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The dynamical behaviour of the one-dimensional complex Ginzburg–Landau equation (CGLE) with finite system

size L is investigated, based on numerical simulations. By varying the system size and keeping other system parameters

in the defect turbulence region (defect turbulence in large L limit), a number of intermittencies new for the CGLE

system are observed in the processes of pattern formations and transitions while the system dynamics varies from a

homogeneous periodic oscillation to strong defect turbulence.
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1. Introduction

Over many decades the problem of pattern for-

mation in spatiotemporal systems has attracted long

standing interest.[1−17] Recently, a focus in this di-

rection has gone to the topic of transitions from

low-dimensional regular or chaotic patterns to high-

dimensional spatiotemporal chaos or turbulence. Usu-

ally, for a small system size (say, L), an extended

system has a low-dimensional state, either regular

(periodic or quasi-periodic) or chaotic, since only a

small number of modes can be activated then. By in-

creasing L the system may reach a high-dimensional

fully-developed turbulent state for sufficiently large

L. Therefore, by changing the system size, one can

build up an ideal bridge, linking both low- and high-

dimensional sides and exploring the rich dynamic be-

haviour in between.

In the past, for studying spatiotemporal chaos

and turbulence, the majority of works have consid-

ered a large system size limit, and the influence of

the system size has been ignored.[6,8−10] As new tech-

niques develop so quickly, scientists can now easily

produce very small devices and can control various

system parameters, including the boundary condi-

tions. Thus, the road from low-dimensional state to

high-dimensional turbulence by varying the system

size can be manifested in great detail, and the rich

behaviour in this transition can be observed by exper-

iments and possibly utilised in practical applications.

With increasing system size L, rich bifurcations

and associated pattern formations and spatial symme-

try variations can be observed accompanying the ten-

dency of more chaotic temporal behaviour and sym-

metry reducing and breaking. Intermittency, which

was observed in many real and numerical models, has

recently become an important research topic.[18−20] In

this study, we will focus on some intermittencies new

observed in the process of complicated transitions be-

tween different pattern formations. Specifically, we

consider the following one-dimensional (1D) complex

Ginzburg–Landau equation (CGLE)[5−9]

∂tA = A+ (1 + ic1)
∂2A

∂x2
+ (1 + ic2) |A|2 A, (1)

with periodic boundary condition of length L

A(x+ L, t) = A(x, t). (2)
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Equation (1) can be generally derived, as the universal

form, from a spatiotemporal system slightly beyond

a homogeneous Hopf bifurcation point, where A(x, t)

is the order parameter. This equation has been ex-

tensively investigated for the pattern formation and

turbulence problems. It is well known that the CGLE

has the following plane wave solutions

A(x, t) = A0 e
i(qx−ωqt),

A0 =
√
1− q2, |q| < 1,

ωq = c2 + (c1 − c2)q
2. (3)

In the limit L → ∞ there exists a BF instability[21]

line 1 + c1c2 = 0, beyond which (1 + c1c2 < 0) all

the plane wave solutions (3) become unstable, and

the system turns to be chaotic. The chaotic state can

be classified to phase turbulence or defect turbulence

states in different parameter regions.[9,10] So far, most

of works have considered the large system size limit,

then the transition from the periodic plan wave to the

chaotic state occurs sharply on a BF curve. Moreover,

the transitions between different turbulent states are

ambiguous in some sense.

The system size L in Eq. (1) is a relevant pa-

rameter in the equation. For instance, with a finite

system size the BF curve may develop to a bifurca-

tion zone in the (c1, c2) plane with certain width. It is

interesting to explore the fine structure in this zone.

Alternatively, we can also fix c1, c2 parameters in a

certain turbulence region, and study this zone struc-

ture by varying the system size. In this study, we fix

c1 = 2.1, c2 = −1.5, to make the system deeply in the

fully-developed defect turbulence region for L → ∞
and examine the system behaviour for different sizes

L.

In this study, three different new intermittencies

are investigated when the CGLE system transits from

a homogeneous periodic state to a violent turbulent

state by increasing the system size. The paper will be

organised as follows. In Section 2, we will compute

Lyapunov exponents of the systems, then different

kinds of motions (periodic, quasiperiodic, or chaotic),

appearing by varying the system size L, can be clearly

identified. In Section 3, three types of intermitten-

cies new for the CGLE system are found when the

CGLE is adjusted from regular states to chaotic ones.

