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Recently, Shi et al. [2008 Phys. Lett. A 372 5922] have studied the dynamical response of the kinetic Ising model

in the presence of a sinusoidal oscillating field and presented the dynamic phase diagrams by using an effective-field

theory (EFT) and a mean-field theory (MFT). The MFT results are in conflict with those of the earlier work of Tomé

and de Oliveira, [1990 Phys. Rev. A 41 4251]. We calculate the dynamic phase diagrams and find that our results are

similar to those of the earlier work of Tomé and de Oliveira; hence the dynamic phase diagrams calculated by Shi et al.

are incomplete within both theories, except the low values of frequencies for the MFT calculation. We also investigate

the influence of external field frequency (ω) and static external field amplitude (h0) for both MFT and EFT calculations.

We find that the behaviour of the system strongly depends on the values of ω and h0.
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1. Introduction

In a recent paper, Shi et al.[1] studied the kinetic

Ising model under a time-dependent oscillating field

within an effective-field theory (EFT) with correla-

tions and mean-field theory (MFT). Especially, they

investigated the temperature dependencies of the dy-

namic order parameter and the dynamic correlations.

From these investigations, they obtained the dynamic

phase transition (DPT) points and presented the dy-

namic phase diagrams. In recent years, the dynamic

phase transition has become an interesting field of re-

search in magnetic model systems, theoretically (see

Refs. [2]–[14] and references therein), and in ultrathin

ferromagnetic films, ferroic systems, superconductors

and polymers, experimentally (see Refs. [15]–[18] and

references therein).

Shi et al.[1] investigated the temperature depen-

dencies of the dynamic order parameter, hysteresis

loop area and correlation. From these investigations,

they obtained the DPT points and presented the dy-

namic phase diagrams. We have realized that the

MFT results are in conflict with those of the ear-

lier work of Tomé and de Oliveira[2] for ω ≥ 0.60,

where ω is the frequency of the external magnetic

field. The main conflict is that at low reduced temper-

atures, there is a range of values of h/zJ in which the

paramagnetic (P) and the ferromagnetic (F) phases

or regions coexist, which are called the coexistence

region or the mixed phase (F+P) for ω ≥ 0.60. The

F+P mixed phase is separated from F and P phases by

the first-order phase lines, hence the mixed phase was

not obtained by Shi et al.[1] (see comparison between

Fig. 3 of Ref. [1] and Figs. 5 and 6 of Ref. [2]). They

did not present the time variation of the average mag-

netization in order to find the phases in the system

and they did not study the influence of the external

magnetic field frequency and static external magnetic

field for both MFT and EFT calculations either.

In this work, first we investigate the time depen-

dence of average magnetization to find the phases in

the system in detail. Then, we investigate the be-

haviour of the average magnetization in a period or the

dynamic magnetization as a function of reduced tem-

perature to characterize the nature (continuous and

discontinuous) of the transition as well as to obtain

the DPT points. We find that the calculated dynamic

phase diagrams in Ref. [1] are incomplete within the

MFT and the EFT. We also investigate the effects of

the external magnetic field frequency, the oscillating
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and static external magnetic field for both the MFT

and the EFT calculations.

The structure of the rest of this work is as follows.

In Section 2, we briefly give the basic frameworks of

the MFT and the EFT. The detailed numerical results

and discussion are presented in Section 3, followed by

a brief summary.

2. Formulation

A kinetic Ising model with N spins is described

by the Hamiltonian given as

H= −
∑
⟨ij⟩

Jij Si Sj−h(t)

(∑
i

Si

)
, (1)

where Si takes the values ±1 at each site i of a lat-

tice; ⟨ij⟩ indicates the summation over all pairs of

the nearest neighbour sites; Jij represents the spin–

spin interaction strength between sites i and j; for

simplicity, all Jij are taken to be equal to a constant

J > 0; h(t) is the time-dependent external field given

by h(t) = h0 sin(ωt). The system is in contact with

an isothermal heat bath at temperature Tabs.

The system evolves according to a Glauber-type

stochastic process at a rate of 1/τ transitions per unit

time. Applying the Glauber transition rate, the mean-

field dynamical equation of motion for the kinetic Ising

system was found to be,[1,2]

τ
d

dt
⟨Si⟩

= −⟨Si⟩+

⟨
tanh

[
β

(
h(t) + J

∑
j

Sj

)]⟩
, (2)

where β = 1/kBTabs, Tabs is the absolute tempera-

ture and kB is the Boltzmann factor. This dynamic

equation can be written in terms of a mean-field ap-

proach; hence, the mean-field dynamical equation of

the system in the presence of a time-varying field is

d

dt
M = −M + tanh

(
M + h

T

)
, (3)

where M =< Si > and the Boltzmann constant is set

to be unity and τ = 1, the temperature T and the

external field h are measured in units of zJ (z is the

coordination number).

