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Shot noise in electron transport through a double
quantum dot: a master equation approach∗
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We study shot noise in tunneling current through a double quantum dot connected to two electric leads. We

derive two master equations in the occupation-state basis and the eigenstate basis to describe the electron dynamics.

The approach based on the occupation-state basis, despite being widely used in many previous studies, is valid only

when the interdot coupling strength is much smaller than the energy difference between the two dots. In contrast, the

calculations using the eigenstate basis are valid for an arbitrary interdot coupling. Using realistic model parameters, we

demonstrate that the predicted currents and shot-noise properties from the two approaches are significantly different

when the interdot coupling is not small. Furthermore, properties of the shot noise predicted using the eigenstate basis

successfully reproduce qualitative features found in a recent experiment.

Keywords: double quantum dot, master equation approach, shot noise in tunneling current

PACC: 0560, 5225F, 7335

1. Introduction

The precise control of coherent coupling between

quantum states is of great importance in quantum in-

formation processing. Recent studies show that ar-

tificial two-level systems designed using mesoscopic

circuits can be controlled in nanosecond time scales

and can also exhibit coherent oscillations between two

quantum states (see, e.g., Refs. [1]–[3]). A double

quantum dot (DQD) provides a useful system to ex-

plore coherent effects because interdot hopping intrin-

sically couples states in two different dots and is tun-

able via the gate voltage.[4,5] A commonly used ob-

servable for studying the effects of coherent coupling is

the current through the DQD.[6] Recently, shot-noise

measurement has been demonstrated as another use-

ful tool for studying the coherent effects.[7,8] Moreover,

the shot-noise properties have been predicted to be an

indicator of the degree of entanglement between elec-

tron states[9,10] and they are also related to the radia-

tive decay properties of the one-demensional quantum

ring exciton.[11]

Shot noise, i.e., current fluctuations due to the

discrete and stochastic nature of electron transport,

describes the correlation between electrons trans-

ported successively through mesoscopic systems, such

as quantum dots (QDs) or molecular devices (for re-

views, see Refs. [12] and [13]). In classical transport,

the noise is typically Poissonian with a power density

S = 2e ⟨I⟩, where e is the unit charge and ⟨I⟩ is the

average current. However, either Coulomb interaction

or the Pauli’s exclusion principle can induce a negative

correlation between successive transport events. This

reduces the noise power density so that S < 2e ⟨I⟩
corresponding to a sub-Poissonian noise.[14] In con-

trast, the interplay between Coulomb interaction and

the Pauli’s exclusion principle can also produce a pos-

itive correlation between the transport events, i.e.,

S > 2e ⟨I⟩. This corresponds to a super-Poissonian

noise. The Fano factor F = S/2e ⟨I⟩ is usually used

to characterize the shot noise, where F = 1, F > 1,

or F < 1, respectively, corresponds to the Poissonian,

super-Poissonian, or sub-Poissonian noise. Many the-

oretical works show that super-Poissonian noise of

electron,[15−17] or spin,[18−21] and positive cross corre-

lation between different spin states[22] in QDs can be

∗Project supported by the National Basic Research Program of China (Grant Nos. 2009CB929300 and 2006CB921205), the National

Natural Science Foundation of China (Grant Nos. 10534060 and 0625416), and the Research Grant Council of Hong Kong SAR

project (Grant No. 500908).
†Corresponding author. E-mail: shihuaouyang@gmail.com

c⃝ 2010 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

050519-1



Chin. Phys. B Vol. 19, No. 5 (2010) 050519

induced via dynamical channel blockade. Moreover,

a super-Poissonian noise in tunneling current caused

by dynamical channel blockade has been observed in

a system consisting of two electrostatically coupled

QDs[23] and also a single QD[24,25] in recent experi-

ments.

In this work, we study the current and shot-

noise in electrons tunneling through a DQD. We em-

ploy two different approaches and compare the re-

sults. First, we follow many previous investigations

(see, e.g., Refs. [8] and [26]–[29]) and derive a master

equation for the electron transport in the occupation-

state basis of the DQD. We show that to arrive at

this master equation, one needs to assume that the

interdot coupling strength is much smaller than the

energy difference between the two dots. Alterna-

tively, we derive a more generally applicable master

equation in the eigenstate basis of the DQD, which

does not require the assumption of a small inter-

dot coupling and is hence valid for any arbitrary

interdot coupling strength. Similar eigenstate ba-

sis was used in non-equilibrium Green function ap-

proaches to study current–voltage asymmetry,[30] in-

elastic transport,[31] and transport phenomenon re-

lated to the on-site Coulomb interaction of electrons

in QDs.[32] Also, master equations in the eigenstate

basis was used to study the transport properties of

QDs related to the effects of Pauli spin blockade[33]

and electron cotunneling process.[34,35] Here the two

master equations (i.e., the master equation in the

occupation-state basis and that in the eigenstate ba-

sis) are formally different in general and are identical

only in the limiting case when the interdot coupling is

much smaller than the energy difference between the

two dots. We show that for small interdot coupling,

the properties of the shot noise predicted by the two

master equations agree with each other as expected.

