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The periodic impact force induced by tip-sample contact in a tapping mode atomic force microscope (AFM) gives

rise to the non-harmonic response of a micro-cantilever. These non-harmonic signals contain the full characteristics

of tip-sample interaction. A complete theoretical model describing the dynamical behaviour of tip–sample system

was developed in this paper. An analytic formula was introduced to describe the relationship between time-varying

tip–sample impact force and tip motion. The theoretical analysis and numerical results both show that the time-

varying tip–sample impact force can be reconstructed by recording tip motion. This allows for the reconstruction of the

characteristics of the tip–sample force, like contact time and maximum contact force. It can also explain the ability of

AFM higher harmonics imaging in mapping stiffness and surface energy variations.
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1. Introduction

Since its invention in 1986, the atomic force

microscope (AFM)[1] has been widely used for

nanometer-scale characterization and modification of

surfaces in air and liquid environments.[2,3] Amplitude

modulation atomic force microscope, also known as

tapping mode AFM,[4] has been found to be more

gentle compared to the contact mode AFM, since

the lateral force acting on the sample are dramati-

cally reduced. High resolution image of DNA, anti-

bodies, polymers and silicon have been obtained as

well as true atomic resolution images of inorganic

surface.[5−7]

Several related techniques have been developed

aiming at the interactions and the underlying mate-

rial properties. The phase shift existing between the

excitation and the cantilever’s response has been pro-

posed and applied to generate compositional maps of

heterogeneous surfaces.[8−10] However, interpretation

of this phase imaging data is still controversially dis-

cussed in the literatures.[11−14]

The need to improve compositional contrast has

stimulated the development of methods based on

the detection and excitation[15,16] of higher harmon-

ics or modes. Garcia et al. firstly proposed a

method for mapping the composition of a surface

by simultaneously exciting the first two modes of

the cantilever.[17,18] Theoretical simulation and exper-

iment results both show that the multifreqency AFM

could result in higher force sensitivity and composi-

tional contrast.[19−21]

The tip periodically tapping on the sample sur-

face gives rise to a periodic pulse like tip–sample force,

which generates high frequency vibration also known

as higher harmonics.[22,23] Stark and Heckel have cal-

culated the contribution of the higher harmonics to

the tip deflection under the periodic external repul-

sive force, and proposed that higher harmonics signal

contains the information on the elastic properties of

the specimen.[24] Legleiler et al. have used higher har-

monics to extract the time-resolved force interaction

in fluids.[25]

These dynamic microcopies are based on the fact

that the entire interaction is encoded into the can-

tilever motion. But these methods can only partly

reflect the mechanical properties of the sample sur-

face, for none of these utilizes the full information of

the tip motion.

In this paper, we study the tip motion of a rect-

angular cantilever tapping on the sample surface, and

a theory is put forward to resolve the time-dependent

tip–sample impact force by recording and analysing

the tip motion.
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2. Model

The one-dimensional Euler–Bernoulli equation

governs the dynamics of a rectangular cantilever. For

the model calculations here, the mass of the tip is ne-

glected, thus the equation of motion for transversal

cantilever vibrations is[24]

EI
∂4

∂x4

(
w(x, t) + a1

∂w(x, t)

∂t

)
+ ρbh

∂2w(x, t)

∂t2
+ a0ρ

∂w(x, t)

∂t

= δ(x− L)
(
fext(t) + Fts(d, ḋ)

)
. (1)

E is the cantilever’s Young’s modulus, I is the mo-

ment of inertia. Damping is modeled by two param-

eters a0 and a1, a0 is the hydrodynamic damping co-

efficient, and a1 is the internal damping coefficient; ρ

is the mass density, b, h, and L are, respectively, the

width, height, and length of the cantilever; w(x, t) is

the time-dependent vertical displacement of the differ-

ential beam’s element placed at the x position. Fext(t)

is the excitation force; while the tip–sample interac-

tion is represented by Fts(d, ḋ) with d = zc + w(L, t)

being the instantaneous tip–sample separation.