Now, we use the EFT with correlations to ob-

tain the dynamical equation of motion for the kinetic

Ising system. This method was first introduced by

Honmura and Kaneyoshi[19] and Kaneyoshi et al.,[20]

which is a more advanced method of dealing with Ising

systems than the MFT, because it considers more cor-

relations. Within the framework of the EFT, one finds

that

M = ⟨Si⟩

=

⟨
z∏

i=1

[cosh (J ∇) + 2Si sinh (J ∇)]

⟩
× f(x+ h)|x=0 , (4)

∇ = ∂/∂ x is a differential operator; z = 4 is for the

square lattice and z = 6 for the simple cubic lattice.

The function f(x+ h) is

f(x+ h) = tanh [β (x+ h)] . (5)

Equation (4) is also exact and valid for any lattice. If

we try to exactly treat all the spin–spin correlations

for that equation, the problem quickly becomes in-

tractable. A first obvious attempt to deal with it is to

ignore correlations; the decoupling approximation

⟨Si Si′ . . . Sin⟩ ∼= ⟨Si⟩ ⟨Si′⟩ . . . ⟨Sin⟩ (6)

with i ̸= i′ ̸= . . . ̸= in has been introduced within

the EFT with correlations.[19,21,22] In fact, the ap-

proximation corresponds essentially to the Zernike

approximation[23] in the bulk problem, and has been

successfully applied to a great number of magnetic

systems including the surface problems.[19,21,22,24] On

the other hand, in the MFT, all the correlations, in-

cluding the self-correlations, are neglected. Based on

this approximation, Eq. (4) reduce to

M

= [cosh (J ∇) + 2M sinh (J ∇)]
z
f(x+ h)|x=0 . (7)

For the square lattice z = 4, expanding Eq. (7),

after some manipulations the dynamic equation of mo-

tion for the magnetization reads[1]

d

dt
M = −M + a0 + a1M + a2M

2

+a3M
3 + a4M

4, (8)

for the simple cubic lattice z = 6, it becomes

d

dt
M = −M + b0 + b1M + b2M

2 + b3M
3

+b4M
4 + b5M

5 + b6M
6. (9)

The coefficients ai (i = 0–4) and bj (j = 0–6) can

be easily calculated from a mathematical relation

exp (α∇) f(x) = f(x + α), where ∇ = ∂/∂x is a

differential operator. These coefficients are given in

the Appendix.
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The dynamic order parameter or dynamic mag-

netization as the time-averaged magnetization over a

period of the oscillating magnetic field is given as

Q =
ω

2π

∮
M(t)dt. (10)

On the other hand, the hysteresis loop area is

A = −
∮

M(t)dh = −h0ω

∮
M(t) cos(ωt)dt, (11)

which corresponds to the energy loss due to the hys-

teresis. The dynamic correlation is calculated to be

C =
ω

2π

∮
M(t)h(t)dt

=
ωh0

2π

∮
M(t) sin(ωt)dt. (12)

We should also mention that in the numerical calcu-

lations, the hysteresis loop area A and the dynamic

correlation C are also measured in units of zJ . In the

next section we will give the numerical results of these

equations.

3. Numerical results and discus-

sions

First, we study time variations of the average or-

der parameter in order to find the phases in the sys-

tems. The stationary solutions of Eqs. (3), (8) and

(9) will be a periodic function of ωt with period 2π,

that is, M(ωt+ 2π) = M(ωt). Moreover, they can be

one of two types according to whether they have the

property

M(ωt+ π) = −M(ωt). (13)

A solution that satisfies Eq. (13) is called a symmet-

ric solution which corresponds to a P solution. In

this solution, the average magnetization M(ωt) oscil-

lates around the zero value and is delayed with re-

spect to the external field. The second type of so-

lution which does not satisfy Eq. (13) is called non-

symmetric solution that corresponds to a F solution.

In this case the average magnetization does not fol-

low the external magnetic field any more; instead of

oscillating around a zero value, it oscillates around a

nonzero value. These facts are seen explicitly from

the solutions of Eqs. (3), (8) and (9), obtained by us-

ing the Adams–Moulton predictor corrector method

for a given set of parameters and initial values. Fig-

ure 1 shows the solutions for only Eqs. (8) and (9).

