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Consensus problems in multi-agent systems
with double integrator model∗
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In this paper, we consider multi-agent consensus problems in a decentralised fashion. The interconnection topology

graph among the agents is switching and undirected. The agent dynamics is expressed in the form of a double integrator

model. Two different cases are considered in this study. One is the leader-following case and the other is leaderless

case. Based on graph theory and common Lyapunov function method, some sufficient conditions are obtained for the

consensus stability of the considered systems with the neighbour-based feedback laws in both leader-following case and

leaderless case respectively. Finally, two numerical examples are given to illustrate the obtained results.
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1. Introduction

In recent years, the coordination problem of mul-

tiple autonomous agents has drawn increasing atten-

tion. It is because there are many applications of

multi-agent systems in many areas such as the aggre-

gation behaviour of animals, collective motion of par-

ticles, cooperative control of unmanned air vehicles,

schooling for underwater vehicles, distributed sensor

networks and attitude alignment for clusters of satel-

lites in Refs. [1]–[6].

Although these practical backgrounds are dif-

ferent, the fundamental idea in coordinating multi-

ple agents is that of coordinating multiple agents to

achieve a goal of the whole system by local informa-

tion. The investigated feedback scheme associated

with those problems is inspired by the aggregates of

individuals in nature. Flocks of birds and schools of

fish achieve coordinated motions of large numbers of

individuals without a central controlling mechanism in

Ref. [4]. Reynolds first proposed a computer anima-

tion model to simulate collective behaviours of multi-

ple agents in Ref. [3]. Several researchers in the area of

statistical physics and theory of complexity have ad-

dressed flocking and schooling behaviours in systems

of self-propelled particles in Refs. [1] and [7]. In real

applications, the interacting topology between agents

may change dynamically. For example, in the case

of interaction via communications, the communica-

tion between vehicles may be unreliable due to dis-

turbances and/or subject to a communication range

limit. In the case of interaction via sensing, the agents

that can be sensed by a certain agent may change over

time. Based on bidirectional information exchange

(modeled by undirected graphs) and a simple local

rule for each agent, the consensus problem of a group

of agents could be solved for a large class of switching

signals under any initial conditions in Refs. [5] and

[8]. Similar or generalised consensus problems have

also been studied in Refs. [9]–[16].

Furthermore, with many practical applications,

especially involving mechanical systems, different ap-

proaches have been proposed for the cases when each

agent’s dynamics is taken as a double integrator. The

double integrator model is a second-order model. The

interconnection topology graph among the agents is

switching and undirected. There are many interesting

agent-related works involved double integrator agent’s

dynamics such as in Ref. [10], [15], [17] and [18]. In

Ref. [10], the authors pointed out that the matrix to

describe this multi-agent dynamics does not satisfy

the properties related to the stochastic matrix and the

norm-based method proposed by Ref. [5] may fail for

the double-integrator form agent dynamic. It is often

to chose the Lyapunov-based approach in multi-agent

systems with the double integrator model.[10,15,17,18]

With this background, we study a group of agents

with double-integrator dynamics. The main purpose

is to develop some decentralised control strategies to

achieve global consensus of the multi-agent systems.
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In leader-following formulation, although the intercon-

nection topological structure among the agents keeps

changing, a sufficient condition established by con-

structing a parameter-dependent common Lyapunov

function can still guarantee global consensus stability.

As is commonly known, it is not an easy task to con-

struct a common Lyapunov function for a switching

system, let alone the parameter-dependent common

Lyapunov function. While in the leadless case, the

common Lyapunov method can not be used directly.

By using Schur orthogonal transformation, we decom-

pose the group tracking dynamics into two subsys-

tems: one represses the leader and the other represses

a leader-following subsystem. Then, a sufficient condi-

tion is obtained based on the obtained result of leader-

following case to guarantee global consensus stability.

