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Doppler instability of antispiral waves in discrete
oscillatory reaction—diffusion media*
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This paper investigates antispiral wave breakup phenomena in coupled two-dimensional FitzHugh—Nagumo cells

with self-sustained oscillation via Hopf bifurcation. When the coupling strength of the active variable decreases to a

critical value, wave breakup phenomenon first occurs in the antispiral core region where waves collide with each other

and spontaneously break into spatiotemporal turbulence.

Measurements reveal for the first time that this breakup

phenomenon is due to the mechanism of antispiral Doppler instability.
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1. Introduction

Spiral wave dynamics has been investigated ex-
tensively in a variety of physical, chemical, and

(1-3] spiral waves in

biological systems. Usually,
reaction—diffusion systems rotate outwardly through
the medium from the spiral core area. Recently,
a new type of inwardly propagating rotating spiral
waves (antispiral waves) were numerically revealed(*")
and experimentally observed by Vanag and Epstein
in the oscillatory Belousov—Zhabotinsky (BZ) reac-
tion that dispersed in water droplets of a water-
in-oil aerosol OT (AOT) microemulsion (BZ-AOT

[6=8] This discovery raised great interests in

system).
the field of nonlinear dynamics. A series of theoret-
ical and experimental studies have been carried out
and the mechanism underlying antispiral wave be-
haviour has been explained using complex Ginzburg—
Landau equation (CGLE) equation and some oscilla-
tory reaction-diffusion systems.!9—14

Transitions from regular patterns to spatiotem-
poral chaos in extended systems remain a challeng-
ing problem in nonlinear dynamics.['® In particular
spiral wave instability leading to defect turbulence
in various systems is a robust phenomenon observed
in both experiments and numerical simulations.[*6—26]
Phenomenologically, two different kinds of spiral
wave breakup scenarios have been documented in
experiments and numerical simulations: Doppler

instability[!7=1% and Eckhaus instability.20=23] The

first instability usually occurs in excitable media
where spiral waves break up near the spiral core which
has been hypothesized to be a mechanism of cardiac
fibrillation.?¥ In the second instability, which usu-
ally appears in oscillatory media, spiral wave breakup
happens far from the spiral core, and the region near
the core may remain practically unchanged. Recently,
Yang et al. found Doppler instability in a oscillatory
media in the vicinity of saddle-node bifurcation.2!
However, to our knowledge, there is no evidence on
whether Doppler instability can appear in the oscilla-
tory media via Hopf bifurcation. For antispiral waves
which can happen only in oscillatory media, there have
been very few papers addressing the instability prob-
lem. Recently, Xie et al. studied FitzZHugh—Nagumo
(FHN) model around a Hopf bifurcation condition,
and investigated the Eckhaus instability of antispiral
waves.!?7] So far, Doppler instability has never been
observed in antispiral waves. In this paper, we will fo-
cus our investigation on this problem. We will study
a two-dimensional (2D) medium of coupled FHN cells
to reveal the possibility of Doppler instability of anti-
spiral waves in oscillatory media, and investigate the
mechanism and features of this instability.

2. Model

The oscillatory system under investigation con-
sists of the following coupled reaction—diffusion
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equations: (28]