However, for large interdot coupling, they are signifi-

cantly different.

The present paper is organised as follows. In Sec-

tion 2, we introduce the model for a DQD connected

to two electric leads. A phonon bath that affects the

dynamics of the DQD is also considered. Two mas-

ter equations for the electron dynamics in the DQD

are derived in both the occupation-state basis and the

eigenstate basis. In Sections 3 and 4, we study, re-

spectively, the properties of the current through the

DQD and the associated shot noise. Results based on

the two master equations are compared. Moreover, a

brief conclusion is presented in Section 5.

2. Time evolution of the reduced

density matrix of a double

quantum dot

The schematic diagram of a DQD connected to

two electrodes by tunneling barriers is shown in Fig. 1.

The voltage across the DQD is biased so that the

chemical potential of the left electrode µL is higher

than that of the right electrode µR. Thus, an elec-

tron can tunnel from the left electrode to the right

one via the DQD. We assume that the DQD is in the

Coulomb regime (with both strong intra- and interdot

Coulomb repulsions), so that at most a single electron

is allowed in the DQD. In the occupation represen-

tation, the electron basis states are the vacuum state

|0⟩, the state with one electron in the left dot |1⟩, and
the state with one electron in the right dot |2⟩.

Fig. 1. Schematic diagram of an electron transported

through a DQD connected to two electric leads via tunnel-

ing barriers. (a) Considering DQD electron states in the

occupation-state basis, the electron tunnels sequentially

from the left lead to the right lead via first the left dot

and then the right dot. (b) Considering the eigenstate ba-

sis, the electron is transported via either the ground-state

channel or the excited-state channel. The effective tun-

neling rates from the left lead to the ground state and the

excited state are ΓLα
2 and ΓLβ

2, while those from the

ground state and the excited state to the right lead are

ΓRβ2 and ΓRα2.

The Hamiltonian of the whole system reads (tak-

ing ~ = 1)

Htot = Hleads +HDQD +HT +Hph +Hep. (1)

The first two terms Hleads and HDQD are respectively

the Hamiltonians of the two electrodes and the DQD,
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which are given by

Hleads =
∑
αk

ωαkc
+
αkcαk, (2)

HDQD =
ε

2
σz +Ωσx, (3)

where c+αk(cαk) is the creation (annihilation) opera-

tor of an electron with momentum k in the electrode

α(α = l, r); σz = a+2 a2 − a+1 a1 and σx = a+2 a1 + a+1 a2

are the Pauli matrices, with a+1 (a
+
2 ) being the electron

creation operator in the left (right) dot of the DQD. In

Eq. (3), the first term εσz/2, with ε = ε2 − ε1 denot-

ing the energy difference between the two dots, gives

the Hamiltonian of the two uncoupled quantum dots,

while the second term Ωσx characterises the interdot

hopping. The tunneling coupling between the DQD

and the electrodes is described by

HT =
∑
k

(
Ωlka

+
1 clk +Ωrka

+
2 Υrcrk +H.c.

)
, (4)

where Ωlk(rk) is the tunneling strength between the

QD and the left (right) electrode. The operators

Υr(Υ
+
r ) decreases (increases) the number of electrons

having tunneled into the right lead (via the barrier be-

tween the DQD and the right lead).[36] These count-

ing operators allow one to keep track of the tunneling

process during the evolution of the DQD. Below we

focus on current and shot noise in electron tunneling

through the right tunneling barrier, so only the related

counting operators (Υr and Υ+
r ) are introduced in the

tunneling Hamiltonian (4).

Also, we consider the effects of the phonon-bath

environment on the evolution of the DQD. The Hamil-

tonian of this phonon bath is

Hph =
∑
q

ωqb
+
q bq (5)

with b+q (bq) creating (annihilating) a phonon with fre-

quency ωq. The electron–phonon interaction is given

by

Hep = σx

∑
q

λq

(
b+q + bq

)
, (6)

where λq is the electron–phonon coupling strength.