The paper is organised as follows. In Section 2, we

give a formulation of the coordination problem with

the help of graph theory. Then in Section 3, the results

on the consensus stability are obtained for the multi-

agent system with varying interconnection topologies

in the leader-following case. In Section 4, the leader-

less case is studied. In Section 5, simulation examples

are presented. Finally, the concluding remarks are

given in Section 6.

The notation used in this paper is standard. R
is the real number set. I is an identity matrix with

compatible dimension. AT is denoted as transpose of

a matrix A. For symmetric matrices A and B, A >

(≥)B means A−B is positive (semi-) definite. λ(A)

represents an eigenvalue ofA. For symmetric matrices

A, λmin(A) and λmax(A) represent the minimum and

maximum eigenvalue of A respectively. ∥ • ∥ denotes

Euclidean norm. ⊗ denotes the Kronecker product,

which satisfies (1) (A⊗B)(C⊗D) = (AC)⊗ (BD);

(2) If A ≥ 0 and B ≥ 0, then A⊗B ≥ 0.

2. Problem formulation

Stability analysis of the group of agents is based

on several results of algebraic graph theory. In this

section, we first introduce some basic concepts and no-

tations in graph theory that will be used throughout

this paper. More details are available in Ref. [19]. De-

note the graph by G = {V, ε}, where V = {vi, i ∈ I} is

the set of vertices (with I an index set) and ε ⊂ V ×V
is the set of edges of the graph. Throughout this pa-

per, we assume all the graphs have no edges (vi, vi)

from a node to itself, and each edge is denoted by

ek = (vi, vj) ∈ ε, i, j ∈ I. A graph is said to be

undirected if ∀ (vi, vj) ∈ ε ⇒ (vj , vi) ∈ ε. Otherwise,

the graph is called a directed graph. If (vi, vj) ∈ ε,

then vj is said to be a neighbour of vi and we denote

the set of all neighbour vertices of vertex vi by de-

noting Ni = {j|(vi, vj) ∈ ε}. A path from vertex vi
to vertex vj is a sequence of distinct vertices starting

vi and ending with vj such that consecutive pair of

vertices make an edge of graph. A graph is simple if

it has no self-loops or repeated edges. If there is a

path between any two vertices of a graph G, then G is

connected, otherwise disconnected.

The relationships between n agents can be con-

veniently described by a simple, undirected graph G
with an index set I = {1, 2, . . . , n}, which is defined

so that (i, j) defines one of the graph’s edges if agents

i and j are neighbours. Neighbouring relations re-

flect physical proximity between two agents, or the

existence of a communication channel. This undi-

rected interconnection graph G can be used straight-

forward in the leaderless case. Its weighted adja-

cency matrix A = [aij ] ∈ Rn×n, where aii = 0 and

aij = aji ≥ 0 with aij > 0 meaning that there is

an edge between agent i and agent j. Its degree

matrix D = diag{d1, . . . , dn} ∈ Rn×n is a diagonal

matrix, where diagonal elements di =
∑n

j=1 aij for

i = 1, . . . , n. Then the Laplacian of G is defined as

L = D −A, (1)

which is symmetric.

In the leaderless case, we consider the graph G,
but in the leader-following case, we consider another

graph Ḡ, associated with the system consisting of n

agents and one leader. Here the state of the leader

(labelled 0) is denoted by v0, and the relationships

between the agents and the leader is a directed graph;

namely there are only edges from some agents to the

leader at some moment t, but there are no edges from

the leader to any agents. In other words, the directed

graph Ḡ contains G and v0 with directed edges from

some agents to the leader v0.

For the multi-agent system under consideration,

the relationships between neighbours can change over

time and the interconnection topology may dynam-

ically change. By that the graph of this system is

connected, we mean that graph G for all the agents is

connected (in the leaderless case), or at least one agent

in each component of graph G associated with n agents

is connected to the leader (in the leader-following

case). In the leaderless case, S = {G1,G2, . . . ,GN0}
is denoted as a set of the graphs of all possible

topologies, while in the leader-following case, S̄ =
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{Ḡ1, Ḡ2, . . . , ḠN} is denoted as a set of the graphs of

all possible topologies.