The Section 4 is devoted to a discussion on the gen-

eral picture of the road from low-dimensional state to

high-dimensional turbulence and the important roles

of these new intermittencies on the transition process

of pattern formations by increasing the system size.

The main body of the paper presents numerical ob-

servations, but an effort on intuitively understanding

some interesting features can be also apparently seen

in the work. For numerical computation the pseu-

dospectral integration method is applied throughout

the paper, and the validity of the numerical results is

checked by reducing the space and time steps.

2. Lyapunov exponents and spa-

tial patterns for various system

sizes L

First, we consider two limit cases of small and

large Ls. For very small L, the system must take a

stable homogeneous periodic (HP) solution

Â(x, t) = A0 e
iωt,

A0 = 1, ω = c2, (4)

due to the diffusion term in Eq. (1). For sufficiently

large L, the system must be chaotic for both time

and space, since the parameters c1 and c2 are taken

in the defect turbulence region. The time sequence at

a single space point and the spatiotemporal pattern

are shown in Figs. 1(a) and 1(b) for L = 6.5 (small

L), and in Figs. 1(c) and 1(d) for L = 24 (large L)

respectively.

The main interest of this work is on the system

behaviour for intermediate L. We can start our in-

vestigation with the stability analysis of the solution

(4). Inserting ∆A = A(x, t)− Â(x, t) = δ e ikx+σt into

Eq. (1) and keeping only the linear terms of δ, the

eigenvalue σ can be solved as

σ = −(k2 + 1)±
√

1− c21k
4 − 2c1c2k2. (5)

In Fig. 2(a) we plot Re(σ) vs k, and find that kc ≈
0.8915 is the critical wave number for the instability.

For finite L, k can be realised only on discrete values

as

kn =
2πn

L
, n = ±1,±2, . . . . (6)

In Fig. 2(b) we plot the kn − L curves, and the sys-

tem lengths for the instabilities of different modes are

identified by the crossings of these curves with the hor-

izontal line, Ln. It is obvious that after L > L1 ≈ 7.04

the simple synchronous periodic solution loses its sta-

bility due to the instability of n = 1 mode.
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Fig. 1. Parameters c1 = 2.1, c2 = −1.5 are used in all the following figures. (a) The trajectory of A(x, t) at an

arbitrary space point for L = 6.5. The motion is periodic. (b) The spatiotemporal pattern of ReA(x, t) for L = 6.5.

The state is homogeneous and periodic. (c) The same as (a) with L = 24. A strongly chaotic motion is observed.

(d) The same as (b) with L = 24, spatiotemporal chaos is apparent.

Fig. 2. (a) Re (σ) vs k in Eq. (5). Re (σ) is positive for |k| < kc ≈ 0.8915. The homogeneous periodic state loses its

stability if any mode has wave number in this instability region. (b) kn(L) vs L. kn is the wave number of the nth

mode. At L > Ln the solutions of (4) with mode-k k ≥ n unstable. All the solutions of (4) with k ≥ 1 are unstable

for L > L1 ≈ 7.04.

For having an overall view of the system behaviour for intermediate L we plot the first four Lyapunov

exponents (LE) of Eq. (1) vs L in Fig. 3. It shows indeed that the homogeneous periodic solution (4) is the

stable solution only for L < L1, and spatiotemporal chaos dominate for L > LT ≈ 18.746. In the region of

L1 < L < LT , rich patterns and bifurcations are observed. The abbreviated expressions in Fig. 3 have the

following meanings:

HP: homogeneous periodic state; PSW: periodic standing waves in the form of A(x, t) = A0(x) e
iϕ(x) e iωt;

Q2BW: two-frequency quasiperiodic breathing waves in the form of A(x, t) = A0(x, t) e
iϕ(x,t) e iωt, which has two

frequencies ω and ω1 = 2π/T , where T is the period of phase ϕ(x, t); Q2RW: two-frequency quasiperiodic running

wave with the form of A(x, t) = A0(x−vt) e iϕ(x−vt) e iωt; Q3BW: three-frequency quasiperiodic breathing wave;
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Q3RW: three-frequency quasiperiodic running wave with the form of A(x, t) = A0[(x − vt), t] e iϕ[(x−vt),t] e iωt;

CW: chaotic waves.

