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Backscattered fields from one-dimensional time-varying Gerstners sea surface are calculated utilising the second-
order small slope approximation. It is well known that spectral properties of the backscattered echoes relate to the
velocity of the small elementary scatterers on sea surface profiles. Therefore, modeling Doppler spectra from the ocean
requires an accurate description of the sea surface motion. The profile of nonlinear Gerstners sea surface shows vertical-
skewness of sea waves, it is sharper at the crest and flatter at the trough than linear waves, and its maximum slope
position is closer to the crest than to the trough. Furthermore, the horizontal component of the small elementary
scatterers orbit velocity on the sea surface, which yields noticeable influence on Doppler spectra, can be obtained
conveniently by Gerstners sea surface model. In this study, the characteristics of Doppler spectra of backscattered fields
from time-varying Gerstners sea surface are investigated and the dependences of the Doppler frequency and the Doppler
bandwidth on the parameters, such as the wind speed, the radar frequency, the incident angle, etc. are discussed. It is
shown that the Doppler bandwidth of microwave scattered fields from Gerstners sea surface is considerably broadened.
For the case of high frequency backscattered fields, the values of the higher-order spectrum peaks are larger than those
obtained by linear sea surface.
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1. Introduction

The study of electromagnetic scattering from
time-evolving oceanic surface has been the subject of
intensive investigation over the past several decades
for its application in a number of important research
areas such as oceanic remote sensing, target detecting
or tracking embedded in the sea. It is well known that
an adapted sea surface model is important for numer-
ical simulations of radar backscattered signals.[!—6]
Generally, linear sea surface model, which is a linear
superposition of free waves with random phases, is
employed to generate the oceanic surface profile.[! =5
However, it is now well established that the wave-wave
interactions between harmonic waves cannot be ne-
glected if one aims at interpreting the Doppler spec-
tra of backscattered fields.[”=9 Furthermore, the hor-
izontal components of the small surface elementary

scatterers orbit velocity, which yields a noticeable in-

fluence on the Doppler spectrum, can not be obtained
by the linear model directly. Gerstners sea surface
modell’®11] is an exact solution of nonlinear hydrody-
namic equations for surface gravity waves for water
of infinite depth. In this model, the nonlinear interac-
tions in the surface evolution have been considered and
the geometrical structure of Gerstners waves is similar
to the structure of Stokes waves in many important
respects, such as the vertical-skewness of sea waves.
Moreover, Gerstners waves model is rotational, and
then the horizontal component of the small elemen-
tary scatterers orbit velocity on Gerstners sea surface
can be obtained conveniently. As mentioned above,
this horizontal component of orbit velocity also im-
pacts on the behaviours of the Doppler spectra. So it
is significant to explore the characteristics of electro-
magnetic scattering from Gerstners sea surface.

In this work, a numerical electromagnetic method
based on the second-order small slope approximation
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(SSA-IT)*? is utilised to evaluate the backscattered
returns of one-dimensional 1-D Gerstners sea surface
for various radar frequencies, wind speeds and incident
angles. It should be pointed out that the prediction
of the sea surface average Doppler spectra requires a
Monte Carlo simulation in which scattering calcula-
tions are performed at a series of time steps as surface
realisations evolve. Although scattering from two-
dimensional (2-D) surfaces have also been reported
in many reports, the requirement of repeated calcula-
tions for multiple realisations at multiple time steps
prevents Doppler studies with 2-D time-varying sea
surface at present.

This paper is organised as follows. In Section 2,
the outlines of the Gerstners sea surface model are de-
scribed. At the same time, the comparisons between
Gerstners and Stokes wave are also presented. Then
we present the properties of orbit velocity of small
surface elementary on Gerstners sea surface. Section
3 presents the electromagnetic (EM) model for Ger-
stners sea surface while Section 4 is devoted to the
results and the comments. The paper ends with Sec-
tion 5 for concluding remarks and perspectives.