The evolution of the whole system is described by

the von Neumann equation for the density matrix ρR

of the whole system

ρ̇R (t) = −i [Htot,ρR (t)] . (7)

Here we are interested in the time evolution of the

DQD and treat both the electric leads and the phonon

bath as the total outside environment. We will hence

derive the master equation of the reduced density ma-

trix ρd (t) of the DQD: ρd (t) = TrE {ρR (t)}, where
TrE {· · · } denotes the trace over the degrees of free-

dom of both the electric leads and the phonon bath.

In our calculation, we adopt the interaction picture

based on the free Hamiltonian

H0 = Hleads +HDQD +Hph, (8)

and the interaction Hamiltonian becomes

Hint (t) = HT (t) +Hep (t) , (9)

where operators in the interaction and the Schrödinger

pictures are related by A (t) = e iH0tA e−iH0t for any

operator A.

After tracing over the degrees of freedom of both

the electrodes and the phonon bath, one obtains the

master equation for the reduced density matrix ρI
d of

the DQD in the interaction picture as[37]

ρ̇I
d (t)

= −iTrE [Hint (t) ,ρd (0)ρE (0)]− TrE

∫ t

0

dt′[
Hint (t) ,

[
Hint (t

′) ,ρI
d (t

′)⊗ ρE (0)
]]
, (10)

where ρE is the density matrix of the outside environ-

ment. Because the trace of a single unpaired creation

or annihilation operator over the lead or the phonon

bath is zero, e.g., TrE {clkρE} = 0, the first term in

Eq. (10) vanishes. Substituting the interaction term

Eq. (9) into Eq. (10), within the Born–Markov ap-

proximation, one can obtain

ρ̇I
d (t) = LTρ

I
d (t) + Lphρ

I
d (t) . (11)

Here, the dissipative part due to the electric leads is

given by

LTρ
I
d (t)

= −
∑
α=l,r

Trα

∫ t

0

dt′[HT (t)HT (t′)ρI
d (t)ρleads

− HT (t) ρId (t)ρleadsHT (t′) + H.c.], (12)

where ρleads (0) = ρL (0)⊗ρR (0) is the density matrix

of the two electric leads. The dissipative part caused

by the phonon bath is

Lphρ
I
d (t) = −Trph

∫ t

0

dt′[Hep (t)Hep (t
′)ρI

d (t) ρph

−Hep (t) ρ
I
d (t) ρphHep (t

′) + H.c.]. (13)
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From Eqs. (11)–(13), one can derive the master equa-

tion for the n-resolved reduced density matrix ρ
(n)
d (t)

of the DQD, where ρ
(n)
d (t) = ⟨n|ρd (t) |n⟩ and n is

the number of electrons that have arrived at the right

lead at time t.

2.1.Master equation in the occupation-

state basis

The master equation of the DQD in the

occupation-state basis was previously used to

study the current properties[26−29] and shot-noise

properties[8,17,20,21] of electrons tunneling through the

DQD. In the interaction picture defined by the free

Hamiltonian H0 in Eq. (8), the unperturbed evolu-

tion operator U0 (t) = e iH0t is difficult to calculate in

the occupation-state basis in the presence of interdot

coupling. One hence splits H0 into two parts

H0 = H1 +HΩ , (14)

where

H1 = Hleads +Hph +
ε

2
σz, (15)

HΩ = Ωσx. (16)

Following previously works[37,38] on deriving master

equations in the occupation-state basis, we assume

that the interdot couping Ω is small and satisfies

Ω ≪ |ε2 − ε1|, thus we have H0 ≈ H1. The evolu-

tion operator can then be approximated as

e iH0t ≈ e iH1t. (17)

With this approximation, one easily obtains

HT (t) ≈
∑
k

[Ωlka
+
1 clk e

−i(ωlk−ω1)t

+ΩrkΥra
+
2 crk e

−i(ωrk−ω2)t +H.c.], (18)

and

Hep (t) ≈
(
σ+ e iεt + σ− e−iεt

)
×
∑
q

λq

(
b+q e iωqt + bq e

−iωqt
)
, (19)

where ω1,2 = ∓ε/2. Here σ+ = a+2 a1 and σ− =

a+1 a2 are the raising and lowering operators in the

occupation-state basis.