. Ui u
i =~ (uig — =% —vij) + Di;,
'l.)i,j = Ui 5 — OV ;5 + o+ D;}’j,
Di'; = Du(uiz1j +wiv1j +wij—1 +uijr1 — 4u;j),
Dy ; =Dy (vi—1,j + Vig1,j + vij-1 + Vi g1 — 4vi5),
(1)
wherei=1,...,Ny and j =1,..., No. Variables u; ;
and v; ; in Eq. (1) are the fast and slow variables, re-
spectively, parameter ¢ > 0 is the ratio of the time
scales of the active variable u, and the inhibit vari-
able v, o and § are two other control parameters that
determine the number of fixed points, D, is the spa-
tial coupling strength for the active variable u, and
~v > 0 is the ratio of the coupling strength of the in-
hibit variable v over that of the active variable u. For
the parameter region 0 < ¢ < 1, we have a homo-
geneous fixed point solution (ug,vg) and this solution
undergoes Hopf bifurcation with a critical parameter
at €. = (1 — u3)/o. Linear stability analysis shows
that, if € < €. the fixed point losses its stability via
Hopf bifurcation and the system adopts stable limit
cycle solution with frequency 2 = /o /(1 — u3) — o2.
In this paper, we fix ¢ = 1.20, ¢ = 0.5, § = 0.0,
v = 2.5, and vary D,,. For infinitely large systems D,,
can be scaled to a fixed value (e.g., D, = 1). It is
emphasized that D, is a relevant parameter for the
system dynamics for medium with fixed finite size. In
particular, when D, is small there is a nonscaling re-
gion for discrete systems where D,, can never be scaled
out even for infinite system size. Our work will show
the influence of D, upon the antispiral wave breakup
in the following part of this paper. An interesting
point is that for a large parameter region of D, we
observe stable antispiral waves, i.e., waves propagate
inwardly towards the spiral tip, the wave source. It
is the central task of this paper to investigate possi-
ble Doppler instability of antispiral waves in discrete
With ¢ = 0.5
and § = 0.0, the Hopf bifurcation occurs at €. = 2.0.

oscillatory reaction—diffusion media.

Our simulation is taken on a two-dimensional (2D)
square sheet with 200 x 200 (N7 = N3 = 200) spatial
discrete sites and the No-Flux boundary condition is
used. Equation (1) is integrated by the second-order
Runge-Kutta scheme with the time step At = 0.01.
A suitable initial condition is chosen so that only one
stable antispiral can be formed in the middle of the
square sheet. Then we use this stable antispiral as

the initial condition to investigate the instability of

antispiral waves in discrete reaction—diffusion media
which are oscillatory via Hopf bifurcation.

3. Results

As the coupling strength D, decreases, the dy-
namical behaviour of the antispiral is changed dra-
matically. At large coupling strength, we observe pe-
riodic and inwardly propagating spiral waves which
are completely stable everywhere. The snapshot of u
for D,, = 0.0352 is shown in Fig. 1(a). A stable an-
tispiral has been formed in the middle of the system.
The corresponding space—time plots of u at y = 100 in
Fig. 1(b) shows that the spiral waves propagate from
the boundaries of the medium to the spiral core cen-
tre. The corresponding time series and trajectories of
the spiral core centre (at the space site (100,100)) and
the spiral arm far away from the core centre (at the
space site (190,100)) are shown in Figs. 1(c) and 1(d)
respectively. From these pictures we can see that the
spiral core centre is not completely fixed, but oscillates
with a small amplitude. And the tip of the antispiral
waves follows a small circle, as indicated in Fig. 2(a).
Here we define the antispiral tip to be the intersection
of the two contours v = 0.20 and f(u = 0.20,v) = 0,
where f = u — u3/3 — v is the local dynamics of vari-
able u. However, when the coupling strength D,, is
decreased to the first critical value DS ~ 0.0341, the
system undergoes a transition from simple inwardly
rotating waves to meandering antispiral waves (com-
pound inwardly rotating spiral waves). Two types
of meandering motions in continuous excitable media
have been observed in previous works: hypocycloid
(outward flower petal) and epicycloid (inward flower

petals).[16:18]

In our case, the tip of antispiral waves
follows a hypocycloid trace, as shown in Fig. 2(b).
As we decrease D,, further in the meandering region,
more complicated flower petals of the tip trace have
been found as shown in Figs. 2(c) and 2(d).