In this paper, we intend to coordinate n mobile

agents with each agent expressed in the form of a dou-

ble integrator: ṙi = pi

ṗi = ui
ri, pi, ui ∈ Rm, i = 1, ..., n, (2)

where ri is the position of agent i, pi is its velocity and

ui is its control input. In the leader-following case, the

dynamic of the leader is taken as ṙ0 = p0,

ṗ0 = a0(t),
r0, p0, a0 ∈ Rm, (3)

where a0(t) is a known input, which may be regarded

as some given policy known to all the agents. Particu-

larly, a0(t) ≡ 0 expresses that the leader is moving in

constant velocity. The leader of this considered multi-

agent system is active, and its motion only depend on

the known input a0(t) and do not be influenced by the

following agents.

When the multi-agent system achieve consen-

sus, it requires not only all agent not scattered, but

also velocity matching. Thus, the n mobile agents

are said to achieve global consensus, if under any

given initial values ri(0) and pi(0) (i = 1, 2, . . . , n),

lim
t→∞

(ri(t) − rj(t)) = 0 and lim
t→∞

(pi(t) − pj(t)) = 0

for any i, j = 1, 2, . . . , n. Moreover, in the leader-

following case, the multi-agent system achieve global

consensus means that lim
t→∞

(ri(t) − r0(t)) = 0 and

lim
t→∞

(pi(t) − p0(t)) = 0 for any i = 1, 2, . . . , n. We

say that local control law solves the consensus prob-

lem if the closed-loop feedback system achieve global

consensus.

In this study, we are interesting in using neigh-

bour control law to solve the consensus problem. To

this end, the controller ui of agent i, regarded as node

i in a graph, requires state information from a sub-

set of the agent’s flockmates, called the neighbour set

Ni defined above. For system (2), we consider the

following two cases.

Leader-following Take the local control law as

follows for agent i (i = 1, . . . , n), which is neighbour-

based feedback law:

ui = a0(t)− κ

∑
j∈Ni

aij(t)(ri − rj) + bi(t)(ri − r0)


−κγ

∑
j∈Ni

aij(t)(pi − pj) + bi(t)(pi − p0)

 . (4)

Here κ is a ‘control’ parameter, which is positive

constant and will be determined later, γ is positive

weighted parameter. At time t, the aij(t) and bi(t)

are chose by

aij(t) =

 αij if agent i is connected to agent j,

0 otherwise,

(5)

bi(t) =

 βi if agent i is connected to the leader,

0 otherwise,

(6)

where αij > 0 (i, j = 1, ..., n) is connection weight

constant between agent i and agent j, and βi > 0

(i = 1, ..., n) is connection weight constant between

agent i and leader. We also assume that αij = αji.

Let sj = rj − r0 and qj = pj − p0, for j = 1, . . . , n,

and moreover, s := col(s1, . . . , sn) ∈ Rmn, q :=

col(q1, . . . , qn) ∈ Rmn, and u := col(u1 − a0(t), u2 −
a0(t), . . . , un−a0(t)) ∈ Rmn. Then we can rewrite the

closed-loop systems (2), (3) and (4) as

ṡ = q, q̇ = uσ, (7)

and

uσ = −κ(Hσ ⊗ Im)s− κγ(Hσ ⊗ Im)q, (8)

where Hσ = Lσ +Bσ, σ : [0,∞) → P = {1, 2, . . . , N}
(P = {1, 2, . . . , N} as an index set) is a piecewise con-

stant switching signal with successive times when the

topology of graph Ḡ switches. Lσ is the Laplacian

matrix of the switching graph G consisting of n ver-

tices (presenting agents 1, . . . , n), andBσ is a diagonal

matrix whose i diagonal entry is bi(t).