We consider the nonequilibrium case with a large

bias voltage across the DQD, so that all energy lev-

els of the DQD lie within the bias window, as shown

in Figs. 1(a) and 1(b). Substituting Eqs. (18) and

(19) into Eqs. (11)–(13), taking the trace over the de-

grees of freedom of both the two electrodes and the

phonon bath, and converting the obtained equation

to the Schrödinger picture, one arrives at the mas-

ter equation in the occupation-state basis for a weak

interdot coupling Ω ≪ |ε2 − ε1|,[37]

ρ̇d (t) = −i [HDQD,ρd (t)] +
ΓL

2
D

[
a+1

]
ρd (t)

+
ΓR

2
D

[
Υ+
r a2

]
ρd (t)+

γ1
2
D [σ−]ρd (t)

+
γ2
2
D [σ+]ρd (t) , (20)

where ΓL(R) = 2πρlk(rk)Ω
2
lk(rk) is the electron tun-

neling rate through the left (right) tunneling bar-

rier. Here, the electron density of states ραk at lead

α(α = l, r) and the tunneling strength Ωαk are as-

sumed to be energy-independent. The notation D

acting on any operator A is defined as

D [A]ρ = 2AρA+ −
[
A+Aρ+ ρA+A

]
. (21)

The dissipation rates induced by the electron–phonon

interaction are

γ1,2 = 2π {J (±ε) [n (±ε) + 1]

+ J (∓ε)n (∓ε)} , (22)

where J (ω) =
∑

q λ
2
qδ (ω − ωq) is the bath spectral

density, and n (ω) = [exp (ω/kBT )− 1]
−1

is the aver-

age phonon number at temperature T . Using Eq. (20)

and the following relations[36]

⟨n|Υ+
r Υrρd |n⟩ = ρ

(n)
d ,

⟨n|ΥrΥ
+
r ρd |n⟩ = ρ

(n)
d ,

⟨n|Υ+
r ρdΥr |n⟩ = ρ

(n−1)
d ,

⟨n|ΥrρdΥ
+
r |n⟩ = ρ

(n+1)
d , (23)

one obtains the equation of motion for each density

matrix element

ρ̇
(n)
00 (t) = −ΓLρ

(n)
00 + ΓRρ

(n−1)
22 ,

ρ̇
(n)
11 (t) = ΓLρ

(n)
00 + iΩ

(
ρ
(n)
12 − ρ

(n)
21

)
+ γ1ρ

(n)
22 − γ2ρ

(n)
11 ,

ρ̇
(n)
22 (t) = −ΓRρ

(n)
22 − iΩ

(
ρ
(n)
12 − ρ

(n)
21

)
− γ1ρ

(n)
22 + γ2ρ

(n)
11 ,

ρ̇
(n)
12 (t) = iερ

(n)
12 + iΩ

(
ρ
(n)
11 − ρ

(n)
22

)
− ΓR + γ1 + γ2

2
ρ
(n)
12 . (24)
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Then, the ith diagonal matrix element ρii =∑
n ρ

(n)
ii (i = 0, 1, or 2) gives the occupation prob-

ability of the state |i⟩. The off-diagonal matrix ele-

ment ρ12 (t) =
∑

n ρ
(n)
12 describes the coherence be-

tween states |1⟩ and |2⟩, and ρ12 (t) = ρ∗21 (t). This

master equation was used in many previous studies,

e.g., Refs. [26] and [27].

The physical meaning of the master equation can

be understood as follows. Take the equation for ρ
(n)
11

in Eq. (24) for example. The first term on the right-

hand side describes the process of an electron tunnel-

ing from the left lead to the left dot with rate ΓL. The

second term represents the coherent coupling between

states |1⟩ and |2⟩ due to the interdot coupling. The

third term describes the phonon-induced relaxation

process from state |2⟩ to |1⟩ with rate γ1. Finally, the

fourth term describes the inverse process with rate γ2.

2.2.Master equation in the eigenstate

basis

As explained above, the master equation in the

occupation-state basis is only valid for a weak inter-

dot coupling. To extend the results to an arbitrary

interdot coupling Ω, we now derive the master equa-

tion in the eigenstate basis of the DQD. The result is

valid for any arbitrary interdot coupling strength.