In the next section we focus on the intermittent behaviours at the transitions between the above states.

Fig. 3. The largest four LEs plotted vs L. At points L1, La, ... , LT one can find various bifurcations. The meanings

of the states HP, PSW, Q2BW, Q2RW, Q3RW, Q3BW and CW are explained in the text.

3. Intermittencies and bifurca-

tions to homogeneous turbu-

lence

Intermittencies are significant topic in nonlinear

dynamical systems which bridge the transitions be-

tween different dynamical behaviours not only in sin-

gle oscillator system but also in coupled systems. For

example, intermittency is a well-known one road to

chaos[22] or a road to complete synchronisation in cou-

pled systems.[23] Moreover, intermittent behaviour is

even much more interesting and richer in spatiotem-

poral systems since both time and space variables are

involved in these processes. In our model we find a

number of intermittencies new for the CGLE system

in the bifurcation processes of different wave patterns

by increasing system size L.

3.1. Intermittent random walk of the SM

axis of the Q2BW pattern at Lc

In our system the Q2BW state can be

very easily observed [with the intervals of

(La, Lc), (Li, Lj), (Lk, Lm)]. All these states have,

at least, a mirror symmetry (SM) axis. The position

of this axis is stable whenever it stands up, though

different initial conditions can result in different po-

sitions of the axis due to the translational symmetry

(ST) of Eq. (1). Nevertheless, the stability of the

axis may be lost at certain bifurcations. In Figs. 4(a)

and 4(b) we show the spatiotemporal patterns around

Lc. In Fig. 4(a) a Q2BW state is apparent, while

in Fig. 4(b) intermittent bursts are observed in the

evolution. Between any two neighbour bursts, we can

find a laminar pattern which is almost the same as the

Q2BW state in Fig. 4(a), however, the mirror sym-

metry (SM) axis of the laminar state makes a random

walk during each burst. After each burst, the whole

pattern shifts a certain distance by keeping the same

shape. The time intervals between any two bursts and

the distances of the pattern shifts at different bursts

are different and random. This randomness leads to

a small positive λ1 and the state is regarded as weak

chaos. The positions of the points dA0(x, t)/dx = 0

vs time t for the patterns of Figs. 4(a) and 4(b) are

shown in Figs. 4(c) and 4(d), respectively. The instant

symmetry axis must be located at these points. The

stability of the location of the axis for L < Lc (see

the straight lines on x = 0, L/2 in Fig. 4(c)) and the

intermittency of random walk of the axis for L > Lc

(the random moving of the two straight segments

Fig. 4(d)), are clearly seen.
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Fig. 4. The chaotic intermittency around Lc ≈ 9.626. (a) L = 9.625 < Lc, the pattern of a Q2BW state. (b)

L = 9.63 > Lc, an intermittent state, the pattern is practically the same as (a) in the laminar phase while it makes

random walk during the bursts. (c), (d) The trajectories of the points A0(x, t)max for L = 9.625 (c) and L = 9.63

(d), respectively. The two straight lines in (c) represent the fixed SM symmetry axis (0, L/2). In (d) these straight

segments make random walks during bursts.

For L < Lc, the behaviours at different space

points are different in the Q2BW state since the SM

symmetry axis is fixed, then apart from the SM sym-

metry pairs different points are not equivalent. How-

ever, after the intermittency, no points take particu-

lar position in the state, the statistical translational

symmetry is recovered by the intermittent bursts.

Let us define statistical translational symmetry such

that, for any function f(A), the average function

F (x) = limT→∞ 1/T
∫ T

0
f [A(x, t)]dt should be invari-

ant for any space shift, namely, F (x) = F (x + a) =

cons × tan t). In this paper we use f(A) = A0(x, t).

Therefore,

F (x) = lim
T→∞

1

T

∫ T

0

f [A0(x, t)]dt. (7)

This symmetry is confirmed by the approximately uni-

form distribution of F (x) in Fig. 5(b) [for compari-

son, the highly heterogeneous distribution is shown in

Fig. 5(a) for L ≤ Lc].