2. Gerstners sea surface model

The time-varying Gerstners sea surface model can

be described as follows![!0]

z(x,t)

/{F(K) exp[j(Kxg — wt + @,,)] + c.c.}dK,

z(ant)

T + / {jF(K)exp[j(Kxg — wt + ®,,)] + c.c.}dK,
(1)

where, j = v/—1, K and &,, denote the spatial wave
number and the random phase of harmonic wave, re-
spectively. w = /gK + (K/Ky)?, g is the gravity ac-
celeration constant. And K, is related to the surface
tension 7 and the water density p as Ky, = +/pg/n,
c.c. denotes complex conjugate. In Eq. (1), F(K) =
VLW (K) /4w, L denotes the width of the surface, and
the Pierson-Moskowitz sea surface spectrum W (K)

can be written as(!]

2
W(K) = s ex (‘Kf5f9_5> @

where o = 8.10 x 1073, 8 = 0.74, and Ujg 5 is the
wind speed at a height of 19.5 m over the sea surface.

In Eq. (1), the linear sea surface model is obtained by
setting © = xg.

Taking the time derivative of Eq. (1), the orbit ve-
locities of small elementary scatterers on the sea sur-
face are given by

V. (z,t)
= / {=jwF(K)explj(Kzo — wt + &,)] + c.c.}d K,
Ve(z,t)

- / (WF(K) expli(Kao — wt + &,)] + c.c.}dK, (3)
where, V, and V,, represent the vertical and horizontal
components of orbit velocity, respectively.

In order to display the properties of the Gerst-
ners sea surface clearly, in the following, only a single

harmonic wave is considered and then it is obtained
as

z(x,t) = Acos[Kxg — wt + P,
x(xg,t) = xg — Asin[Kxzg — wt + 9. (4)

Employing the successive approximation method,
Eq. (4) can be rewritten as

1
z(z,t) =~ §KA2 + Acos(Kx — wt + D)
1
+ §KA2005[2~ (Kz — wt + D))

3
+ §K2A3 cos[3 - (Kx — wt + D))
3
— §K2A3 cos(Kx —wt+P)... . ()
As it is well known that the Stokes wave up to third
order in deep water is given by!!3]
1
z(z,t) = §KA2 + Acos(Kx — wt + D)
1
+ §KA2 cos[2 - (Kz — wt + D))

+ gKQA?’cos[&(Kx—wt—i—@)] ... (6)

By comparison, it is obvious that Eq. (5) coincides
with Eq. (6) exclusive of the last term. The first-order
term, i.e. the second term in Eq. (5), corresponds to
The third and the forth terms, which

are caused by wave-wave interactions, are nonlinear

linear wave.

terms.

Figures 1(a) and 1(b) show the comparisons be-
tween Gerstners and the linear sea surface model.
Here, the wind speed is 6 m/s. From Fig. 1, it is
found that the profile shape of Gerstners sea surface
shows vertical-skewness of sea waves, it is sharper at
the crest and flatter at the trough than linear wave,
and its maximum slope position is closer to the crest
than to the trough. These characteristics of Gerstners
sea surface are more consistent with the actual sea

waves. [13]
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Fig. 1. Comparison of sea surface profiles corresponding to Gerstners and the linear model. (a) Sea surface profiles,

(b) slope of sea surface profiles.

In Fig. 2, the properties of the orbit velocity on Gerstners sea surface are illustrated. Here, the wind speed
is the same as in Fig. 1. As shown in Fig. 2, the magnitude of the horizontal component of orbit velocity
is roughly equal to the magnitude of the vertical component. Therefore, this horizontal component must be

considered in the process of simulating the Doppler spectra of scattered echoes.

1.5 0.8 -
single-frequency wave
1.0 :::E_:?ffmers sea wave
- 0.4+ A TN el
‘({; 0.5 v—|< ,/// Y N .
£ ‘ ¥ A
~ 0 0 N Y
z 8 : S
= 3 .
E —0.5 A N ) — ~ - g
S —0.41 NS
—1.0 A Sl -
(b)
—-1.5 T T T T —0.8 T T T
0 20 40 60 80 100 —0.8 —0.4 0 0.4 0.8
z/m Vy/m-s—1

Fig. 2. The orbit velocity of small surface element on Gerstners sea surface. (a) Velocity versus abscissas, (b) orbit

velocity of a special surface element.