The cantilever is clamped at x = 0 while it is free

at x = L. Hence, the following boundary conditions

apply[26]

w(0, t) =
∂w(x, t)

∂x

∣∣∣∣
x=0

= 0,

∂2w(x, t)

∂x2

∣∣∣∣
x=L

=
∂3w(x, t)

∂x3

∣∣∣∣
x=L

= 0. (2)

The above boundary conditions introduce a discrete

number of solutions to Eq. (1). Then the vertical

displacement can be expanded into a series of eigen-

modes,

w(x, t) =
∑∞

n=1
φn(x)Yn(t), (3)

where φn(x) can be defined as

φn(x) = cos(κnx)− cosh(κnx)

− cos(κnL) + cosh(κnL)

sin(κnL) + sinh(κnL)

× (sin(κnx)− sinh(κnx)), (4)

with κn being the nth positive real root of the equa-

tion

cos(κnL) cosh(κnL) + 1 = 0. (5)

And we have∫ L

0

φn(x)φm(x)dx = Lδn,m, (6)

φn(0) = 0, (7)

φ(L) = 2(−1)n. (8)

Equation (1) then can be transformed into a set of

decoupled ordinary differential equations

Ÿi(t) + 2γiωiẎi(t) + ω2
i Yi(t) =

Fi(t, d, ḋ)

Mi
,

i = 1, 2, 3, . . . . (9)

The generalised mass Mi, generalised force Fi(t, d, ḋ)

and damping parameter γi can be expressed as

Mi =

∫ L

0

ρAφi(x)
2dx = ρAL = m, (10)

Fi(t, d, ḋ) =

∫ L

x=0

δ(x− L)(fext(t)

+ Fts(d, ḋ))φi(x)dx

= (fext(t) + Fts(d, ḋ))φi(L), (11)

γi =
a0
2ωi

+
a1ωi

2
. (12)

When the cantilever oscillates in steady state, the

tip–sample interaction Fi(t, d, ḋ) is a periodic function

which has the same period as the excitation force, so

the tip–sample interaction can be expressed as Fi(t).

A periodic but arbitrarily shaped generalised excita-

tion function Fi(t) with base frequency Ω can be ex-

panded in a Fourier series as

Fi(t) =
+∞∑

k=−∞

ci,k exp(i kΩt). (13)

Thus, the time-dependent stationary amplitude re-

sponse of the individual modes ϕi is given by[24]

Yi(t) =
1

Ki

+∞∑
k=−∞

(1− β2
i,k)− i(2γiβi,k)

(1− β2
i,k)

2 + (2γiβi,k)2
· ci,k

× exp(i kΩt), (14)

where βi,k = kΩ/ωi is the frequency ratio between

driving force and the respective resonant frequency

ωi, and the generalised stiffness is Ki = Miω
2
i . Intro-

ducing the complex coefficients

cYi,k =
1

Ki
·
(1− β2

i,k)− i(2γiβi,k)

(1− β2
i,k)

2 + (2γiβi,k)2
· ci,k, (15)

the steady state response to an arbitrary external force

can be written as

w(x, t) =
∞∑
i=1

φi(x)
+∞∑

k=−∞

cYi,k exp(i kΩt). (16)

The movement of the end of the tip can be expressed

as a Fourier series
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w(L, t) =
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=
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=
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i
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Bk
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Exchange the order of the two summations, we can

obtain

+∞∑
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Nk exp(i kΩt) =
∞∑
i=1

ϕ2
i

+∞∑
k=−∞

Bk
i Ak exp(i kΩt)

=
∞∑
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Ak
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ϕ2
iB

k
i exp(i kΩt).

(18)

Thus, the relationship between the two Fourier series

coefficient sets can be simply expressed as two alge-

braic formulas

Nk = Ak

+∞∑
i=1

ϕ2
iB

k
i , k = −∞, . . . ,∞; (19)

Ak =
Nk∑∞

i=1 ϕ
2
iB

k
i

, k = −∞, . . . ,∞. (20)

Throughout this paper, Eqs. (19) and (20) are em-

ployed in order to reconstruct the characteristics of

the time-dependent tip–sample force.