Diagonalizing the Hamiltonian of the DQD

[Eq. (3)], one has

HDQD =
Ω0

2
(|e⟩ ⟨e| − |g⟩ ⟨g|) = Ω0

2
σ(e)
z , (25)

where Ω0 =
√
ε2 + 4Ω2 is the energy splitting of the

two eigenstates of the DQD given by

|g⟩ = α |1⟩ − β |2⟩ , |e⟩ = β |1⟩+ α |2⟩ (26)

with α ≡ cos(θ/2) =
√
(Ω0 + ε)/2Ω0, β ≡ sin(θ/2) =√

(Ω0 − ε)/2Ω0, and tan θ = 2Ω/ε. The eigenstates

and the occupation states are related by

|1⟩ = α |g⟩+ β |e⟩ , |2⟩ = −β |g⟩+ α |e⟩ . (27)

In the interaction picture based on the free Hamil-

tonian H0 given by Eq. (8), the tunneling Hamilto-

nian [Eq. (4)] and the electron–phonon interaction

[Eq. (6)], in the eigenstate basis, are given by

HT (t) =
∑
k

Ωlk

(
αa+g e iωgt + βa+e e iωet

)
clk e

−iωlkt] +Ωrk

(
−βa+g e iωgt + αa+e e iωet

)
Υrcrk e

−iωrkt +H.c.,

Hep =
[
σ(e)
z sin θ + cos θ

(
σ
(e)
+ e iΩ0t + σ

(e)
− e−iΩ0t

)]∑
q

λq

(
b+q e iωqt + bq e

−iωqt
)
, (28)

where ωg,e = ∓Ω0/2. Here σ
(e)
+ = a+e ag and σ

(e)
− = a+g ae are the lowering and raising operators in the eigenstate

basis.

Now, one can evaluate Eqs. (11)–(13) using Eq. (28). In the nonequilibrium case with a large bias voltage

across the DQD, after converting the result to the Schrödinger picture, one obtains the master equation in the

eigenstate basis which holds for any arbitrary interdot coupling Ω,[37]

ρ̇d (t) = −i [HDQD,ρd (t)] +
ΓL

2
α2D

[
a+g

]
ρd +

ΓL

2
β2D

[
a+e

]
ρd

+
ΓR

2
β2D

[
agΥ

+
r

]
ρd +

ΓR

2
α2D

[
aeΥ

+
r

]
ρd +

λ1

2
D

[
σ
(e)
−

]
ρd +

λ2

2
D

[
σ
(e)
+

]
ρd, (29)

where

λ1 = 2πJ (Ω0) cos
2 θ [n (Ω0) + 1] ,

λ2 = 2πJ (Ω0) cos
2 θn (Ω0) . (30)

Using Eq. (29), the n-resolved equation of motion for

each density matrix element can be written as

ρ̇
(n)
00 (t) = −ΓLρ

(n)
00 + ΓRβ

2ρ(n−1)
gg + ΓRα

2ρ(n−1)
ee ,

ρ̇(n)gg (t) = ΓLα
2ρ

(n)
00 − ΓRβ

2ρ(n)gg + λ1ρ
(n)
ee − λ2ρ

(n)
gg ,

ρ̇(n)ee (t) = ΓLβ
2ρ

(n)
00 − ΓRα

2ρ(n)ee − λ1ρ
(n)
ee + λ2ρ

(n)
gg ,

ρ̇(n)ge (t) = iΩ0ρ
(n)
ge − Γ0

2
ρ(n)ge , (31)

where Γ0 = ΓR+λ1+λ2. It follows from Eq. (31) that

the effective tunneling rate from the left lead to the

ground (excited) state |g⟩ (|e⟩) is ΓLα
2 (ΓLβ

2), while

the effective tunneling rate from the ground (excited)
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state to the right lead is ΓRβ
2 (ΓRα

2) [see Fig. 1(b)].

We emphasise that these results derived in the eigen-

state basis are valid for any arbitrary interdot cou-

pling.

3. Current through the double

quantum dot

To compare the master equations in Eqs. (24) and

(31) derived, respectively, in the occupation-state ba-

sis and the eigenstate basis, we first apply them to

study the tunneling current through the DQD. In the

next section, the associated shot noise will also be

studied. The current I (t) through the DQD at time t

is given by

I (t) = e
dN (t)

dt
= e

∑
n,i

nρ̇
(n)
ii (t), (32)

where N (t) is the number of electrons that have tun-

neled into the right lead. Here, i is summed over all

basis states of the basis used, i.e. i = 0, 1, 2 in the

occupation-state basis and i = 0, g, e in the eigenstate

basis. Denoting results based on the occupation-state

basis and the eigenstate basis by ‘o’ and ‘e’, values of

the current Io (t) and Ie (t) calculated using Eqs. (24)

and (31) are respectively

Io (t) = eΓRρ22 (t) , (33a)

Ie (t) = e
[
ΓRβ

2ρgg (t) + ΓRα
2ρee (t)

]
. (33b)