Leaderless There is no leader dynamic (3), so

we take the local control law as:

ui = −κ
∑
j∈Ni

aij(t)(ri − rj)

− κγ
∑
j∈Ni

aij(t)(pi − pj), i = 1, . . . , n, (9)

where the aij(t) is also chose as (5). Let r :=

col(r1, . . . , rn) and p := col(p1, . . . , pn). Then we can

rewrite the closed-loop system (2) and (9) as

ṙ = p, ṗ = uσ, (10)

and

uσ = −κ(Lσ ⊗ Im)r − κγ(Lσ ⊗ Im)p, (11)
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where σ : [0,∞) → P0 = {1, 2, . . . , N0} (P0 =

{1, 2, . . . , N0} as an index set) is a piecewise constant

switching signal to describe the switch of the intercon-

nection graph G. In fact, Eq. (11) can be viewed as a

special case of (8) by taking Bσ ≡ 0.

Some well known results will be used later. The

following well-known result establishes a direct rela-

tionship between the graph connectivity and its Lapla-

cian. It can be found in Ref. [19].

Lemma 1 Let G be an undirected graph on n

vertices with weighted Laplacian L. Denote the eigen-

values of L by λ1, . . . , λn satisfying λ1 ≤ . . . ≤ λn.

Then λ1 = 0 and 1 = (1, 1, . . . , 1)T ∈ Rn is its eigen-

vector. Moreover, if the graph G is connected, λ1 > 0.

In what follows, we first focus on the analysis of

the leader-following case, and then study the leader-

less case in a similar trace.

3. Leader-following case

In this section, we concentrate on the analysis of

the multi-agent systems with a leader. In this case, we

consider Ḡ instead of G. Usually, it is assumed that

chattering does not occur, that is, that σ(t) switches

a finite number of times in every finite time inter-

val. Then the closed-loop system of multi-agent sys-

tem has a well-defined solution. Let t1 = 0, t2, . . . be

an infinite time sequence at which the interconnection

graph of the considered multi-agent system switches.

Thus in any interval [tj , tj+1), the Laplacian Lσ asso-

ciated with G is a time-invariant matrix. Therefore,

the closed-loop system (7) and (8) will be expressed

in a compact form as follows:

ẋ = (Fσ ⊗ Im)x, (12)

with

x =

 s

q

 , Fσ =

 0 I

−κHσ −κγHσ

 . (13)

In any interval [tj , tj+1), the matrix Fσ is a time-

invariant matrix. Thus, we can assume that σ(t) =

k, k ∈ P, t ∈ [tj , tj+1). Note that Fσ is not directly re-

lated to a stochastic matrix, and therefore, the method

reported in Ref. [5] cannot be applied. In what fol-

lows, we will propose an approach based on common

Lyapunov function for system (12).

Note that Hk = Lk + Bk ∈ Rn×n, k ∈ P asso-

ciated with graph Ḡ. Obviously, Hk is positive semi-

definite because both Lk and Bk are positive semi-

definite. Furthermore, we have (see Ref. [10])

Lemma 2 If graph Ḡ is connected, then the

symmetric matrix Hk is positive definite.

Based on Lemma 2 and the fact that the set P is

finite,

λ̄ := min
p∈P

{λ(Hp)|Ḡp is connected} > 0 (14)

is fixed and depends directly on the constants αij and

βi for i, j = 1, . . . , n given in (5) and (6).

Now we give the main result of leader-following

case as follows.

