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Four-level model of ion—ion laser-induced collisional
energy transfer and numerical calculations
for Ca™Sr™ system*
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The four-level model of laser-induced collisional energy transfer (LICET) for the ion—ion collision system is estab-

lished based on the time-dependent Schréodinger equation for the electron dynamics, through which the equations of

motion of the probability amplitudes and cross section of the collision system are obtained. Numerical calculations are

performed for the Ca®™—Srt system, with the results showing that the peak of the LICET spectrum appears at a reso-

nant frequency of the transfer laser. The magnitude of the obtained collision cross section is in the order of 10716 cm?,

2

and is comparable to that obtained in atomic systems, which indicates the validity of the established four-level model.
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1. Introduction

It is known that the cross section of an inelas-
tic collision between two different particles (atoms or
ions) is infinitesimally small if the energy defect AFE
between the initial and the final states of the two par-
ticles is large with respect to kT (typically the cross
section is smaller than 10720 ¢cm?). Large cross sec-
tions of interparticle collisions can be obtained by ap-
plying a laser field with a frequency at hf2 = AE. The
inelastic collision process of this type, which is known
as laser-induced collisional energy transfer (LICET),
was first predicted by Gudzenkoand Yakovlenko.[!l In
the presence of a laser field (the transfer laser) with
a properly selected frequency which can introduce or
‘switch’ the collision process, the cross sections of in-
terparticle collision will be significantly increased to

(2 allowing fast and efficient en-

even above 1071 cm?,
ergy transfer between non-resonant states of the two
colliding particles.

The first experimental observation of the LICET
process is believed to be the collision process in the
Sr-Ca system reported by Harris and co-operators!”!
in 1977. To date, the LICET processes in sev-
eral atomic systems such as Eu-Sr,*~7 Sr-Ca,®

Rb-K,® Rb-Nall9 and Li-Sr," as well as the

charge transfer,['?! charge exchangel'?l and collisional
ionization,['*! have been demonstrated, both theoret-
ically and experimentally. In recent years, the issues
of laser-induced or assisted collisions have attracted

considerable interests!!5—18l

because of their poten-
tial abilities to control both the relative and absolute
probabilities of competing exit channels by adjusting
laser parameters such as wavelength, intensity, etc.
However, for many years studies have been limited to
atom—atom and atom—ion systems. To the best of our
knowledge, neither theoretical nor experimental stud-
ies on LICET in ion-ion systems have been reported
up to now. Ions involved collisions exploit a high-
capacity storage species, i.e. ground-state ions which
can be easily created and have long lifetimes, and are
of particular interest because of their relevance to laser
and plasma physics'® and the inherent high detection
sensitivity of charged particles, especially for gaseous
ions that can be easily detected through time-of-flight
(TOF) mass spectrometry.[20]

In this paper, the LICET process between two
ions is looked upon as a four-body system, for which
the time-dependent Schrodinger equation is offered.
Based on the semiclassical approximation assuming
straight-line trajectories of the ions, the equations of

motion for the probability amplitudes of the system
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are obtained. As an application of this theoretical
model, the LICET process in Ca™Sr™ system is nu-
merically calculated, which is anticipated to provide a
theoretical reference for potential experimental stud-
ies on LICET between two ions.

2. The theoretical model

LICET between two ions can be described by the
following expression:

AT 4L BY a2 — AT £ BT (1)

or by Fig. 1, in which only the energy levels of ions
AT and BT relevant to the LICET process are present.
LICET occurs between states |[AT*) and |BT**). The
asterisks indicate that excited states of pertinent ions
are involved.

A*———;————|B+**/ | M, (A+B++)
—Tiﬂg(AJr*BJr*)
w
4+) By gl (AT BY)
I, (A+ B
|AT) |B)
ion At ion BT compound ion ATB+

Fig. 1. Energy levels of LICET between two ions.

In order to obtain the equation of motion for the
probability amplitudes of the LICET in an ion—ion
system, the following assumptions are necessary:

(1) The ions follow the classical motion law and
move with uniform velocities during the LICET pro-
cess,

(ii) The laser field is regarded as a classical elec-
tric field, whose intensity remains unchanged during
the collision,

(iii) The mass motion of the ions in the laser field
can be described by a mean potential which remains
unchanged during the whole collision process,

(iv) Only two colliding ions are involved in the
collisional energy transfer process at one time.