Fig. 5. Time-average amplitude distribution F (x) before

and after the Lc bifurcation (a) L = 9.625, (b) L = 9.63.

3.2. Instability to periodic alternations

of the orientation of the Q2RW at

Lf

In the size interval Lf > L > Le we have a sta-

ble running wave state, the Q2RW state. Though the

dynamics of Eq. (1) is symmetric for both clockwise

and anticlockwise orientations, the running wave state

takes only one direction, according to its initial condi-

tion, and this is the so-called oriental symmetry (SO)

breaking. After L > Lf ≈ 12.19 this running wave

state loses its stability via an intermittency of orien-

tation alternations, shown in Fig. 6. In Fig. 6(a), we

take L = 12.18 < Lf , and find well behaved run-

ning waves. In Fig. 6(b) L is slightly increased to

L = 12.2 > Lf , some bursts appear during the run-

ning wave flow, and the running wave alternates its

orientation after each burst, but the structure of the

pattern between any two bursts in Fig. 6(b) is prac-

tically similar to Fig. 6(a). Therefore, in Fig. 6(b) no

any particular orientation is prevailing for the state,

and the oriental symmetry (So) is recovered by the

intermittency.

An interesting point is that the bursts in (b) ap-

pear periodically, and the variation of the amplitude

is periodic too. Consequently, the motion of A(x, t)

is quasiperiodic with two frequencies. From L < Lf

to L > Lf , the motion keeps its quasiperiodicity with
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two irreducible frequencies. However, the number of

zero Lyapunov exponents increases from two to three

[see Fig. 3(a)]. This is again the characteristic feature

of spatiotemporal systems, and has no any counter-

part in low dimensional temporal systems. The ex-

tra zero Lyapunov exponent for L > Lf is due to the

translational symmetry breaking at the intermittency,

for which we will discuss below. The periodic bursts

in Fig. 6 are sharply different from the chaotic bursts

in Fig. 4. The reason for this difference can be intu-

itively understood. After the instability, a new mode

appears and causes the periodic alternation of propa-

gation orientation. In Fig. 4, the intermittency is due

to the translation symmetry of Eq. (1) which forms

a continuous group with infinite elements. The inter-

mittency can freely choose its spatial distance for pat-

tern shift, and the time intervals between these shifts

must be irregular, thus the bursts should be random

in both space and time. In Fig. 6, the intermittency

is due to the orientational symmetry of Eq. (1), which

forms a group with only two elements, clockwise and

anticlockwise orientations, and periodicity of bursts

can be easily organised between these two elements

for both time and space.

Fig. 6. Periodic alternation of propagation orientation

around Lf = 12.19. (a) L ≈ 12.18 < Lf , the pattern is a

Q2RW state. (b) L = 12.2, periodic bursts alternate the

orientation of the running waves. Between two neighbour

bursts the pattern is similar to (a).

The intermittency at Lf recovers its statistical

So symmetry as we discussed above. On the other

hand, it destroys the statistical translational symme-

try, which is shown in Fig. 7. In Fig. 7(a) we find

uniform distribution of F (x) for L < Lf , this is rea-

sonable since all space points are equivalent to each

other in the running wave state. In Fig. 7(b), the dis-

tribution becomes nonuniform, which indicates that

different space points play different roles in the inter-

mittent state, and the statistical ST symmetry breaks.

The apparent reason for this breaking is that the pe-

riodic orientation alternations in Fig. 6(b) appear at

fixed space patterns. Different space points take dif-

ferent fixed related positions in the turning actions,

and then they are no longer equivalent in the inter-

mittent state.

Fig. 7. (a), (b) The same as Fig. 5(a) and 5(b), respec-

tively, with L = 12.18 (a) and L = 12.2 (b) being taken.

3.3. Intermittency from a 2-axis SM

symmetric Q2BW to a 1-axis SM

symmetric chaotic state

The 2-axis SM symmetric state is stable in the

region Lm > L > Lk. Reducing L to less than Lk,

the Q2BW state becomes unstable, and a chaotic in-

termittency can be observed for L slightly smaller

than Lk. In Fig. 8(a) we take L = 17.8492 > Lk,

the motion is a regular Q2BW. Slightly reducing L

to L = 17.849 < Lk, the motion in Fig. 8(b) mani-

fests apparently an intermittent motion, for which the

pattern in the laminar phase is almost the same as

Fig. 8(a), while chaotic bursts break the laminar flow

from time to time, and the time intervals between the

bursts are randomly distributed.