Theorem 1 Take the positive constants κ and γ

satisfied

κ >
1

γ2λ̄
. (15)

If the interconnection graph is connected for any inter-

val [tj , tj+1), then the local control law (4) can guar-

antee that the multi-agent system in leader-following

case achieves consensus under any given initial condi-

tion r(0) and p(0), i.e., lim
t→∞

(ri(t)− r0(t)) = 0,

lim
t→∞

(pi(t)− p0(t)) = 0,
i = 1, ..., n. (16)

Proof To prove the theorem, we consider the

dynamics in each interval at first. Note that, in any

interval (say [tj , tj+1)), the interconnection topology

does not change. Therefore, Fσ(t) is a constant ma-

trix for t ∈ [tj , tj+1) and j ≥ 0, then the solution of

equation (12) is well defined and can be expressed as

x(t) = ( eFk(t−tj) ⊗ Im)x(tj) for t ∈ [tj , tj+1). Define

a symmetric matrix by

P =

 2I γI

γI γ2I

 , (17)

where I is the n × n identity matrix. It is known

that matrix P is positive definite by using Schur com-

plement lemma (see Ref. [20]). Then take a common

Lyapunov function V (x) = xT (P ⊗ Im)x, where P

is defined by Eq. (17). Then, for each k ∈ P which

corresponds to interval [tj , tj+1),

V̇ (x)|(12) = xT
[
(FT

k P + PFk)⊗ Im
]
x

= −xT(Qk ⊗ Im)x,

where

Qk =

 2κγHk 2κγ2Hk − 2I

2κγ2Hk − 2I 2κγ3Hk − 2γI

 .

Noticing that 2κγ 2κγ2

2κγ2 2κγ3

⊗ (Hk − λ̄I) ≥ 0,

050520-4



Chin. Phys. B Vol. 19, No. 5 (2010) 050520

we have

Qk ≥ Q : =

 2κγλ̄I 2κγ2λ̄I − 2I

2κγ2λ̄I − 2I 2κγ3λ̄I − 2γI


=

 2κγλ̄ 2κγ2λ̄− 2

2κγ2λ̄− 2 2κγ3λ̄− 2γ

⊗ I. (18)

It is easy to verify that

 2κγλ̄ 2κγ2λ̄− 2

2κγ2λ̄− 2 2κγ3λ̄− 2γ

 is

positive definite only if Eq. (15) is satisfied. Thus Q

is positive definite. It is well known that

min
x ̸=0

xT(Qk ⊗ Im)x

xT(P ⊗ Im)x
≥ λmin(Q⊗ Im)

λmax(P ⊗ Im)
=
λmin(Q)

λmax(P )
.

Let β := λmin(Q)/2λmax(P ). Therefore, V̇ (x) ≤
−2βV (x), which implies V (x) ≤ V (x(0)) e−2βt.

Moreover, we have

∥x(t)∥ ≤
√
V (x)√

λmin(P )

≤
√
V (0)√

λmin(P )
e−βt

≤
√
λmax(P )√
λmin(P )

∥x(0)∥ e−βt. (19)

Thus we have lim
t→∞

x(t) = 0, which means that

Eq. (16) is satisfied. The proof is now completed.

Remark 1 Consider the special case that the

dynamic of the group of agents with fixed intercon-

nection topology. And then, the subscript σ(t) in

Eqs. (l2) and (13) can be dropped. If the interconnec-

tion topology graph is connected, then the matrix H

is positive definite. By using Schur orthogonal trans-

formation and simple calculations, it is not difficult

to get that the eigenvalue polynomial of matrix F is

expressed as follows
n∏

i=1

(λ2 + κγλi(H)λ+ κλi(H)). (20)

Obviously, any polynomial λ2 + κγλi(H)λ+ κλi(H)

is table for any κ, γ > 0, which means that F is sta-

ble matrix. Therefor, for fixed topology, the condition

Eq. (15) of Theorem 1 can be moved.

4. Leaderless case

In this case, similar to the analysis given in last

section, we consider the leaderless case. The closed-

loop system (10) and (11) will be expressed in a com-

pact form as follows:

ẋ = (Fσ ⊗ Im)x (21)

with

x =

 r

p

 , Fσ =

 0 I

−κLσ −κγLσ

 . (22)

Noting that Lk is symmetric semi-positive defi-

nite and vector 1 is the eigenvector corresponding to

its zero eigenvalue by Lemma 1, there is an orthogonal

matrix

U =



1√
n

∗ . . . ∗
1√
n

∗ . . . ∗
...

