dash lines

denote ϕ = 0 while the solid lines denote ϕ = π. The parameter η12 = 1 and the other parameters are pj = 1, Ω0 = 10,

ω21 = 2, δc2c1 = 2, δ2c1 = −1.

2.2. Equations for the SES of the ‘upper

level coupling’

For the ‘upper level coupling’, we make the simi-

lar calculations as the above part. The perturbed item

in the Hamiltonian is

Hu
B = i h̄

∑
kλ

[g10kλ(b
†
kλ |0⟩ ⟨1| ei

δk10t −H.c.)

+g20kλ(b
†
kλ |0⟩ ⟨2| ei

δk20t −H.c.)], (18)

δkj0 = ωk − ωj0.

It should be noted that the superscripts u denotes the

operation in the ‘upper level coupling’, and

gj0kλ =
ωj0dj0

h̄

√
h̄

2ε0ωkV
ek · dj0

is the frequency-dependent coupling constant between

the atomic transition |j⟩→|0⟩ and the mode {kλ} of

the radiation field. The expanded state vector is

|Ψu(t)⟩ = αu(t) |α, 0⟩+ βu(t) |β, 0⟩

+
∑
kλ

Cu
kλ(t) |0, 1k⟩ . (19)

So the SES can be written as

Su(ωk) ∝ D(ωk)|Cu
kλ(∞)|2, (20)

where

Cu
kλ(∞) = i g20kλe

iϕ[αu(s2) cos θ − βu(s2) sin θ]

+g10kλ[α
u(s1) sin θ + βu(s1) cos θ],

sj = − i δkj0, (21)

and the delayed Green function is defined as

Gjl(t− t′) =
∑
kλ

gj0kλg
l0
kλ exp[− i δkj0(t− t′)].

The measurements of the delay function have be-

come a major tool in quantum optics, which are de-

termined by the radiation-field DOS. The SES for the

‘upper level coupling’ are given in Fig. 3.

3. Results and discussions

In order to minimize the algebraic labor we only

take a resonant case that δ0 = 0 into consideration. In

initial states, C l
3(0) = 1 and αu(0) = βu(0) =

√
2/2.
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We can obtain two dressed states |α⟩ and |β⟩ which are generated by the quantum coherence in Eq. (7).

From Eqs. (10) and (14) in the ‘lower level coupling’, we show the SES is shown in Fig. 2. The spectrum

corresponding to |α⟩ is comprised of two lines α1 and α2, centred at ω31 − |Ω0| and ω32 − |Ω0|. And the |β⟩ is
composed of two lines β1 and β2, centred at ω31 + |Ω0| and ω32 + |Ω0|. From Eqs. (20) and (21), in the case

of the ‘upper level coupling’, we show the SES in Fig. 3. The structures of two lines α1 and α2 are centred at

ω20 − |Ω0| and ω10 − |Ω0|. While β1 and β2 are centred at ω20 + |Ω0| and ω10 + |Ω0|.[18]

Fig. 3. The spontaneous emission spectrum S(δk) for the ‘upper level coupling’ as a function of detuning δk: (a)

double-band anisotropic PBG reservoir; (b) double-band isotropic PBG reservoir; (c) vacuum reservoir. The solid lines

denote ϕ = 0 while the dash lines denote ϕ = π. The parameter η12 = 1 and the other parameters are the same as

Fig. 2.

In this paper, we only consider the situation ω21 < 2|Ω0| due to the small energy interval between two close

levels |1⟩ and |2⟩. Thus the two spectral structures α1,2 and β1,2 locate in each side of the band gap. Firstly,

we investigate the character of the SES, especially including the relative height and width of peaks which are

influenced by the DOS in different reservoirs. Obviously, the width of peaks in SES from anisotropic PBG and

from vacuum are similar to each other. But the width of the peaks in isotropic PBG is narrower than that

in anisotropic PBG and vacuum. The peaks also present different relative height due to different DOS. In the

vacuum reservoirs as shown in Figs. 2(c) and 3(c), the two lines belonging to |α⟩ nearly have the same height,

and the same is true for the components of |β⟩. The character of SES in PCs displays different actions. For

the anisotropic PBG, the DOS increases as the frequency is away from the band gap. Then in each pair of

the peaks, such as the α1 and α2, the outside line α2 is somewhat higher than the inside one α1 as shown in

Figs. 2(a) and 3(a). For the isotropic reservoirs, the DOS is very large on the edge of the band gap, and then

decreases as the frequency is away from the band gap. So the outside line α2 is smaller than the inside one α1

in each pair as shown in Figs. 2(b) and 3(b).