2.1. The time-dependent Schrodinger
equation

We start with the time-dependent Schrodinger
equation for the whole system

ind% _ By

=B =(T+V)p, @

where E is the total energy of the whole system, T
and V are the kinetic energy and potential energy op-
erators, respectively.

LICET between ions A* and BT can be described
by a four-body system shown in Fig. 2, where e; and
es denote bound electrons of ions AT and BT, respec-

tively.

A+ R o c B+

Fig. 2. Scheme of the four-body system of LICET be-
tween two ions.

In Fig. 2, R is the position vector between the
two ion cores. Tai, Ta2, 1 and rps are the po-
sition vectors of electrons e; and es; with respect to
their ion cores, respectively; r1 and ry are the posi-
tion vectors of electrons e; and e; with respect to the
centroid C, respectively; rg; and rgo are the position
vectors of electrons e; and ey with respect to the cen-
tre of the two ion cores O, respectively. Therefore,
the kinetic energy and potential energy operators of
the four-body system in the centre of mass coordinate

system (i.e. R, r; and r2) can be expressed as

h2
T=—-——V2 - —
QM vrl 2,Ue V’l‘z 2/J/n V (3)
V = Vastp++ + Va++o1 + Vatrteo + VB++er
+ V+tea + Vere2 + Vi, (4)

where p, and p, are the reduced masses of the two
electrons and the two ion cores, respectively. V; is the
interaction between the laser field and the colliding
particles.

The motion of the two ion cores can be described
by wave function F(R) which meets the following
scattering equation

[ ;i Vi — }F(R):O. (5)

Then the total wave function of the system, i.e.
p(R, T1, T2), can be written as the product of F/(R)
and the wave function of the electrons (R, r1, r2)

o(R, r1, 12) = F(R)Y(R, r1, T2). (6)
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Substituting the Eq. (6) into the Schrodinger
equation (2), we can obtain
h2
- 7F(R)V§%'IZJ(R, 1, r2)

2
2

h
- ;VRF(R) . VR¢(R7 1, T2)

+ F(R)Hew(Rv T1, 7'2) =0, (7)

where

h? h?
—5 Vi - ﬂvi tV

H, =
2o

(8)
The first two terms in Eq. (7) describe the coupling of
motions of the ion cores and the electrons.

For a classical straight-line trajectory (discussed
in detail in Section 2.2) in which the relative velocity
is parallel to the z axis, F/(R) is a plane wave in the

form

F(R) :exp(i;t -2R>, 9)

where zg = vt.

Substituting Eq. (9) into Eq. (7), the first term
can be omitted because the reduced mass u,, is a large
parameter; Equation (7) can be rewritten as

0
Hp(R, r1, 12) =ihv—vy(R, 71, 73). (10)
6zR

Then Eq. (10) can be rewritten as a time-dependent
Schrodinger equation as follows:
.0

Hew(".h T2, t) :lhal/}(ﬁa T2, t)v (11)

where (71, re, t) is the wave function of the elec-

trons.

2.2. The equations of motion

We consider a classical straight-line path shown
in Fig. 3, which is similar to that described in Ref. [8],
where ion BT is fixed and ion AT moves in a straight
The rela-
tive distance of the two ions, as a function of time,
is R?(t) = b + v*t?, where b is termed the impact‘

line with a velocity v along the z-axis.

parameter.

Y &

ion Bt

Fig. 3. Coordinate system of the straight-line path.

The unprimed system is fixed in space, while in
the primed system, the z’-axis points along the inter-
atomic axis, and therefore rotates with respect to the
unprimed system during the collision, i.e.

x=2'sinf — 2’ cos, (12)
y=y, (13)
z=1a"cosf+ 2 sin0, (14)

where cos@ = b/R(t). During the course of the colli-
sion 6 varies from —m/2 to 7/2.