From the Fig. 1, one can see that three different so-

lutions, namely the P solution, the F, solution and

the coexisting solution (F+P) in which the F and the

P solutions coexist, exist in the system. In Fig. 1(a)

only the symmetric solution is always obtained, hence

we have a P solution, but in Fig. 1(b) only the non-

symmetric solution is found, therefore we have a F

solution. Both solutions do not depend on the initial

values. On the other hand, in Fig. 1(c) both symmet-

ric and nonsymmetric solutions exist in the system,

hence we have the coexisting solution or mixed phase

(F+P). Therefore, we find that the F+P mixed phase

always exists in the system within the EFT for all ω

values. We also obtain time variation of the average

magnetization within the MFT and find exactly the

same behaviour as that within the EFT as shown in

Fig. 1. Time variations of average magnetization (M) for

P phase, ω = 1.0, h/zJ = 0.50, T/zJ = 0.80 and z = 4

(a); F phase, ω = 0.5, h/zJ = 0.25, T/zJ = 0.25 and

z = 4 (b); F+P phase, ω = 1.0, h/zJ = 0.70, T/zJ = 0.05

and z = 4 (c).

Fig. 1. We have not presented the figures of the MFT

calculation in order to avoid giving an unacceptable
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number of figures and duplications of explanations.

Thus, the F+P mixed phase exists in the MFT for

w ≥ 0.60 and in the EFT for all w values. We should

also mention that the P+F mixed phase exists in the

system within the EFT with correlations in which this

mixed phase was not obtained by Shi et al.[1]

We also study the behaviours of the average or-

der parameter in a period or the dynamic magneti-

zation (Q), hysteresis loop area (A/zJ) and correla-

tion (C/zJ), each as a function of the reduced tem-

perature, namely we solve Eqs. (10), (11) and (12)

for both MFT and EFT by combining the numerical

methods of Adams–Moulton predictor corrector with

the Romberg integration. This study leads us to char-

acterize the nature (continuous or discontinuous) of

transitions as well as to obtain the DPT points. In

order to see the F+P mixed phase, we present ther-

mal behaviour of the order parameter for EFT as seen

in Fig. 2. Figures 2(a) and 2(b) illustrate the ther-

mal variations of Q, A/zJ and C/zJ for ω = 1.0,

h/zJ = 0.65 and z = 4 in the cases of two different

initial values, i.e. M = 1 for Fig. 2(a), and M = 0 for

Fig. 2(b). In Figs. 2(a) and 2(b), TC is the second-

order phase transition temperature from F phase to P

phase, and Tt is the first-order phase transition tem-

perature from P phase to F phase. In Fig. 2(a), Q = 1

at zero temperature, and it decreases to zero continu-

ously as the reduced temperature increases, therefore

a second-order phase transition occurs from F phase

to P phase at TC = 0.2725. In Fig. 2(b), Q = 0 at

zero temperature, the system undergoes two succes-

sive phase transitions as the temperature increases:

the one is a first-order phase transition, because dis-

continuities occur for the dynamic magnetization, the

hysteresis loop area and the correlation, and the tran-

sition is from P phase to F phase at Tt = 0.0275;

the other is the second-order phase transition from F

phase to P phase at TC = 0.2725. From Figs. 2(a) and

2(b), one can see that the F+P mixed phase exists in

the system and this fact is seen in the phase diagram of

Fig. 3(b), explicitly. Ma and Wang[25] classified these

phase transitions as follows: A second-order (contin-

uous) as type I, a first-order (jump or discontinuous)

as type II and mixed transition as type III while de-

veloping the dynamic phase transition theory.

Fig. 2. Thermal behaviours of the Q, C/zJ and A/zJ for the values of ω = 1.0, h/zJ = 0.65 and z = 4, where the

•, ◦ and N lines are for Q, C/zJ and A/zJ , respectively; TC is the second-order phase transition temperature from

F phase to P phase; Tt is the first-order phase transition temperature from P phase to F phase. Panel (a) exhibits

a second-order phase transition from ferromagnetic (F) phase to P phase for ω = 1.0, h/zJ = 0.65 and z = 4, and

the initial value of M = 1; TC is found to be 0.2775. Panel (b) shows two successive phase transitions: the first one

is a first-order phase transition from P phase to F phase and the second one is a second-order phase transition from

F phase to P phase for ω = 1.0, h/zJ = 0.65 and z = 4, and the initial values of M = 0; Tt and TC are found to be

0.0275 and 0.2775 respectively.