3. SSA-II model of EM scattering by Gerstners sea surface

Suppose a tapered plane wave is incident on the sea surface and is given by!'4
E™ = T(x,2,60;) - explik(xsin6; — zcos6;)], (7)

where, k denotes the wavenumber of incident wave, the incident angle 6; is defined with respect to the z axis
and is positive in the counterclockwise direction, and the taper function T'(z, z,6;) can be written as
2 tan 6;)>
" (z + ztan6;) U (8)

(kW cos 6;)2 w2
In Eq. (8), W is the parameter that controls the beam waist.

For the case that an incident plane wave is considered, SSA-II expression for linear conductive surface can
be found in Ref. [12]. By introducing the taper function T'(z, 2, 6;), the scattering field E} predicted by SSA-II

has the following form

x4+ ztan6;)? k(xsinf; — z cos 6;
T(x,z,@i):exp{—( W2 ) - ( )

VEexp(—jkro + 7/4)
vV 21 To

* (1 - i / [BYP + BSP 4 2k(cos b; + cos 6,) BPP] Z(€) eXP(jfx)df) 7 (9)

Eg(ro,t) = Dpp /T(gc, z,6;) - exp{j[v.2z(z, t) — vyx]}dx
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where the superscript pp represents HH (horizontal)
or VV (vertical) polarisation HH-Pol or VV-Pol,

vy = k(sinfs — sin 6;), (10)
v, = k(cos b + cos 6;), (11)
3 05 cos 0;

cos s + cos 6;’ (12)
DYV _ 1 — sin 6, sin 6; (13)

cos O + cos6; ’

|

VEkexp(—jkro + 7/4)
V2T 1o

E;(’I“(), t) =

and the parameters B, B; and By can be found in
Ref. [12].

1 .
29 =5 [@wew(-ignds 1
is a Fourier transform of the sea surface profile z(x).
Substituting Eq. (1) into Eq. (9), the expression of
scattered fields from Gerstners sea surface is obtained

as

Dpp/T(aco, z,6;) - exp{j[v.z(x0,t) — va2(x0, t)]}1 — Ao, t)]dxo

x (1 - 4ijp /[pr + BSP + 2k(cos 6; + cosb5) BPP|Z(£) x exp[jfx(xo,t)}d§>. (15)

Here, the relation between dx and dzg has been
utilised. z(zg,t) and x(zo,t) are defined by Eq. (1),
and the parameter A(xg,t) is expressed as

A(Jfo,t)

= /{KF(K) explj(Kzo — wt + D,)] + c.c.}dK. (16)

The Doppler spectrum is a power spectral den-
sity of the random time-varying complex amplitude of
the scattered field £ [c.f. Eq. (15)]. To evaluate it,
we used a standard spectral estimation technique, i.e.
the periodogram method. Then the expression of the
Doppler spectra is given by

T
S(f) = <;|/0 E;(To,t)e—ﬂ‘frftdt|2>’ (17)

where, (o) denotes ensemble average.!!]
The Doppler frequency and the Doppler band-
width are defined as[*%1¢

f— [frS(f)af
o [s(far’

(18)
|
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Fig. 3. NRCS by Gerstners sea surface at 5 m/s wind speed.

frequency is 1.3 GHz.

and

\/ff LESUN4]. 1)

4. Numerical results and discus-

sions

It is instructive to compare the normalised radar
cross section (NRCS) produced by MoM, which is an
exact numerical simulation, and the model Eq. (15).
In Figs. 3 and 4, the bi-static NRCSs for one real-
isation of Gerstners sea surface and different radar
frequencies are shown. Here, the incident angle is
136.5\ and the

beam waist W = L/6. From the figures, one can find

45°, the sea surface length is L =

that the normalised radar cross sections evaluated by
Eq. (15
tained by MoM at almost all scattering angles.