We assume that the incident laser beam has fre-
quency w and is polarised along the y-axis, i.e. E(t) =
aye cos(wt). Then the classical interaction Hamilto-
nian may be written as

2

e
H(t) = m(fdmf%z + Ya1UB2 — 2241 %B2)
3e? e?
47’1’60R 47T80’/‘A2
2
e
" drearmy (Y1 + Ypa)e cos(wt). (15)

The coordinates xs, zp, ¥, ¢ etc. denote the po-
sition of each electron with respect to its ion core.

For the four-level system of laser-induced colli-
sional energy transfer between two ions A* and BT
shown in Fig. 1, the following four levels of the ATBT
compound system can be formed by the energy levels
of ion AT and BT as follows:

IL(r1, 72, t) = Xx1(ra1)p2(re2) - expli(ar + B2)], (16)
IIy(r1, T2, ) = x2(ra1)p1(re2) - expli(az + B1)], (17)
1I3(r1, T2, ) = Xx2(ra1)p2(re2) - expli(az + B2)], (18)
IL(r1, 72, t) = x1(ra1)ps(rB2) - expli(an + B3)], (19)

053402-3



Chin. Phys. B Vol. 19, No. 5 (2010) 053402

where «; and ; take the following forms:

ni //Je ,U/e

& Ll ST = Septut (20)
€4 He He
B =—gt= Fav - gpavit (2

with 7, and e; being eigenvalues of xi(ra;) and
pa2(rp2), respectively; p and ¢ in formulae (20) and
(21) are defined by

Mz
- B 22
P = T (22)
My
e 23
9= N (23)

where M and Mg are the masses of ions A and B,
respectively.

Expanding the wave function of the electrons us-
ing the primary functions ¥(R, 71, 72) expressed by
formulae (16)—(19),

plitudes can be obtained as

ihC =HC, (25)
where
C1
c=|" (26)
c3
Cq4

and H is a 4x4 matrix with its elements defined by

Hij = /d37"1/d37“2ﬂi(7'1; T2, t)H(t)

XHj(’I‘l, T, t) (27)

2.3. Collision cross section

Taking the following unitary transformation of

matrix C':
P(ry, re, t) = c; Il (ry, 7o, t). 24
(e =2 im0 20 a(t) = T(1) - (1), (28)
Then the equations of motion for the probability am—‘ where
exp(— iwut) 0 0 0
0 1 0 0
T = : (29)
0 0 eXp[* i(CLJ32 - Q)t} 0
0 0 0 exp|—i(wse — 2)1]
the equation of motion for the probability amplitudes can be obtained as:
ia=Va, (31)
where
aj
a=|"1, (32)
as
a4
and
—wa1 + Vi1 Vig Vi Via
\% \% \% 0
V- 21 22 23 (33)
Va1 Vaa w3z —w+ V33 Va4
Vi 0 Va3 wyz —w + Vi

The E,, in Eq. (30) are the sum energies of the pertinent states of the infinitely separated ions described by

IT,, in Egs. (16)—(19), and are not functions of position or time. Equation (31) meets the initial conditions that

’ (34)
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Using the interaction Hamiltonian H(t) in formula (15) and the primary functions expressed by formulae
(16)—(19), we can derive the elements of matrix V

62 3 1 1
Vi1 = — d3 2 /dS 2 35
11 Ameoh {R / B2 A2 lpa(rp2)| TAlfBl Ix1(ran)|”|, (35)

2
€ 3 3
Vi = s [ [ e oty + vhivks — 2240 2h2)

X X1(ra1)es(rB2)X2(ra1)e1(ree), (36)
1
‘/13 = —ﬁef/d37“A1?J§\1XI("“A1)X2(”“A1), (37)
1
Via = —ﬁef/dgngy{ggwg(ng)(pg)(ng), (38)
62 3 1 1
Vor = —— |5 = [ drp— 2—/d3 — 2 39
227 Yneoh [R / TB2TA2|901(7"B2)| 7“A1rBl Ix2(ran)|”|, (39)
1
Vag = *ﬁeﬁ/dST‘Bzyéz@T(TBz)m(TBz), (40)
‘/24 = 07 (41)
62 3 1 1
Vs = == | drea— 2—/d3 — 2 42
37 Ureoh [R / TB2TA2|902(7"B2)| 7“A1rBl Ix2(ra1)l|, (42)

2
¢ 3 3
Vag = Ireohi B3 /d TA1 /d B2 (Ta1T32 + Ya1YB2 — 22412B2)

