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Reflection and refraction of waves in oscillatory media*
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This paper uses the two-dimensional Brusselator model to study reflection and refraction of chemical waves. It

presents some boundary conditions of chemical waves, with which occurence of observed phenomena at interface as

refraction and reflection of chemical waves can be interpreted. Moreover, the angle of reflection may be calculated by

using the boundary conditions. It finds that reflection and refraction of chemical waves can occur simultaneously even if

plane wave goes from a medium with higher speed to a medium with lower speed, provided the incident angle is larger

than the critical angle.
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1. Introduction

The reflection and refraction of nonlinear waves
have attracted the interest of scientists since reflec-
tion and refraction of chemical waves were found ex-
perimentally by Zhabotinsky et al. in 1993.[1 Many
related results have been obtained.2=29 The results
show that the reflection and refraction of nonlinear
waves occur not only in excitable media but also in

[4=7 Refraction of nonlinear waves

oscillatory media.
obeys Snell’s law, and reflection of the wave occurs
when the wave goes from a medium with lower speed
to a medium of higher speed, provided the angle of in-
cidence is larger than the critical angle. The reflection
of nonlinear waves does not obey the usual law of light
wave reflection, but rather exhibits a single angle of re-
flection, which is equal to the critical angle. Moreover,
the reflection is a back refraction.[! However, many
problems still remain so far. For example, whether
there is the boundary condition of wave vectors at the
interface of two media is unknown. Whether the re-
flection of the wave can occur is not clear when the
wave goes from a medium that supports higher wave
speed to a medium with lower wave speed.

In this paper we study numerically the reflection
and refraction of chemical waves at the interface of
two media with different wave speeds by using the
Brusselator model. The boundary conditions of the
wave vectors are presented. The boundary conditions
can interpret the observed phenomena at the interface
as reflection and refraction of chemical waves occurs.
The reflection of chemical waves has been observed

when the wave goes from a medium of a higher wave
speed to a medium with a lower wave speed.

2. Boundary conditions of the

wave vectors

Now we consider how to obtain the boundary con-
ditions of the wave vectors. Suppose that two infinite
two-dimensional media are characterized by propaga-
tion speeds v; and v, for y < 0 and y > 0, respectively.
The speeds of the incident, refracted and reflected
Corresponding
wave vectors are k;, k, and kg, respectively. It is ob-

wave are v;, v, and v, respectively.

vious that vs is equal to v; since incident wave and
reflected wave propagate in the same medium. Thus
k; is equal to ks. It is well-known that the light wave
vectors obey the following boundary conditions:

ki;v Iy:O = ksm |y:0 = krw |y:0 ) (1&)
o= |kiy - kry|y:o = |ksy - kry‘y:o =0 (1b)

According to these boundary conditions, we can ob-
tain the refractive and reflective law of optics.

It is obvious that we may suppose that the chemi-
cal wave vectors obey similar boundary conditions de-
fined by Eq. (1) since the refraction of chemical waves
obeys Snell’s law of refraction. Considering that the
chemical wave does not obey the principle of superpo-
sition, i.e., the reflected wave and the incident wave
can not exist in the same region. The chemical wave
exhibits a single angle of reflection. The reflection is a
back refraction. Therefore, we suppose that the wave
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vectors of chemical waves obey the following bound-  are

ary conditions:

(1) If the interface of two media is occupied by in- ks sin O = k: sin O, (3a)
cident and refracted waves, the boundary conditions |ks cos s — ky c08 bre| = 0 = O, (3b)

are . .
where 6;, 8, and 05 are angles of incidence, refraction

and reflection, respectively. The angle of reflection
ki sin 6; = k, sin 6;, (2a) has single value, so that 65 and oy, are constants. The
ks cos 65 — ky cos Oy = o < om. (2b) COHdlthIlS- (2a) and (3.a) show that the refraction and
the reflection of chemical waves obey Snell’s law due
to k =w/v.
(2) If the interface of two media is occupied by re- According to the above boundary conditions, we
flected and refracted waves, the boundary conditions  can obtain

|

d

== ki cos 6; [tan 6; — tan 6| > 0, (4a)
de;

do’ B —kjcosf;tanf, < 0, if k. > ki, k. cosf, > kg cos b, (4D)
de; kicosb;tan®,. > 0, if k. < ki, k. cosf, < ks cosbs.

When 6 is given and 6; increases, the corresponding changes of o and ¢’ are demonstrated in Fig. 1. It
is observed that o is equal to ¢’ when the angle of reflection is equal to the critical angle of incidence ;.
Reflection takes place when the angle of incidence is larger than the critical value 6;.. The angle of refraction
reaches 90° for k; > k; (i.e., the incident wave comes from the medium with lower wave speed) because o’
reaches a maximum constant o,,,. The angle of reflection can thus be given by

m P kr - i
HS:cos_l%zsm 1E:sm IZ—, for ki > k.. (5)

The result is the same as the experimental result of Zhabotinsky et al.[!]
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Fig. 1. The o and ¢’ defined by Eq. (1) versus 6; with different values of k;, kr and 6s. (a) ki > kr, (b) kr > k;.