Actually, the forces acting on the cantilever con-

sist of the external driving force and the tip–sample

interaction force. The results directly obtain from

Eq. (20) are the summation of the two forces. Only

the tip–sample interaction force contains the useful

information about the characteristics of the sample

surface. The motion of the cantilever brought about

by the external driving force can be recorded ahead

and subtracted before the computation of Eq. (20).

3. Results and discussions

In the following, the detection of the higher har-

monic signals is carried out within the framework of

the above theory. In the numerical simulation, the

conservative tip–sample interaction model is contin-

uous but not smooth, consisting of a van der Waals

force regime[2,27,28] and a contact regime based on the

Derjaguin–Müller–Toporov (DMT) model[29]

Fts(d) = −AR

6d2
, d > a0;

Fts(d) = −AR

6a20
+ E∗

√
R(a0 − d)3/2, d ≤ a0, (21)

where d is the gap between the tip and the sample,

a0 is the intermolecular distance, which is usually in-

troduced to avoid unphysical divergence of the tip–

sample interaction force, H is the Hamaker constant,

R is the radius of the tip, and E∗ = [(1−v2t )/Et+(1−
v2s)/Es]

−1, where E and ν represent respectively elas-

tic moduli and Poisson’s ratios. The non-conservative

interactions can be included as an option in a simu-

lation based on the Kelvin–Voigt viscoelastic contact

damping model[30]

Ftsnc(d, ḋ) = −ηḋ
√

R(a0 − d), (22)

where η is the sample viscosity. Viscoelastic contact

damping is a common feature on polymer surfaces and

biological materials.[31]

We consider a cantilever that has a generalised

mass m = 2.5×10−10 kg, spring constant c = 20 N/m,

the tip radius R = 20 nm. The frequencies of the first

five eigenmodes of the cantilever are 44.8, 280.757,

786.128, 1540.5 and 2546.55 kHz, the quality factors

are 100, 300, 90.15, 49.67 and 30.59, respectively. Free

oscillation amplitude (peak to peak) is 100 nm. Those

values represent some of the common case for tapping-

mode rectangular cantilevers. The sample parameters

are Hamaker constant A = 10−19 J, E∗ = 129 GPa,

intermolecular distance a0 = 0.25 nm. The integra-

tion was performed using five coupled fourth-order

Runge–Kutta algorithms.

The spectrum of the cantilever motion in tapping

near the surface is show in Fig. 1. The tip–sample av-

erage separation is 60 nm (setpoint 60%). The domi-

nant component for the cantilever dynamics is at the

fundamental frequency. Due to the nonlinear tip–

sample interaction the higher harmonic components

of the tip motion (the sixth and the 18th harmonics)

near the intrinsic vibration modes (the second and the

third eigen-modes of the cantilever) are excited signif-

icantly, indicating a dependence of harmonics genera-

tion on cantilever eigen-modes. But the total contri-

bution of the harmonic components is only about 1%.

The ‘+’ indicates the respective Fourier coefficients of

tip–sample impact force. The amplitude of the im-

pact decreases as the index of harmonics increases.

The coefficients beyond 50th harmonics can be safely

neglected for their relatively trivial value.
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Fig. 1. The motion of the tapping cantilever in frequency

domain. The amplitude of the fundamental frequency

is shortened in order to fit into the figure. The down-

triangle indicates the respective Fourier coefficients of the

tip–sample impact.

The tip periodically tapping on the sample surface

brings about a periodic pulse like force acting on both

tip and sample. This pulse differs as the tip tapping on

different sample surface. The time-dependent impact

force curves with different sample’s stiffness are shown

in Fig. 2, for stiffness is a key parameter for distin-

guishing the compositional difference of a surface. The

curves show that the maximum of the impact force

increases and the tip sample contact time decreases

as the sample’s stiffness increases. But the impact

force curves show little difference when the Young’s

modulus is beyond 100 GPa. Thus the tapping tip is

more sensitive to the change of stiffness of softer ma-

terials. The maximum repulsive impact force is one

of the parameters that can better reflect the influence

of mechanical properties on tapping operation as well

as the most significant parameter evaluation of sam-

ple damage.[32] The maximum attractive tip–sample

force is directly related to the Hamaker constant of

the sample surface (see Eq. (21)) and reflecting the

Fig. 2. The periodic tapping force for different surface

elasticity determined by the numerical simulation. The av-

erage distance between the zero position of the cantilever

and the sample surface is 30 nm. Sample stiffness of 10,

50, 100, and 150 GPa were used in the calculation.

surface energy variation of the sample. These two

maximum values can be simply extracted from the

time-dependent impact force curves.