...
...

...
1√
n

∗ . . . ∗


,

where ∗ denotes the other entries in this matrix, such

that

UTLkU =

 0 0

0 H̄k

 , H̄k ∈ R(n−1)×(n−1). (23)

Thus, all the eigenvalues of the symmetric matrix H̄k

are nonnegative and λ2(Lk) = λmin(H̄k). If the graph

is connected, the rank of Lk is n−1 and therefore, all

the eigenvalues of matrix H̄k are positive. Based on

Lemma 1 and the fact that the set P0 is finite,

λ̄2 := min
p∈P0

{λ2(Lp)|Gp is connected} > 0 (24)

is fixed and depends directly on the constants αij

given in (5). Taking s̄ = UTr and q̄ = UTp, the

closed-loop system can be described by

˙̄s = q̄,

˙̄q =

 0 0

0 −κH̄k

⊗ Im

 s̄
+

 0 0

0 −κγH̄k

⊗ Im

 q̄. (25)

For convenience, take

ξ0 = s̄1, ψ0 = q̄1,

and

ξ1 = col(s̄2, s̄3, . . . , s̄n),

ψ1 = col(q̄2, q̄3, . . . , q̄n),

where the s̄i and q̄i are self evident. Then the whole

system can be decoupled into two subsystems as fol-

lows: one is

ξ̇0 = ψ0, ψ̇0 = 0, (26)
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and the other one is

ξ̇1 = ψ1,

ψ̇1 = −κ(H̄k ⊗ Im)ξ1 − κγ(H̄k ⊗ Im)ψ1. (27)

Now, we present the main result of leaderless case

as follows.

Theorem 2 Take the positive constants κ and γ

satisfied

κ >
1

γ2λ̄2
. (28)

If the interconnection graph is connected for any inter-

val [tj , tj+1), then the local control law (9) can guar-

antee taht the multi-agent system in leaderless case

achieves consensus under any given initial condition

r(0) and p(0), i.e., lim
t→∞

(ri(t)− rj(t)) = 0,

lim
t→∞

(pi(t)− pj(t)) = 0,
i, j = 1, ..., n. (29)

Proof Note that system (27) is in the same form

of (12) of the leader-following case, though its state

is (n − 1)-dimensional. Also, H̄k plays the same role

as Hk does in the leader-following case. Therefore,

similar to the proof of Theorem 1, we have

lim
t→∞

 ξ1(t)

ψ1(t)

 = 0.

From system (26), we have

ψ0(t) = ψ0(0)

=
1√
n

n∑
i=1

pi(0),

ξ0(t) = ξ0(0) + ψ0(0)t

=
1√
n

n∑
i=1

ri(0) +
1√
n

n∑
i=1

pi(0)t. (30)

Noticing that UT1 = (
√
n, 0, . . . , 0)T, we have

r(t)− 1√
n
ξ0(t)1 = U

(
s̄− 1√

n
ξ0(t)U

T1

)

= U

 0

ξ1(t)

 → 0, t→ ∞,

and

p(t)− 1√
n
ψ0(t)1 = U

(
q̄ − 1√

n
ψ0(t)U

T1

)
= U

(
0 ψ1(t)

)
→ 0, t→ ∞,

which implies that Eq. (29) is satisfied.