X X5(Ta1)es(rB2)X1(TA1)P3(TB2), (43)

e? 3 1 ) 1
Viu=—— |2 — [ &®rpgo— 2_ /d3 — 2 44
M= o {R / B2, lps(rpa)| A Ix1(ran)|”|, (44)
Vm” = V?’Tm' (45)

Then the expression of the collision cross section can be obtained

o= 27r/ |lay (b, +00)[b - db. (46)
0

3. Application to Ca™Sr* system

The LICET process in Ca™=Sr™ system, for which we perform the numerical calculations, can be expressed
as
Ca+(4p 2P3/2) + Sf+(5S 2S1/2) + 50(448 nm) — Ca+(4s 231/2) + SY+(68 251/2) (47)

with the corresponding energy level scheme shown in Fig. 4. Before laser-induced collision takes place, Ca™ is
initially prepared in its excited state Ca™t(4p 2P3/2), and SrT is in its ground state Sr(5s 25’1/2).

Iy
4p56s 28,/ 47736.5 1
wq3 = —2194.5

w21 = —897.8

4p%5p2P3/5  24516.6 _+—n2
) m

3p%4p2Pys /05414.4

3pf4s 25, /5 3p®5s 257 /9

state of Ca™t state of Sr™ Cat-Srt system

Fig. 4. Energy levels of LICET in Ca®™-Srt system. LICET occurs between states Ca™(3p84p 2P3/2) and

Srt (4p%6s 251/2). The energy levels are given in cm ™1,
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With the transfer laser tuned resonant with the interparticle transition present, laser-induced collision
between Ca® and Srt takes place, with the result that Ca® returns to its ground state Ca™ (4s 29, /2) due to
collision deexcitation, while St transfers to a higher excited state Srt(6s 2.5, /2) with simultaneous absorption
of a laser photon and the excitation energy of Cat. The A denotes the laser detuning from the resonant
transition frequency, i.e. A =w — wyz. As shown in Fig. 4, the intermediate energy level Sr (5p 2P /2) is also
involved in LICET.

For the Ca™—Sr™" system shown in Fig. 4, the four energy levels of the combined system can be expressed

as
I (rlv r2, t) = XCat(4s) (rAl)(pSr+(5p TBQ) : exp[i(a1 + 52)]
I5(7r1,72,t) = Xcat (4p) (TA1)Psr+ (55) (TB2) - expli(az + B1)] (48)
II3(71,72,1) = Xcat (4p) (PA1) Ps+ (5p) (TB2) - expli(az + B2)]
Iy(r1,72,t) = Xcat (4s) (TA1) Pse+ (65) (TB2) - expliar + B3)]

with a; and §; defined in formulae (20) and (21) respectively.

In Eq. (48) ra; and rpy are the position vectors of the bound electrons in ions Ca™ and Sr™ with respect to
their respective ion core; r; and ry are the position vectors of the bound electrons with respect to the centroid
of the whole system; n; and 7y are energy eigenvalues of states (4s 25 s2) and (4p 2p, /2) of Ca*, respectively;
€1, €2, and e3 are energy eigenvalues of states (5s 25'1/2), (5p 2P3/2), and (6s 251/2) of SrT, respectively.

When the transfer laser is tuned nearly resonant with the transition Cat(4p 2Ps /2) = Srt(6s 29, /2)5
assuming that the electric-field intensity of the transfer laser is 107 V/m (the corresponding power density is
1.33 x 107 W/cm?), the theoretical values of the elements of matrix V are

| —wo1 + Vi1 3'929;7310714 S1373 % 1012 —0.972 x 1011} |
v %;O_M Vag —1.506 x 1024 0 49)
1.373 x 10*2i  1.506 x 10'2i w3y — 2 + Va3 %310714 '
| 9.972x 10M 0 %310_14 wiz = 2+ Vay |

Based on the theoretically calculated matrix V' expressed by formula (49), the transition probability
las(+00)|? as a function of the impact parameter b for this Ca™Sr* system is numerically calculated. When
the relative velocity between the two colliding ions is 600 m/s, and the laser detunings are —5, 0, 5 and 10 cm ™!
respectively, the results of calculation are shown in Fig. 5. It can be seen from Fig. 5 that the transition prob-

ability reaches a maximum in the vicinity of the relative Weisskopf radius b,/ and the transition probability
oscillates with decreasing b for impact parameters less than by.