The structure of the intermittency in Fig. 8(b) is

strikingly different from that in Fig. 4(b). In the for-

mer case the SM symmetry axes do not change their

positions after each chaotic burst, but in the latter

the axis makes random walks during bursts. This

difference is due to the different natures of the SM

symmetry breakings in two cases. In Fig. 4, the SM

symmetry breaks completely during each burst, then

the symmetry axis after the burst sensitively depends
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Fig. 8. Intermittency around Lk ≈ 17.8491. (a) L =

17.8492 > Lk, the pattern is a Q2BW state with 2-axis

SM symmetry. (b) L = 17.849 < Lk, the pattern is sim-

ilar to (a) in the laminar phase, and the directions of the

two SM axes are not changed by the chaotic bursts (the

arrows indicate bursts). The largest LE in (b) is positive.

on any weak perturbation, and cannot be predicted.

In Fig. 8, the 2-axis SM symmetry [Fig. 9(a)] reduces

to a smaller group of 1-axis SM symmetry [Fig. 9(c)]

at any burst of the intermittency, namely, during each

burst only one symmetry axis ceases to play role, the

other still keeps as an axis of SM symmetry. In a

given burst, the axis keeping in service is randomly

chosen by the system motion among the two axes ex-

isting in the previous laminar phase period. And af-

ter each burst the remaining axis serves as a symme-

try mark stone to help to rebuild another symmetry

axis destroyed during the burst, and to recover the

Fig. 9. (a), (b) L = 17.8492, amplitude distribution

A0(x, t) at an arbitrary instant and time-average distri-

bution of the amplitude F (x), respectively. (c), (d) the

same as (a) and (b), respectively, with L = 17.849. In (c)

the time for the distribution is chosen at a chaotic burst.

entire 2-axis SM symmetry with unchanged axes in

the new laminar phase interval. Since the symmetry

axes do not move, the statistical translational symme-

try cannot be recovered in the intermittent state [see

Figs. 9(b) and 9(d)], this is sharply different from the

case of Fig. 5(b). It is noticed in Fig. 9(d) that the

statistical SM symmetry and ST breaking are kept be-

fore and after the Lk bifurcation. To our knowledge,

this is the first time the intermittency of type shown

in Figs. 8 and 9 has discovered.

3.4.Transition from a quasiperiodic pat-

tern to spatiotemporal chaos

In Fig. 3 we find that the last transition in our

system to chaotic state occurs at LT = 18.746, after

which no any ordered state can be observed even for

large L. Therefore, it is interesting to investigate how

this final transition to turbulence takes place.

In Figs. 10(a) and 10(b) we amplify Figs. 3(a)

and (4) for the largest LE λ1. For L < LT ′ , the

motion is nonchaotic and the pattern is localised. In

the previous section we knew that increasing L over

Lm we observed a transition from the Q2BW state to

the Q3BW state. At Lm, temporally, the system be-

haviour changes from two-frequency quasiperiodicity

to three-frequency quasiperiodicity, and spatially, the

state keeps its spatial order and localisation property

after the bifurcation.

Fig. 10. (a) The largest LE λ1 vs L around LT . (b) The

statistical quantity I vs L around LT . At LT ′ , λ1 increases

from zero to positive while I(L) does not change much.

However, at LT , λ1 has no characteristic change while

I(L) shows a discontinuous drop approximately to zero.

Further increasing L over LT ′ ≈ 18.741, the mo-

tion becomes chaotic with positive λ1. However, com-

paring Figs. 10(a) and (b), we find that there still

exists another bifurcation after LT ′ (i.e., at LT ≈
18.746), which cannot be identified by the LE analysis

in Fig. 10(a), but can be defined in Fig. 10(b) by the
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transition of the order parameter I(L) = Fmax −Fmin

(where Fmax and Fmin are the maximum and mini-

mum values of F (x) against x) from positive to zero.