We present the dynamic phase diagrams in the (T/zJ, h/zJ) plane in Figs. 3 and 4. In Figs. 3 and 4,

the solid and the dash lines represent the second- and first-order phase transition lines, respectively, and the

dynamic tricritical point is denoted by a solid circle. Figure 3 (a) represents the phase diagram for ω = 0.5

within both theories. In this phase diagram, at high values of T/zJ and h/zJ the solution is paramagnetic and

at low values of T/zJ and h/zJ it is ferromagnetic. The boundary between these regions, F → P, is represented

by the second-order phase line for the MFT and the EFT separately. At low values of T/zJ , there is a range of

values of h/zJ in which P and F phases or regions coexist, called the coexistence region or mixed phase, F+P
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only within the EFT. The F+P phase is separated from the F and the P phases by the first-order phase lines.

The system also exhibits only one dynamic tricritical point where both first-order phase transition lines merge

and signal the change from the first- to the second-order phase transitions. Moreover, the tricritical point also

occurs for the MFT calculation, which occurs for the low values of h/zJ and high values of T/zJ .

Fig. 3. Dynamic phase diagrams in the (T/zJ , h/zJ)

plane for three different vales of ω: (a) 0.5 for both EFT

and MFT, (b) 1.0 for the EFT and (c) 1.0 for the MFT P

phase F phase, and F+P are found. Dash and solid lines

represent the first- and second-order phase transitions, re-

spectively and the dynamic tricritical points are indicated

with solid circle.

Figures 3(b) and 3(c) show the calculated re-

sults within the EFT and the MFT, respectively for

ω = 1.0. The behaviours of these phase diagrams are

similar to these in Fig. 3(a) for the EFT calculation;

hence the F+P phase also exists for MFT, contrary

to the result of Shi et al.[1] Figure 4 is for the case

of w = 2π (Ω/2π = 1 is the notation of Tomé and

de Oliveira[2]). We have presented this figure to show

that our result for the MFT is exactly the same as

Tomé and de Oliveira’s[2] result (see the comparison

between this figure and Fig. 6 in Ref. [2]).

Fig. 4. The same as the description of Fig. 3, but for

Ω/2π = 1 that is the notation of Tomé and de Oliveira.[2]

Finally, in order to see the influence of the exter-

nal magnetic field frequency (ω) and static magnetic

field amplitude (h0) for both MFT and EFT, we have

performed the calculations for different external field

frequencies and static fields.

Figures 5(a) and 5(b) show the thermal varia-

tions of the dynamic magnetization (Q), hysteresis

loop area (A/zJ) and correlation (C/zJ) for three dif-

ferent values of the magnetic field frequency (ω) and

h/zJ = 1.0 for the MFT and EFT on square lattice

z = 4, respectively. In both cases, it is observed that

near the dynamic phase transition point, the dynamic

correlation gives a shallow dip, and the hysteresis loop

area shows a peak above the dynamic phase transition

point, which is consistent with the EFT[1] and Monte

Carlo results.[5] From these figures, we find that the

transition temperatures become small when ω is small.

Moreover, when the ω is big, the values of A/zJ and

C/zJ at the transition temperatures are small. Here,

it is also clear that the temperature dependence of the

hysteresis loop area is assumed to be different func-

tions for the Q > 0 states for lower temperatures and

Q = 0 states for higher temperatures. These differ-

ent functions are separated by the dynamic critical

point, and the first-order derivative, ∂A/∂T , is not

continuous at the dynamic critical point. Therefore,

the temperature dependence is a piecewise analytic

function.
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Figures 6(a) and 6(b) illustrate the thermal variations of Q for several values of static field amplitudes h0

for the MFT and EFT on the square lattice z = 4, respectively. These figures indicate that the system does

not undergo any phase transition. These behaviours are similar to those in Fig. 6(a) of Ref. [8] and Fig. 3 of

Ref. [14].

Fig. 5. Thermal variations of dynamic magnetization (Q), hysteresis loop area (A/zJ) and correlation (C/zJ) for

three different values of the magnetic field frequency (ω = 0.5, 1.0, 2π) and h/zJ = 1.0. Panel (a) is for the MFT,

and panel (b) if for the EFT on square lattice z = 4.

Fig. 6. Thermal variations of dynamic magnetization (Q) for several values of the static external field amplitude

h0. Panel (a) is for the MFT and panel (b) is for the EFT on square lattice z = 4.