) show good agreement with the results ob-
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(a) The radar frequency is 40 MHz, (b) the radar
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Fig. 4. NRCS by Gerstners sea surface at 8 m/s wind speed. (a) The radar frequency is 40 MHz, (b) the radar
frequency is 1.3 GHz.

The mono-static average NRCSs for different wind speeds are shown in Figs. 5 and 6. Here, the cross
sections were calculated by averaging the results over 80 realisations of sea surfaces. The sea surface length is
L = 136.5\ and the beam waist W = L/6. The radar frequencies in Figs. 5 and 6 are equal to 40 MHz and
1.3 GHz, respectively. From Figs. 5 and 6, it is shown that the NRCSs of Gerstners sea surfaces are somewhat
larger than the scattered results from linear sea surfaces as the incident angle is large. This phenomenon can
be explained by the reason that Gerstners sea surface includes wave—wave interactions. From Figs. 5 and 6,
we can also find that the difference between the scattered results from the linear and Gerstners sea surfaces is
getting larger with the increase of the radar frequency.
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Fig. 5. Mono-static NRCS of high frequency wave versus incident angle for various wind speeds; radar frequency
fr is 40 MHz. (a) Uig.5 =5 m/s, (b) U1g9.5 = 8 m/s.
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Fig. 6. Mono-static NRCS versus incident angle for various wind speeds; the radar frequency fr is 1.3 GHz. (a)
Ui9.5 =5 m/s, (b) Uig.s =8 m/s.
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In the following, the Monte Carlo Doppler simu-
lations using SSA-2 (c.f. Eq. (15)) were conducted at
the radar frequencies f, = 40 MHz and f, = 1.3 GHz.
The wind speed was chosen to be 5 m/s. The sea sur-
face length L = 136.5)\, and the tapered incident field
had a waist of L/6. Here, the Monte Carlo simulations
used 10 realisations of linear or Gerstners surfaces. For
the case of f, = 40 MHz, sea surface evolved over a
period of 102.4 s with a time step of 0.4 s. And for
the case of f, = 1.3 GHz, sea surface evolved over a
period of 5.12 s with a time step of 0.02 s.

Figure 7 shows the comparisons of the Doppler
spectra of the backscattered echoes from Gerstners
and linear sea surface at the radar frequency f, =
40 MHz. In Fig. 7, the vertical dash dot lines repre-

l
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------ linear sea surface

100 4

1.2

1/Hz

—— Gerstners sea surface
----- linear sea surface

100

—— Gerstners sea surface
----- linear sea surface

1072_
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Fig. 7. Comparison of the average Doppler spectra corresponding to backscattering from Gerstners and linear sea

sent the Bragg frequencies.['”) As shown in Fig. 7, in
all cases, the values of the first order Doppler peaks
for linear sea surfaces are in agreement with the cor-
responding values for Gerstners sea surface. As men-
tioned above, the first order term in Gerstners model
corresponds to linear waves (c.f. Eq. (5)). Based on
the first order Bragg resonance theory,!*8! the first or-
der Doppler peaks for linear sea surfaces should be in
agreement with the counterparts for Gerstners sea sur-
face. However, the values of the higher order Doppler
peaks for Gerstners sea surface are somewhat larger
than those obtained by linear surface due to the non-
linear wave—wave interactions. All these conclusions

are consistent with those obtained in Ref. [18].
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surface for different incident angles at 5 m/s wind speed. fr = 40 MHz.
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The Doppler spectra of microwave scattered fields
are presented in Fig. 8. Here, the radar frequency
fr = 1.3 GHz, and the wind speed is 5 m/s. In this
figure, the vertical dash dot lines represent the Bragg
frequencies. From Fig. 8, it is obvious that the spec-
tra for Gerstners sea surfaces are considerably broader
than their counterparts for the linear surfaces at the

l
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103 4 Cerstners sea surface |

. 1
4------linear sea surface e}
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f/Hz

T
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. il
linear sea surface i

—20 —10 0 10 20
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large incident angles due to the horizontal compo-
nents of the small elementary scatterers orbit velocity
and the wave-wave interactions in Gerstners sea sur-
face model. This behaviour of the Doppler spectra is
in qualitative agreement with experimental measure-

ments, e.g., Ref. [19].
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Fig. 8. Comparison of the average Doppler spectra corresponding to backscattering from Gerstners and linear sea

surface for different incident angle.