At steady-state with ρ̇ij (t) = 0 (i, j = 0, 1, 2 or 0, g, e)

the calculated values Iso and Ise of the stationary cur-

rent are

Iso =
eΓLΓR

Λ

{
γ2

[
4ε2 + (γ1 + γ2 + ΓR)

2
]

+ 4Ω2 (γ1 + γ2 + ΓR)
}
, (34a)

Ise =
eΓLΓR

[
β2λ1 + α2

(
λ2 + β2ΓR

)]
Ξ

, (34b)

where

Λ = 4Ω2ΓR (2ΓL + ΓR) + (γ2 + ΓL)ΓR

(
4ε2 + Γ 2

R

)
+ (γ1 + γ2) [4ΓL

(
ε2 + 2Ω2

)
+ 4Ω2ΓR

+ ΓL (γ1 + γ2)
2
+ ΓR (γ2 + 3ΓL) (γ1 + γ2)

+ Γ 2
R (2γ2 + 3ΓL)], (35a)

Ξ = λ2

(
ΓL + α2ΓR

)
+ λ1

(
ΓL + β2ΓR

)
+ ΓR

[(
α4 + β4

)
ΓL + α2β2ΓR

]
. (35b)

Figure 2 shows the calculated values Iso and Ise of

the stationary current through the DQD. We choose

a typical interdot coupling Ω = 32 µeV, which is ex-

perimentally accessible.[39] For both Iso and Ise at the

resonant tunneling point characterized by ε1−ε2 = 0,

the current reaches its maximum. Moreover, it can be

seen that the current is asymmetric around the max-

imum point. This asymmetry was also observed in

a recent experiment by Barthold et al.[7] It is due to

dissipations induced by the phonon bath, as we will

now demonstrate. In the absence of electron–phonon

coupling, we have γ1 = γ2 = 0 and λ1 = λ2 = 0, so

that Eqs. (34a) and (34b) reduces to

Iso =
e4Ω2ΓLΓR

4Ω2 (2ΓL + ΓR) + 4ε2ΓL + ΓLΓ 2
R

, (36a)

Ise =
e4Ω2ΓLΓR

4Ω2 (2ΓL + ΓR) + 4ε2ΓL
, (36b)

where Eq. (37a) agrees with the result from previous

studies,[8,40] in which the occupation-state basis was

also used. From Eqs. (37a) and (37b), it is clear that

the current as predicted using either the occupation-

state basis or the eigenstate basis is symmetric about

the current peak at ε1 = ε2. This reveals that this

asymmetry of the current is due to the coupling of the

DQD to the phonon bath.

Fig. 2. Stationary current Is through the DQD as a func-

tion of the energy difference ε1 − ε2 calculated using the

occupation-state basis (Is = Iso) and the eigenstate basis

(Is = Ise) for a large interdot coupling Ω = 32 µeV. We

have taken ΓL = 100 µeV, ΓR = 2.5 µeV, γ0 = 0.6 µeV,

and T = 2 K.
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As shown in Section 2, the master equation de-

rived in the occupation-state basis is only valid in the

limit of a weak interdot coupling, i.e., Ω ≪ |ε2 − ε1|
while that in the eigenstate basis is valid for any ar-

bitrary interdot coupling. Figure 3 plots the values of

the stationary current calculated in the two bases for

Fig. 3. Stationary current Is as a function of ε1 − ε2 cal-

culated using the occupation-state basis (Is = Iso) and the

eigenstate basis (Is = Ise) for a small interdot coupling

Ω = 1 µeV. Inset: The enlarged diagram of the stationary

current Is in the region with ε1−ε2 comparable to Ω. All

the parameters except the interdot coupling are the same

as those used in Fig. 2.

a small interdot coupling (Ω = 1 µeV). As expected,

when the interdot coupling Ω is much smaller than

the energy difference |ε2 − ε1| of the two dots, the

stationary-state current calculated in the occupation-

state basis agrees very well with that in the eigenstate

basis, as is evident from Fig. 3. However, when the

interdot coupling is comparable to the energy differ-

ence, the stationary currents in the occupation-state

basis deviates drastically from the stationary current

in the eigenstate basis (see Fig. 2). This deviation

can also be revealed in Fig. 3 in the narrow region

with |ε2 − ε1| ∼ Ω (= 1 µeV) (see the inset of Fig. 3).

These clearly show the inaccuracy of the current and

hence the master equation in the occupation-state ba-

sis at large Ω. In this case, one must use the master

equation derived in the eigenstate basis.