In summary, the dynamic magnetization, the hys-

teresis loop area, and the dynamic correlation have

been calculated separately (both from MFT and EFT)

and studied each as a function of temperature. In

both cases, it is observed that the dynamic correlation

shows a shallow dip near the phase transition point.

The dynamic phase transition point has been identi-

fied as the minimum-correlation point.[7] The hystere-

sis loop area becomes maximum above the dynamic

phase transition point. We also present the complete

dynamic phase diagrams within the MFT and EFT

with correlations. We find that the dynamic phase

diagrams for the MFT are exactly the same as those

in the earlier work of Tomé and de Oliveira[2] and the

results of the EFT are similar to those of the MFT,

except following two differences: (1) The F+P phase

does always appear for all ω values; hence the dy-

namic phase diagrams that were presented by Shi et
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al.[1] are incomplete within both theories, except for

ω ≤ 0.60 within the MFT. This fact can easily be seen

from Fig. 3. In Fig. 3(a), the F+P mixed phase al-

ways occurs within the EFT, but not within the MFT

for ω < 0.60. Moreover, the F+P phase always ex-

ists in both MFT and EFT for ω ≥ 0.60 as seen in

Figs. 3(b) and 3(c). (2) The tricritical point appears

at high values of the h/zJ and low values of T/zJ . As

Shi et al.[1] mentioned, the kinetic Monte Carlo (MC)

simulations by Korniss et al.[6] show that there is no

tricritical point in the infinite-system limit and the tri-

critical point claimed to be found in MC simulations

by Acharyya[5] is, in fact, due to a finite-size effect.

The EFT results thus go some way toward correcting

the kinetic MFT result, but they do not introduce suf-

ficiently strong fluctuations to the obtained the correct

result: the microscopic model does not have a dynamic

tricritical point in the infinite-system limit. Moreover,

we also investigate the influence of the external field

frequency (ω) and static external field amplitude (h0)

for both MFT and EFT calculations. We find that the

behaviour of the system strongly depends on values of

ω and h0.
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Appendix

The coefficients ai (i = 0, 1, . . . , 4) in Eq. (8) and

bj (j = 0, 1, . . . , 6) in Eq. (9) can be easily calculated

by using the mathematical relation exp (α∇) f(x) =

f(x + α), where ∇ = ∂/∂x is a differential operator.

These coefficients ai (i = 0, 1, . . . , 4) and bj (j = 0,

1, . . . 6) are obtained as follows:

a0=
1

16
[f(h+ 4J) + 4f(h+ 2J) + 6 f(h) + 4f(h− 2J) + f(h− 4J)] ,

a1=
1

4
[f(h+ 4J) + 2f(h+ 2J)− 2f(h− 2J)− f(h− 4J)] ,

a2=
3

8
[f(h+ 4J)− 2 f(h) + f(h− 4J)] ,

a3=
1

4
[f(h+ 4J)− 2f(h+ 2J) + 2f(h− 2J)− f(h− 4J)] ,

a4=
1

16
[f(h+ 4J)− 4f(h+ 2J) + 6 f(h)− 4f(h− 2J) + f(h− 4J)] ,

b0 =
1

64
[f (h+ 6J) + 6f (h+ 4J) + 15f (h+ 2J) + 20f (h) + 15f (h− 2J) + 6f (h− 4J) + f (h− 6J)] ,

b1 =
3

32
[f (h+ 6J) + 4f (h+ 4J) + 5f (h+ 2J)− 5f (h− 2J)− 4f (h− 4J)− f (h− 6J)] ,

b2 =
15

64
[f (h+ 6J) + 2f (h+ 4J)− f (h+ 2J)− 4f (h)− f (h− 2J) + 2f (h− 4J) + f (h− 6J)] ,

b3 =
5

16
[f (h+ 6J)− 3f (h+ 2J) + 3f (h− 2J)− f (h− 6J)] ,

b4 =
15

64
[f (h+ 6J)− 2f (h+ 4J)− f (h+ 2J) + 4f (h)− f (h− 2J)− 2f (h− 4J) + f (h− 6J)] ,

b5 =
3

32
[f (h+ 6J)− 4f (h+ 4J) + 5f (h+ 2J)− 5f (h− 2J) + 4f (h− 4J)− f (h− 6J)] ,

b6 =
1

64
[f (h+ 6J)− 6f (h+ 4J) + 15f (h+ 2J)− 20f (h) + 15f (h− 2J)− 6f (h− 4J) + f (h− 6J)] .
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