Remark 2 We define the centre of the multi-

agent system as r̄ =
∑n

i=1 ri/n and the velocity of

the center as p̄ =
∑n

i=1 pi/n. The time derivative of

center is given by

˙̄r =
1

n

n∑
i=1

ṙi =
1

n

n∑
i=1

pi = p̄, (31)

and

˙̄p

=
1

n

n∑
i=1

ṗi

=
1

n

n∑
i=1

ui

=
1

n

n∑
i=1

(
− κ

∑
j∈Ni

aij(ri − rj)− κ
∑
j∈Ni

aij(pi − pj)
)

= 0. (32)

Then, we can get that

p̄(t) = p̄(0) =
1

n

n∑
i=1

pi(0) =
1√
n
ψ0(t),

r̄(t) = r̄(0) + p̄(0)t =
1√
n
ξ0(t). (33)

The centre r̄ of the closed loop system described by

(11) will run at a constant speed
∑n

i=1 pi(0)/n, which

is the average initial velocity of all agents. The posi-

tion and velocity of every agent will tend to the posi-

tion and velocity of centre respectively, which means

that the multi-agent network achieve consensus.

5. Simulation results

In this section, we illustrate theoretical results de-

rived in the above section and provide two numerical

simulations. Without loss of generality, we takem = 3

in numerical simulations. Take κ = 5 and γ = 1.

In leader-follower case, consider a multi-agent system

with one leader and six followers. The interconnection

topology is arbitrarily switched with switching period

1 among four graphs Ḡi(i = 1, 2, 3, 4). The Lapla-

cian matrices Li(i = 1, 2, 3, 4) for the four subgraphs

Gi(i = 1, 2, 3, 4) are

L1 =



3 −1 −1 −1 0 0

−1 2 −1 0 0 0

−1 −1 3 0 −1 0

−1 0 0 3 −1 −1

0 0 −1 −1 3 −1

0 0 0 −1 −1 2


,
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L2 =



2 −1 −1 0 0 0

−1 2 0 0 −1 0

−1 0 2 −1 0 0

0 0 −1 1 0 0

0 −1 0 0 2 −1

0 0 0 0 −1 1


,

L3 =



2 −1 0 0 0 −1

−1 2 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 2 −1

−1 0 0 0 −1 2


,

L4 =



2 −1 0 0 0 −1

−1 2 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 2 −1

−1 0 0 0 −1 2


.

and the diagonal matrices for the interconnection re-

lationship between the leader and the followers are

B1 = diag(1, 0, 0, 1, 0, 0),

B2 = diag(1, 0, 1, 1, 0, 0),

B3 = diag(1, 0, 1, 1, 1, 0),

B4 = diag(1, 1, 1, 1, 1, 1).

The initial positions and velocities of the all

agents are randomly produced. The position and

velocity errors in Fig. 1 are defined as ∥ri − r0∥
and ∥pi − p0∥ respectively. Figure 1 shows that the

follower-agents can track the leader.

In leaderless case, consider a multi-agent system

with six agents. The interconnection topology is also

arbitrarily switched with switching period 1 among

four graphs Gi(i = 1, 2, 3, 4) described as follows. The

Laplacian matrices Li(i = 1, 2, 3, 4) are also defined as

above. The position and velocity errors in Fig. 2 are

defined as ∥ri − r̄∥ and ∥pi − p̄∥ respectively. Figure

2 shows the multi-agent system in leaderless case can

achieve consensus.

Fig. 1. Position and velocity tracking errors of six followers.

Fig. 2. Position and velocity tracking errors of six agents.
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6. Conclusions

We have investigated the control of multi-agent

systems with varying interconnection topologies using

graph theory and stability theory. The proposed con-

sensus strategies are neighbour-based law, i.e. each

agent is regulating its position and velocity based on

its neighbour agents. There are two different cases

considered in this study. One is the leader-following

case and the other is the leaderless case. For the

first one, a common Lyapunov function (CLF) was

constructed to analyse the stability of the closed sys-

tem. While for the second case, we use a Schur or-

thogonal transformation which decomposes the group

tracking dynamics into two subsystems: one represses

the leader and the other represses a leader-following

subsystem, for which the obtained result of the first

case can be applied directly. Some sufficient condi-

tions were given to achieve consensus of these mobile

agents with the proposed local control strategies in

both leader-following and leaderless cases respectively.

Moreover, several numerical simulations were shown

to verify the theoretical analysis.
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