|
When incident wave comes from the medium with 3. Model

higher speed (i.e., k; is smaller than k,), the angle of

(6]
reflection is given by the following expression: Now let us use Brusselator model™ to study the

reflection and the refraction of chemical waves. The

) ) ) two-dimensional Brusselator model is represented by
1 kr — ki —Om

f. = cos™ for ki < k (6) the evolution equations,
S leo_m ) 1 Ty
0X 9 9
where oy, depends on the parameters of system. Given t
oY 9
om, we can obtain the angle of reflection. B 2.3aX — aX7Y, (7b)
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which has the steady state solution

Xo=1,Y,=223. (8)
In order to obtain stable plane wave, we apply a peri-
odic force
cos(wt), (z,y) € L2,
F(z,y,t) = (9)
07 (:'L'7 y) ¢ Q?

to the right-hand side of Eq. (7a), where w is the fre-
quency of external force. The periodic force F' is ap-
plied to a local region {2, which located at the left
boundary stripe of x = 0. Equation (7) is integrated
by the Euler scheme together with a second order ac-
curate finite-difference method, with fixed time step
At = 0.005 and spatial step Az = Ay = 0.5, i.e., we
divide the L, x L, rectangular physical domain into
Ny x N, = 800 x 400 grid points. No-flux boundary
conditions are used in all simulations. The initial state
is the steady state solution defined by Eq. (8).

In our simulation, frequency w is fixed at w =
1.06. We vary a in [1.0, 1.32]. The medium is divided
into two uniform regions, with ¢ = a; and a = a,
respectively, by a straight borderline inclined at angle

|

0 to the = axis. A plane wave generated at left edge
of incident region (a;) goes from incident region to re-
fractive region (a,). The simulations were performed
in the two regions.

4. Simulation results

We study firstly the reflection and refraction of
chemical waves when the incident wave goes from a
medium with higher speed to a medium with lower
speed. a; = 1.28 and a, = 1.00 are applied. The
wave numbers determined numerically in two regions
are k; = 0.129 and k, = 0.3469.

Figure 2 presents the effects of refraction and re-
flection. In Figs. 2(a) and 2(b) the incident angles are
30° and 90°, respectively. One can observe that only
refraction occurs when the incident angle is equal to
30°. The angle of refraction measured in simulation
is 11°. Incidence and refraction obey the boundary
condition (2a). Reflection and refraction occur simul-
taneously when #; = 90°. The angles of reflection and
refraction measured in simulation are 67° and 20°, re-

spectively. So, the refraction and reflection obey the
boundary condition (3a).

Fig. 2. The phenomena of reflection and refraction with k; < kr, a; = 1.28 and ar = 1.0 are applied: (a)

0; = 30°, (b) 6; = 90°. The arrows represent the direction of wave propagation. The dotted lines represent the

interface of two regions.
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Fig. 8. The o and ¢’ measured in the simulation vs 6; for
ki < ky.

In order to obtain o, and test boundary condi-
tions, we plot in Fig. 3 o and ¢’ vs 0; with given
fs = 67°. Where o and ¢’ are calculated by using
refractive angle measured in the simulation. We get
om ~ 0.2755 and 6;. = 67°. According to Eq. (6), the
predicted reflective angle is s = 67°. So, reflection
angle is in agreement with the prediction.

Now we study the reflection and refraction of
waves when the incident wave comes from the medium
with lower speed, a; = 1.0 and a, = 1.1 are applied.
The wave numbers determined numerically in two
regions are k; = 0.3469 and k, = 0.2507. Figure 4
presents the effects of refraction and reflection. In
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Figs. 4(a) and 4(b) the incident angles are 30° and
75°, respectively. It is observed that reflection does
not occur for #; = 30°. The angle of refraction mea-
sured in simulation is 44°. Incidence and refraction
obey the boundary condition (2a). Reflection and

refraction occur simultaneously when 6; = 75°. The

angles of reflection and refraction measured in simu-
lation are 46.5° and 90°, respectively. So, the refrac-
tion and reflection obey the boundary condition (3a).

il

|

Fig. 4. The phenomena of reflection and refraction with
ki > kr, a; = 1.0 and a, = 1.1 are applied. (a) 6; = 30°,
(b) 6; = 75°. The arrows represent the direction of wave
propagation. The dotted lines represent the interface of
two regions.

Figure 5 refers to the case with a; = 1.0, a, = 1.1

and 65 = 46.5°. We get oy, ~ 0.2386 and 6;, = 46.5°.
According to Eq. (5), the predicted reflection angle is
05 = 46.5°. So, reflection angle is in agreement with
the prediction.
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Fig. 5. The o and ¢’ measured in the simulation vs 6; for
ki > ky.

5. Conclusion

The above results indicate that the refraction
and the reflection of chemical waves obey the bound-
ary conditions (2) and (3). Reflection and refraction
can occur simultaneously when the wave goes from
a medium with a higher speed to a medium with a
lower speed, provided the incident angle is larger than
the critical angle. The concrete value of o, depends
on parameters ki, k, and w. It thus cannot be com-
puted analytically. We expect that the problem can
be solved in the future.
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