In an actual scan process, the feedback control

regulates the tip–sample average separation by con-

tinuously adjusting the sample’s position in z direc-

tion. The control error results in a few percentage

deviation of the expected tip–sample average separa-

tion, which may influence the tip–sample impact force.

The tip–sample impact forces at three different tip–

sample average separations were calculated and are

shown in Fig. 3. As decreases the tip–sample average

separation, the peak of the impact force moves ahead

in time domain, but the shape of the impact force does

not change. Thus, unlike the conventional method for

mapping chemical composition of a surface, such as

phase imaging, the surface characters acquired by the

method proposed in this paper are not influenced by

feedback control error.

Fig. 3. The time-dependent periodic impact force at three

different tip–sample average separations. Tip–sample av-

erage separations of 28.5, 30, and 31.5 nm were used in

the calculation.

In an actual AFM, only part of the information

about tip motion can be acquired, because the real

data acquisition process is limited by the bandwidth

and precision. The incomplete information will lead to

the distortion of the reconstruction. The tip–sample

impact forces computed through Eq. (20) are shown

in Fig. 4, and the theoretical tip–sample impact force

obtained by directed solving the ordinary differential

Eqs. (9) is indicated by solid line. The more har-

monic components were included in the computation,

the more accurate tip–sample impact force was recon-

structed. Only the tapping point (peak in time do-

main) can be roughly calculated by taking one or a few

harmonic components into Eq. (20). The numerical

results show that the shape of computed tip–sample

impact force was close enough to the theoretical one
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when we took more then 30 harmonics into compu-

tation, which requires the data acquisition speed is

above 60 times faster than the tip’s free oscillating

frequency.

Fig. 4. The tip–sample impact force in time domain com-

puted from tip motion through Eq. (20).

Each time the tip moves toward and then away

from the surface, its force varies with distance. This

is known as force–distance curve. The force–distance

curve is the basis for quantitative material property

mapping. The time-vary tip–sample impact force can

be converted to a force–distance curve by plotting

force versus cantilever flexural bending. These force–

distance curves are then analysed to obtain material

properties such as stiffness and surface energy. The

computed force–distance curves are shown in Fig. 5.

The theoretical force–distance curve is indicated by

solid line. The stiffness of the sample surface can

be computed by the slope of the curve in repulsive

force domain, and the surface energy is directly re-

lated to the shape of curve in attractive force domain.

We can find from the figure that the curves in repul-

sive force domain are closer to the theoretical force–

distance curve than in attractive force domain. Thus

the stiffness information of the surface is easier to re-

construct and has a higher precision. Numerical re-

sults show that the error of the computed stiffness,

based on the values of the first 20 harmonics, from

the real surface stiffness is less than 10%.

Fig. 5. The computed force–distance curves.

4. Conclusions

In summary, we have shown theoretically that the

relationship between the tip motion and tip–sample

impact force can be simply expressed as two algebraic

formulas. The time-varying tip–sample impact force

can be reconstructed by recording and analysing the

tip motion. This allows us to make the reconstruc-

tion of characteristics of the tip–sample force, such as

contact time and maximum contact force. It can also

explain the ability of AFM in higher harmonics imag-

ing in mapping stiffness and surface energy variations.

Numerical results show that the maximum error of

the surface stiffness reconstruction is less than 10%,

if the first 20 frequency components are included in

the calculation. The present theoretical analysis and

the numerical simulation results pave the way to de-

velop a nanometer resolution force spectroscopy for

quantitative measurement of the surface mechanical

properties.
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