0.30 1.6
(a) A=—5cm™1!

1 7

o 0.20 5

= =

3 1 o

8 B

ji 0.10 x

= s

0 T T T T 7 ; T
1.0 14 1.8 2.2 1.0 15 2.0 2.5 3.0 3.5
b/nm b/nm
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1.0
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=
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8 041
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— 0214

0 T T T T
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(d) A=10cm™?!

0.6 1
N
|
=)
041
a
8
+
< 02
S

0 T T T T T
1.0 1.1 1.2 1.3 14
b/nm

Fig. 5. The transition probability versus the impact parameter for the Cat—SrT system.

To reduce the computational complexity, first of
all it is necessary to determine the integrating range of
the impact parameter b when calculating the cross sec-
tion of LICET in Ca™—Sr* system. For the integrand
in formula (46), which is the product of the transition
probability |as(+00)|? and the impact parameter b, on
one hand, contribution of collisional transition to the
cross section is proportional to the impact parameter
b; on the other hand, from Fig. 5 one can see that
the transition probability |as(+00)|? obviously has a
cut-off value where the impact parameter b is rela-
tively large, and it asymptotically becomes zero when
b goes on increasing, in which case its contribution to
the cross section can be neglected. As to the collision
cross section for this Ca™Sr™ system, the calculation
precision can be sufficiently ensured with the integrat-
ing range of b set at [1 nm, 5 nm].

The cross section of LICET in the Cat-Sr™ sys-
tem versus laser detuning A (i.e. the LICET spec-
trum), calculated with the laser field intensity fixed at
10" W/cm?, is shown in Fig. 6, where the four curves
from the top to the bottom are the results when the
relative velocity between the two colliding ions is fixed
at 500, 600, 700, and 800 m/s, respectively, and their
corresponding full width at half maximum (FWHM,
i.e. tuning range) is 2.6, 3.1, 3.6, and 4.1 cm™!, re-
spectively. From Fig. 6 one can see that the LICET
line shape is nearly symmetrical at the centre, which
is similar to the case in atomic systems.[!!] The calcu-
lated magnitude of the collision cross section, which

is in the order of 10716 ¢m?

, is comparable to that
experimentally obtained in the Ca™—Sr system under
similar conditions. It can be seen from Fig. 6 that the
peak of the LICET profile appears at a laser detuning

of A =0 cm™!, which is consistent with the theoret-

ical analysis. Moreover, with the same field intensity
of the transfer laser, cross section of LICET in the
Ca®™-SrT system shows a tendency of decline, while
the tuning range of the cross section increases as the
relative velocity increases. However, the relative ve-
locity between the two colliding ions has no impact on
the position of the line peak.

10
—v =500 m/s
L v =600 m/s
«~ 1 1r e v =700 m/s
g 61 -——-y = 800 m/s
=
E
=47
b
24
0 T T T T T
—10 0 10 20

Afem™!

Fig. 6. The collision cross section versus laser detuning
for the Cat-Srt system.

4. Conclusion

Based on the semiclassical approximation assum-
ing straight-line trajectories of the ions and a four
state expansion of the time-dependent Schrédinger
equation for the electron dynamics, we develop a four-
level theoretical model for the ion—ion LICET system.
As an example of its application, a LICET process
in the Cat—SrT system is numerically calculated, and
the LICET profiles at different relative velocities are
obtained. The numerical results show that the peak
of the LICET spectrum appears when the transfer
laser is tuned resonant with the interparticle transi-
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tion. The magnitude of the obtained collision cross

section which is in the order of 10~16 c¢m?

, is antici-
pated to provide a theoretical reference for potential
experimental studies on LICET between two ions. We
hope that the four-level model developed in this pa-

per will apply to other ion—ion systems; however, more

examinations are still needed to further prove the va-
lidity of the model.
are expected on ionic metal mixtures in the heat-pipe

Potential experimental studies

oven traditionally used for experiments of atom—atom
and ion—atom systems, or on gaseous ion systems for
which TOF mass spectrometry can be used.
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