To provide evidence that a supercritical Hopf bi-
furcation is responsible for the transition indicated
in Fig. 2, we compute the amplitude ratio of the
two modes of the compound inwardly rotating waves
against the parameter distance from the critical point
in Fig. 3. The amplitude r; of the primary mode is
the average radius of the petals and the amplitude of
the secondary mode reads 7o = R/2 — r1, where R is
the maximum outer diameter of the orbit.['8] Near the
bifurcation point, the growth of the secondary mode
is given by a power law with exponent ~ 1/2.
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Fig. 1. (a) Snapshot of u in the FHN model (1) with D, = 0.0352. (b) Corresponding space—time plots of u at y = 100.
(c) Time series of u at the space sites (100,100) and (190,100). (d) The corresponding trajectories in w — v plane at the
space sites of (c). Parameters e = 1.20, o = 0.5, 6 = 0.0, v = 2.5 are fixed throughout this paper.

Fig. 2. Tip orbits of antispirals for different coupling

strengthes of active variable w:

(a) Du

0.0352; (b)

D, = 0.0328; (c) Dy = 0.0308 and (d) D, = 0.0280.
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Fig. 3. Log-log plot of the amplitude ratio vs distance
from the bifurcation point. The fitting line to the 15
testing points close to the transition gives an exponent
of 0.49 & 0.01, where the uncertainty is derived from the
fitting errors. A supercritical Hopf bifurcation is clearly
demonstrated by the data.

The size of the petals of the antispiral tip orbit
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increases continuously as the coupling strength D,, de-
creases. When D, crosses the second critical value
(DS~ 0.0188), the system undergoes a new transi-
tion from meandering antispiral waves to spatiotem-
poral turbulence. The antispiral wave instability is
caused by Doppler effect, and the process of unsta-
bilization is shown in Fig. 4. Figure 4(a) presents
the well behaved antispiral at ¢ = 0. Because of
the Doppler effect, the antispiral tip moves toward
to its adjacent waves and compresses them, as shown
in Fig. 4(b).

region are compressed too much and the heterogene-

When the waves in the antispiral core

ity increases beyond a threshold, waves in this re-
gion can collide with each other, and then antispiral
waves can break and new defects can be generated
(Fig. 4(c)).
and self-organize into new daughter antispirals which

The newly generated defects drift apart

will also meander as the mother antispiral. More wave
collisions happen and more defects are generated and
the system thus finally fall into spatiotemporal defec-
This is
the first time to show that Doppler instability of defec-

tive turbulence which is shown in Fig. 4(d).

tive turbulence can occur for antispirals, and also the
first time to show that Doppler instability can occur
in oscillatory systems around Hopf bifurcations.

VA

7

Fig. 4. Development of antispiral breakup into turbu-
lence via Doppler instability. D, = 0.0128: (a) t = 0; (b)
t = 6800; (c) t = 7100; (d) t = 8000.

In order to explain how Doppler effect causes an-
tispiral wave breakup via meander, we investigate the
wave dynamics of Eq. (1) in a 1D cable driven by
a periodic signal at the left boundary and the No-
Flux condition is applied for the right boundary. The

driven system reads

. 1 uf’
= wi— 5 v )+ Dy (ui—1 + uit1 — 2u;)
£

27
Q(x)Fsin | —t
+ 2(x) sm(T )7
1-)1' =U; —OV; + (S + 'YDu(vifl —+ Vi+1 — 21)7;), (2)

where ¢ = 1,...,200. In the simulation of Eq. (2),
we select the driven strength F = 1.0 and function
2(z) =1 at space sites ¢ = 1,...,10, and 2(x) = 0
otherwise. Figure 5 shows space-time patterns of u
for different driven period T in 1D simulations. We
find that for large driven period (i.e., small driven fre-
quency) periodic wave trains can be generated from
the pacing source and propagate from the right side to
the left side (inwardly to the source). This is consis-
tent with the inward propagation of antispiral waves
from the boundary to the core centre in 2D simula-
tions. As we decrease the driven period T', wave trains
also can propagate in the 1D system just with smaller
wave numbers (see Fig. 5(a) for T = 10.00 and (b)
for T = 2.60). When the driven period crosses a criti-
cal value Ty, = 2.59, wave propagation stops and the
system falls into spatial homogeneous oscillatory state
shown in Fig. 5(c). For even smaller driven period,
such as T" = 0.10, the homogeneous oscillatory state
remains unchanged, and thus no wave can propagate