Next we will demonstrate the quantum dynamics of the coupling of the external microwave field with an

atom. From Eqs. (14) and (21), we obtain that there occurs a term η12e
±iϕ, which plays an important role

in our models. When η12 = 0, the quantum interference is absent. The SES have not any change as the

phase, which can be seen from Fig. 4. So the phase dependence occurs only if η12 ̸= 0. Namely, the phase

sensitive phenomenon is the consequence of the quantum interference between the transition pathways |3⟩→|1⟩
and |3⟩→|2⟩ in the ‘lower level coupling’ and between the transitions |1⟩→|0⟩ and |2⟩→|0⟩ in the ‘upper level
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coupling’. When the phase is changed from 0 to π, the SES from the two models can vary as the phase in

different tendency. For the ‘lower level coupling’, the phase dependent phenomenon are shown in Fig. 2. For

the case that ϕ = π as shown by the dash lines, the height of the left side peaks α1,2 decreases with respect to

the case that ϕ = 0 as shown by the solid lines, while the right side peaks β1,2 can be raised. For the ‘upper

level coupling’, as shown in Fig. 3, the variety of height is inverse. Compared to the spectra of the two models,

we found that the variety of the phase can bring oppositive influence on the two models. And the two SES of

each system are almost symmetrical with each other.

Fig. 4. The spontaneous emission spectrum S(δk) as a function of detuning δk when ϕ = 0 and η12 = 0: (a) ‘lower

level coupling’; (b)‘upper level coupling’. The dot lines are double-band anisotropic PBG reservoir, dash lines are

double-band isotropic PBG reservoir, and the solid lines are vacuum reservoir. The other parameters are the same as

those in Fig. 2.

In order to explicitly describe the interference be-

tween the two transitions from the excited level to the

ground level, we take the example of the ‘lower level

coupling’ to demonstrate the inherent characters of

the phase dependence. And all transition pathways

have been revealed in Fig. 5. Meanwhile, the physical

implication of the term η12e
±iϕ, which is raised by the

driven field, would be interpreted. Then the quantum

interference between the transition pathways |3⟩→|1⟩
and |3⟩→|2⟩ will be studied.

First, the interference between the transition in

Fig. 5(b) and the one in Fig. 5(c) is independent of

the variation of phase. It is only effected by η12.

Secondly, the decay channel |3⟩→|1⟩→|2⟩ is ac-

companied by the absorption of a microwave pho-

ton, as shown in Fig. 5(a), while the decay path

|3⟩→|2⟩→|1⟩ occurs with the emission of a microwave

photon, as depicted in Fig. 5(d). Due to combining

the absorption and emission of a microwave photon,

the phase dependence in the interference between the

two channels is canceled.

Thirdly, the phase dependence can only occur in

two cases mentioned below. One case is the process of

the interference between the transitions in Figs. 5(a)

and 5(b). This process need emitting a microwave

photon, as denoted by the factor eiϕ. The other simi-

lar interpretation can be advanced for the interference

between the transitions in Figs. 5(c) and 5(d). It is

followed by the absorption of a microwave photon, as

indicated by the appearance of the phase factor e− iϕ.

Fig. 5. The transition pathways of the model. (a) phase

dependent interfering path is |3⟩→|1⟩→|2⟩ via absorb a

photon, (b)simple spontaneous decay |3⟩→|1⟩, (c)simple

spontaneous decay |3⟩→|2⟩, (d)phase dependent interfer-

ing path is |3⟩→|2⟩→|1⟩ via emission of a driving field

photon.
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4. Conclusion

In this article, using the relative phase we control

the SES in PCs. In the situation that ω21 < 2|Ω0|, the
two spectral structures α1,2 and β1,2 locate in each

side of the band gap. The influence of the DOS is

not the coupling of the laser fields with the atom but

the phase dependent SES. The width of peaks in SES

from anisotropic PBG and from vacuum are similar

to each other. But the width of the peaks in isotropic

PBG is narrower than that in anisotropic PBG and

vacuum. The relative height is changed as the variety

of different DOS. The interference between the decay

pathways leads to the phase sensitive phenomenon.

It is followed by the emission or absorption of a mi-

crowave field photon. For the ‘lower level coupling’,

when the phase increases from 0 to π, the intensity of

the lines α1,2 decreases, while the intensity of the lines

β1,2 increases. For the ‘upper level coupling’, the vari-

ety is contrary with the above case. When the change

of the phase ϕ is equal to π, the spectra from either of

two modes are almost a mirror image of each other.
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