4. Shot noise

Following the previous studies,[16,19,41] one can

calculate the Fano factor that characterises the shot

noise in the tunneling current through the DQD. We

first consider the results based on the occupation-state

basis. Using the master equation (24), the Fano factor

Fo in the occupation-state basis is found to be

Fo = 1 + 2× a1a4 − a2a3
a22

, (37)

where

a1 = −1

4
ΓLΓR

{
4ε2γ2 + (γ1 + γ2 + ΓR)

×
[
4Ω2 + γ2 (γ1 + γ2 + ΓR)

]}
,

a2 =
1

4


ΓL (γ1 + γ2)

[
4
(
ε2 + 2Ω2

)
+ (γ1 + γ2)

2
]

+
[
(γ1 + γ2)

(
4Ω2 + γ2 (γ1 + γ2)

)
+

(
8Ω2 + 3 (γ1 + γ2)

2
)
ΓL + 4ε2 (γ2 + ΓL)

]
ΓR

+
[
4Ω2 + (γ1 + γ2) (2γ2 + 3ΓL)

]
Γ 2
R + (γ2 + ΓL)Γ

3
R

 ,

a3 = −ΓLΓR

[
2Ω2 + γ2 (γ1 + γ2 + ΓR)

]
,

a4 =
1

4


γ3
1 + γ3

2 + 4
(
ε2 + 4Ω2

)
(ΓL + ΓR) + 5ΓLΓ

2
R + Γ 3

R + γ2
1 (3γ2 + 5ΓL + 3ΓR)

+γ2
2 (5ΓL + 7ΓR) + γ2

(
4ε2 + 8Ω2 + 10ΓLΓR + 7Γ 2

R

)
+γ1

(
4ε2 + 8Ω2 + 3γ2

2 + 10ΓLΓR + 3Γ 2
R + 10γ2 (ΓL + ΓR)

)
 . (38)

Alternatively, using the eigenstate basis, one can obtain from Eq. (31) that the Fano factor Fe in the eigenstate

basis is given by

Fe = 1 +
2ΓLΓR

Ξ2
×

{
2α2β2Ξ − (λ1 + λ2 + ΓL + ΓR)×

[
β2λ1 + α2λ2 + α2β2ΓR

]}
, (39)

where

b1 = −ΓLΓR

[
α2

[
λ2 + β2ΓR

]
+ β2λ1

]
,
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b2 = λ1

[
ΓL + ΓRβ

2
]
+ λ2

[
ΓL + ΓRα

2
]
+ ΓR

[
ΓL

(
1− 2α2β2

)
+ α2β2ΓR

]
,

b3 = −2α2β2ΓLΓR,

b4 = λ1 + λ2 + ΓL + ΓR. (40)

Without any phonon dissipation effect, i.e., γ1 = γ2 = 0 or λ1 = λ2 = 0, the Fano factors become

Fo = 1−
8Ω2ΓL

[
4ε2 (ΓR − ΓL) + 3ΓLΓ

2
R + Γ 3

R + 8Ω2ΓR

]
[ΓLΓ 2

R + 4ΓLε2 + 4Ω2 (ΓR + 2ΓL)]
2 , (41)

Fe = 1−
8Ω2ΓL ×

{
4ε2 (ΓR − ΓL) + 8Ω2ΓR

}
[4ε2ΓL + 4Ω2 (2ΓL + ΓR)]

2 . (42)

Here Fo is identical to the previous results[40,41] ob-

tained in the occupation-state basis. For a super-

Poissonian noise, one has Fo > 1. It is obtained from

Eq. (42) when the following condition is needed

4ε2 (ΓL − ΓR) > 3ΓLΓ
2
R + Γ 3

R + 8Ω2ΓR. (43)

Figure 4 presents both of the calculated Fano

factors Fo and Fe of the shot noise based on the

occupation-state basis and eigenstate basis, respec-

tively. At the resonant tunneling point, i.e., ε2 = ε1,

both approaches predict that the shot noise is sub-

Poissonian. For Fo, in the absence of phonon-induced

dissipation, a super-Poissonian noise can be obtained

Fig. 4. Fano factor F as a function of ε1−ε2 calculated us-

ing the occupation-state basis (F = Fo) and the eigenstate

basis (F = Fe) for a large interdot coupling Ω = 32 µeV.