—
\
\
\
\
\
\
\
\
\
(d)

Fig. 5. Space-time patterns of u in Eq. (2) for different
driven period T' with D,, = 0.0352: (a) T" = 10.00; (b)
T = 2.60; (¢c) T = 2.59; (d) T = 0.10. Wave propagation
stops after the threshold T' < Ty, &~ 2.59.

in this system as shown in Fig. 5(d), either. Therefore,
for this 1D system, there exists a minimum driven pe-
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riod T for the driven wave source, below which, wave
propagation stops. And this propagation stop plays
the key role for wave collisions leading to breakup tur-
bulence in 2D system.

Figure 6 shows the actual maximum and mini-
mum periods of the meandering antispiral waves of
Eq. (1), and the minimum driven period Ty in the
corresponding 1D system (which has been shown in
the above paragraphs) is also given for comparison.
Here we define the period as the time interval between
successive maxima of the variable u. The system was
run for several thousand periods after a transient. We
measure the maximum period (Ppax(4,7)) and mini-
mum period (Pnin(4,7)) at all spatial sites in the 2D
square sheet. And we select the maximal Py ax(3,J)
and minimal Py, (4,7) (4,7 = 1,...,200) as the ac-
tual maximum (7Tpax) and minimum (Ty,n) periods
of the meandering antispiral waves. When the anti-
spiral is stable and periodic, there exists only a single
period for any space site of the system. After the on-
set of meandering, the period varies in the antispiral
core region due to Doppler effect. And the meander-
ing tip can be regarded as a moving wave source for
wave trains with periods varying in space and time.
When the minimum period of the moving wave source
becomes smaller than the minimum driven period of
the corresponding 1D system, wave propagation stops
in this region. Waves newly emitted from the anti-
spiral core can catch up and collide with them. Then
these collision events break waves and new defects are
formed. So the antispiral wave instability can be ratio-
nalized as follows. With large coupling strength D,,,
the antispiral is stable and there exists only a unique
period. As the coupling strength D, decreases and
crosses the first critical value D{' ~ 0.0341, antispi-
ral meanders. Figure 6 thows that the period of the
antispiral waves varies and the minimum period de-
creases as D, decreases. When the coupling strength
D, becomes smaller than the second critical value
(D2 = 0.0188), the variation of period in the anti-
spiral core region caused by Doppler effect becomes
so pronounced that the minimum period of the anti-
spiral is the minimum driven period Dry, then wave
propagation stops in the given region and Doppler in-

stability induced wave breakup occurs.
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Fig. 6. Variations of the maximum (squares) and min-
imum (circles) periods of antispiral waves in 2D system
by varying D, for the control parameters same as Fig.
1. The variation of the smallest threshold (7ry) of the
driven period in the corresponding 1D system are rep-
resented by triangles. The intersection of curves Tiin
and Ty (Dy 0.0200) predicts the transition from
meandering antispiral to spiral turbulence in 2D system

~
~

(D2 ~ 0.0188) with a fairly good precision.

4. Summary and discussion

In conclusion we have investigated antispiral wave
breakup in a discrete oscillatory reaction—diffusion

system (FHN model) via Hopf bifurcation. The sys-
tem has two critical values.

and its tip moves in a small circle. As the coupling
strength D,, decreases, acrosses the first critical value,
the stable antispiral wave undergoes a transition to
meander and then the period of the antispiral varies
due to the Doppler effect. By measuring the ampli-
tude ratio for compound inward rotations, we have
clear evidence that a supercritical Hopf bifurcation
gives rise to this meandering. When D, decreases
across the second critical value, the variation of the
period in the antispiral core region caused by the
Doppler effect became so pronounced that the anti-
spiral wave breakup into spatiotemporal turbulence
occurs. Our findings suggest that Doppler instability
can be observed not only in continuous excitable me-
dia for normal spirals, in discrete oscillatory reaction—
diffusion media antispirals can also develop defective

turbulence via the Doppler instability mechanism.
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