In Figs. 3-8, only HH-Pol case has been consid-
ered due to the limited length of the article, but for the
case of VV-Pol, similar conclusions can be obtained.

The Doppler frequencies and the spectra band-
widths are further examined in Figs. 9 and 10. The
Doppler frequencies and the spectra bandwidths are
defined by Eqs. (18) and (19), respectively. Here, the

[

wind speed and the radar frequency are the same as
in Fig. 8. From Fig. 9, one can see that for linear
surfaces, the Doppler frequencies corresponding to dif-
ferent polarisations first become separated, from each
other when the HH-Pol Doppler frequency is getting
larger, but eventually come together at low grazing

angle, with value close to the Bragg frequency. For
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Gerstners sea surfaces, the Doppler frequencies keep
growing near low grazing angle. Comparing the results
to those obtained by linear surface, we can also find
that the results for Gerstners sea surfaces are some-
what larger than their counterparts for linear surface.
As shown in Fig. 10, it is obvious that for linear sur-
faces, the spectra bandwidths increase first to a maxi-
mum value and then decrease with increasing the inci-
dent angles. However, for Gerstners sea surfaces, it is
shown that as the incident angle increases, the spectra
bandwidths increase first and then becomes almost a
constant. Comparing the simulated results with those
obtained by Romeiser-Thompson model, 2! the agree-
ment for Gerstners sea surfaces seems to be better.
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Fig. 9. Doppler frequencies versus incident angle for Ger-
stners and linear sea surfaces.
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Fig. 10. Spectra bandwidths versus incident angle for
Gerstners and linear sea surfaces.

For Gerstners sea surfaces, the issue of spectra
bandwidth is further examined in Fig. 11. Here, the
incident angle is equal to 85°. It is clear that the spec-
tra bandwidths are getting wider with the increase
of the radar frequency. And, we can also find that
the spectra bandwidths increase as increasing wind
speeds.

12
. = 5.0 GH
X /
~
=
S fr = 3.0 GHz
z
<
=}
5]
o fr = 1.3 GHz
£ 3-
b=
o]
2, fr =05 GHz
wn
0 T T T
2 4 6 8 10

Wind speed/m -s~1

Fig. 11. Spectra bandwidth versus wind speed for differ-
ent radar frequencies.

5. Conclusions

The scattered fields predicted by SSA-IT were in
good agreement with the results of direct numeri-
cal calculations based on the exact numerical solu-
tion of MoM. And the conclusion is obtained that the
backscattered NRCSs of Gerstners sea surfaces were
somewhat larger than the results from linear sea sur-
faces as the incident angle is large. We then proceeded
with Monte Carlo simulations of average Doppler
spectra of backscattered echoes from a time-varying
ocean-like surface. The comparisons of Doppler spec-
tra were made for the incidence angles varying from
nadir to low grazing and involved linear and Gerstners
time-varying sea surfaces. The following conclusions
had been obtained: (i) for HF wave, the higher order
Doppler peaks for Gerstners sea surfaces were larger
than those obtained by linear surfaces due to the non-
linear wave—wave interactions; (ii) for microwave scat-
tered fields, the spectra for Gerstners sea surfaces are
considerably broader than their counterparts for the
linear surfaces at the large incident angles due to the
horizontal components of the small elementary scat-
terers orbit velocity and the wave-wave interactions in
Gerstners sea surface model; (iii) for microwave scat-
tered fields, the spectra will be wider than their coun-
terparts at lower wind speed. Although our studies
have been limited to 1-D surfaces, the analysis pre-
sented in this work helps to establish a better under-
standing of the behaviours of scattered fields from an
ocean-like surface. In the future, further work should
be carried out to investigate the properties of EM scat-
tering by 2-D time-varying Gerstners sea surfaces.
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