In Fig. 11 we take LT > L = 18.744 > LT ′ , and inves-

tigate the spatiotemporal behaviour of the state. In

the map of Fig. 11(c) the smooth circle in Fig. 11(b)

breaks to scattering points, indicating a transition to

chaos. However, the scattering points are still around

the circle of Fig. 11(b), showing that chaos is not

strong. The most interesting observation is that in

Fig. 11(d) a clear 1-axis SM symmetry exists. Further

investigation shows that this SM symmetry keeps for

any instant. Consequently, in Fig. 11(e) the statistical

distribution F (x) has a clear localised structure with

4-axis SM symmetry. Thus the state in the region

LT ′ > L > LT is a spatially well ordered and tem-

porally chaotic state, and this spatial order can be

clearly seen in Fig. 11(f). It is striking that a chaotic

state (the largest LE λ1 ≈ 0.1) has such a nice pattern

from global view.

Fig. 11. (a), (b), (c) Amplitude maps Tn+1 −Tn for different L, where Tn = tn+1 − tn and tn is determined by the

nth crossing of the amplitude A0(x, t) with the value A0(x, t) = 0.3 from up to down at an arbitrarily fixed space

point. (a) L = 18.72. The map shows finite discrete points (we focus on a simple point in (a)). The amplitude varies

periodically, and the motion is two-frequency quasiperiodic. (b) L = 18.74. The smooth circle shows two-frequency

periodicity of the amplitude motion A0(x, t) and three-frequency quasiperiodicity of A0(x, t). (c)–(f) L = 18.744.

(c) the same as (b) with L being changed. Scattering points around the smooth circle of (b) indicate a bifurcation

from three-frequency quasiperiodicity to chaos. (d) A0(x, t) vs x at an arbitrary time instant, which keeps the 1-axis

SM symmetry. (e) Time-average amplitude distribution: F (x) vs x. (f) The spatiotemporal pattern shows clearly

spatial order for this temporally chaotic state.

From Figs. 10 and 11, we observe a clear road

from quasiperiodic ordered pattern to a chaotic dis-

ordered state (spatiotemporal chaos). The road is

from two-frequency quasiperiodic ordered (spatially)

state to three-frequency quasiperiodic ordered state;

to weak time chaotic and spatially ordered pattern;

and finally to strong chaotic and spatially disordered

turbulence. After L > LT , all the instant ST, SM and

SO symmetries break completely, while all the statis-

tical ST, SM and SO symmetries are recovered fully.

Further increasing L from L > LT , the system will

continuously go to the homogeneous turbulence, i.e.,

the defect turbulence, and no longer returns back to

a regular state with spatial and temporal orders.

4. Conclusion

We have investigated a number of intermittencies

new in the processes of a homogeneous periodic state

to a high-dimensional defect turbulence state in the

1D CGLE by varying the system size only. A dy-
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namical quantity—Lyapunov exponent, and a statisti-

cal quantity—the spatial distribution of time-average

amplitude are used for the quantitative measurement

of different pattern formations. We have discovered

a number of interesting new states and new inter-

mittencies. To our knowledge, it is the first time

for us to observe the periodic alternation of propa-

gation orientation in Fig. 6 in all intermittent states.

The spatiotemporal intermittencies of types showed

by Fig. 4 and Fig. 8 are also new for the CGLE sys-

tem. Moreover, the transitions from two-frequency

quasiperiodicity with 2-axis SM spatial symmetry to

three-frequency quasiperiodicity keeping spatial order

and then to spatially ordered and temporally chaotic

state; and finally to strong chaos with spatial disorder

are significant and have not been reported before (to

our knowledge).

While all the observations presented in this paper

are based on numerical simulations, the mechanisms

of some striking behaviours are intuitively (some are

fully) understood, based on the symmetry analysis.

The essential difference between the chaotic (in both

time and space) intermittency in Fig. 4 and the pe-

riodic alternation of propagation orientation in Fig. 6

is explained by the difference of symmetry breaking

of the continuous ST symmetry with infinite elements

and the discrete SO symmetry with only two elements.

And the difference between the random walk of the

symmetry axis in Fig. 4 and the intermittency with

spatially fixed SM symmetry axes in Fig. 8 is due to

the fact that the SM symmetry is destroyed completely

during the chaotic bursts in the former case while par-

tial SM symmetry (1-axis SM symmetry) remains in

the bursts of the latter case.
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