All the other parameters are the same as those in Fig. 2.

in the condition Eq. (43). Due to the effects of dissipa-

tion, Fo has only sub-Poissonian noise for the whole

parameter range investigated here. In contrast, Fe

has much richer behaviours of super-Poissonian, sub-

Poissonian, and Poissonian noise correlations, depend-

ing on the energy difference ε1−ε2. Moreover, Fe, but

not Fo, exhibits a double-peak structure and an asym-

metry around the dip at ε2 = ε1. These features were

also observed in a recent experiment.[7]

Certain characteristic features found in experi-

ments have been successfully reproduced using the

occupation-state basis.[8] Nevertheless, previous cal-

culations threw little insight on the physical origin of

the double peak in the Fano factor observed. Now,

it can be intuitively understood using the eigenstate

basis as follows. The electrons can tunnel from the

DQD to the right lead via two channels, namely, the

ground-state channel and the excited-state channel.

The effective tunneling rates are defined as

Γg ≡ ΓRβ
2 = ΓR

Ω0 − ε

2Ω0
,

Γe ≡ ΓRα
2 = ΓR

Ω0 + ε

2Ω0
. (44)

At the resonant tunneling point (ε2 = ε1), the tunnel

rate through the ground-state channel is the same as

that through the excited-state channel. This results

in a sub-Poissonian shot noise.[15] When ε2 > ε1, one

has Γg < Γe, and the electron transport through the

ground-state channel blocks that through the excited-

state channel. This dynamical channel blockade leads

to a super-Possionian shot noise.[15]

However, when ε2 − ε1 ≫ Ω, Γg becomes zero

and the electron can only tunnel through the DQD

via the excited-state channel. This single-channel tun-

neling gives rise to a sub-Poissonian shot noise,[13] as

shown in Fig. 4. Similarly, when ε2 < ε1, one has

Γg > Γe and the tunneling through the excited-state

channel blocks that through the ground-state channel.
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The noise is super-Poissonian for a small energy differ-

ence |ε2 − ε1|, due to the dynamical channel blockade.

When ε1 − ε2 ≫ Ω, Γe becomes zero and the electron

can only tunnel through the DQD via the ground-state

channel. This single-channel tunneling also gives rise

to a sub-Poissonian noise. The asymmetry of the Fano

factor is caused by the relaxation process induced by

the electron–phonon interaction. When ε2 > ε1, we

have Γg < Γe and the relaxation process from the ex-

cited state to the ground state enhances the dynami-

cal channel blockade. However, when ε2 < ε1, one has

Γg > Γe and the relaxation process from the excited

state to the ground state suppresses the dynamical

channel blockade. The asymmetry of the Fano factor

hence follows [see Fig. 4].

Fig. 5. Fano factor F as a function of ε1−ε2 calculated us-

ing the occupation-state basis (F = Fo) and the eigenstate

basis (F = Fe) for a small interdot coupling Ω = 1 µeV.

All the other parameters are the same as those in Fig. 2.

Inset: The enlarged diagram of the Fano factor F in the

region with |ε2 − ε1| comparable to Ω.

We have shown using Fig. 4 that for a large inter-

dot coupling, e.g., Ω = 32 µeV, the Fano factor in the

occupation-state basis deviates drastically from the

Fano factor in the eigenstate basis. This verifies that

the small interdot coupling approximation in deriving

the master equation in the occupation-state basis is in-

valid. Instead, the master equation in the eigenstate

basis should be used. As a further consistency check,

Figure 5 shows the Fano factor of the shot noise for

a small interdot coupling strength (Ω = 1 µeV). As

expected, the calculated Fano factors using both ba-

sis agrees with each other except for the small region

with |ε2 − ε1| ∼ Ω; in this small region, the results

in the two cases are different because the condition

|ε2 − ε1| ≫ Ω is not satisfied (see the inset of Fig. 5).

5. Conclusions

In summary, we have derived two master equa-

tions in both the occupation-state basis and the eigen-

state basis to describe the dynamics of the DQD. We

show that the master equation in the occupation-state

basis is only valid for a small interdot coupling, while

the master equation in the eigenstate basis is valid

for an arbitrary interdot coupling. To demonstrate

the difference between these two master equations, we

focus on the current and shot-noise properties in elec-

tron tunneling through the DQD. When the interdot

coupling is much smaller than the energy difference be-

tween the two dots, the current and shot noise in the

occupation-state basis are very close to those in the

eigenstate basis. For a large interdot coupling, how-

ever, the properties derived in the occupation-state

basis deviate drastically from those in the eigenstate

basis. This reveals that the master equation in the

occupation-state basis is not accurate for the case of

a large interdot coupling and in this case the master

equation in the eigenstate basis should be used. Also,

we show that the shot-noise properties predicted us-

ing the eigenstate basis can successfully reproduce the

features found in a recent experiment.[7]
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