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An efficient method of distinguishing chaos from noise
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It is an important problem in chaos theory whether an observed irregular signal is deterministic chaotic or stochas-

tic. We propose an efficient method for distinguishing deterministic chaotic from stochastic time series for short scalar

time series. We first investigate, with the increase of the embedding dimension, the changing trend of the distance

between two points which stay close in phase space. And then, we obtain the differences between Gaussian white noise

and deterministic chaotic time series underlying this method. Finally, numerical experiments are presented to testify

the validity and robustness of the method. Simulation results indicate that our method can distinguish deterministic

chaotic from stochastic time series effectively even when the data are short and contaminated.
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1. Introduction

Chaotic signal is widely present in meteorology,
biomedicine, communication, electronic circuits, me-
chanics, economics, etc. It is a long-debated ques-
tion whether an observed irregular signal is determin-
istic chaotic or stochastic for ‘noise-like’ character of

chaotic signal.l!=4

It is not only of theoretical inter-
est but also of practical value to detect chaos from
only a scalar time series because of information acqui-
sition restriction (or cost). The most common method
of chaos detection is to calculate invariants (such as

correlation dimension,/®~7) Lyapunov exponent, =1

yl11-13] nl214=211) " The num-

entrop and their extensio
ber of data available and the resolution are important
factors to limit the validity of these methods.?) More-
over, many input parameters (such as search radius
and the number of the neighbours) need to be de-
cided subjectively. As a result, different inputs may
lead to different results. More seriously, wrong judg-
ment is often made when the data are contaminated
by noise.[5:10:22]

Based on the smoothness and differentiability of
the phase portrait of chaotic dynamical systems, Ka-
plan and Glass*! proposed to measure the average di-
rectional vectors in embedding space to detect the de-
terminism. The algorithm is efficient for short time
series.  Wayland et al?*=26 also used a smooth-
ness detector to test the determinism of a time series.
Their algorithms are also valid for short time series,

but require the arbitrary choice of input parameters.

Jeong et al.?" proposed to compute the angles be-
tween two successive tangent vectors in reconstructed
phase space to distinguish deterministic chaos from
random time series. Though these methods overcome
the difficulties in requiring a large number of data and
in finite resolution, to some extent, many parameters
are determined subjectively and the existence of noise
still restricts their application.

To avoid the reconstruction of phase space,
Gottwald et al.?8=3% constructed a real value func-
tion, and then directly applied it to the time series.
The input is the time series and the output is 0 or
1. This algorithm seems to be efficient for a moderate
number of contaminated data. Djurovié¢ et al.l31—33]
proposed a method to classify signals from chaotic os-
cillators by using entire spectral domain, and with this
method the accurate results for signals with a large
number of spectral components in periodic regime can
be produced. Zhang et all** proposed a method to
detect deterministic structure from a pseudoperiodic
time series. They segmented the time series into con-
secutive cycles to compute the correlation coefficient
This
method can identify chaos in the presence of noises

as a measure of the distance between cycles.

from different sources. All of these methods avoid the
reconstruction of phase space, whereas a large number
of data needed are their common shortcoming to some
extent.

Kennel et al.3536 proposed false nearest neigh-
bour (FNN) method in 1992, which was used to de-

termine the optimal embedding dimension of a scalar
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time series. After that, Caol*”) modified the FNN
method and proposed an average false nearest neigh-
bour (AFN) method. This method can be used to
distinguish deterministic chaotic from stochastic time
series. Ramdani et al.[®®39 gave the theoretical re-
sults obtained by using the AFN method for white
Gaussian noise (WGN), and presented some numerical
experiments corresponding to various known chaotic
processes corrupted by noise. They also analysed the
influence of noise and the length of time series on AFN
method. Though this method has a good performance
when data are lacking and the noise exists, it is needed
to search the nearest neighbour in each embedding di-
mension to exclude the false nearest neighbour. Hence
even for short time series it is a time consuming pro-
cess.

Taking into account all the limitations mentioned
above, we propose a new chaos detection method.
This method can distinguish deterministic chaotic
from stochastic time series effectively even when the
data are lacking and contaminated by noise. The anti-
noise performance of the new method is discussed by
numerical experiments. For the sake of solving the
time consuming problem, we construct an algorithm
in which only neighbours in initial embedding dimen-
sion space need to be searched. The search radius
is introduced to cope with finite resolution and short
data problem. All points, within a region of radius
€, must be considered as being equally good to de-
scribe the changing trend of the distance. Instead of
choosing one of them arbitrary we propose to take the
arithmetic mean of the individual distance based on
these points. The new method overcomes not only the
shortage of the subjectivity of parametric choice and
time consuming of FNN method, but also the short-
comings of both the requirement for a large number
of data and the noise sensitivity of invariant method.

The rest of the present paper is organized as fol-
lows. In Section 2 given is the description of the
method. In Section 3 described are the numerical ex-
periments. Finally the conclusion is given in Section
4.

2. Description of method

Suppose that we have a time series 1, z2,...,zN.
The time delay vector can be reconstructed as follows:

y(l7 d) = (xia Litry.-- 7xi+(d—1)7)7
i=1,2,...,N—(d—1), (1)

where d is the embedding dimension, 7 is the time de-
lay, and y(i,d) denotes the ith reconstructed vector
with embedding dimension d.

Actually, any two points which stay close in lower-
dimensional phase space (minimum embedding dimen-
sion at least) will be still close in higher-dimensional
reconstructed space for chaotic time series.37 To dis-
tinguish deterministic time series from nondeterminis-
tic one, we discuss the changing trend of the distance
between two stay close points in phase space with the
increase of embedding dimension.

If y(j,d) is a point whose distance to y(i,d) is
eq(eq < 1) in d dimensional reconstructed space,
then the distance between these two points in (d + 1)-
dimensional reconstructed space is

cat1 = [ly(i,d+1) —y(j,d+ 1)
||(y(i7d)axi+d7') - (y(]v d)axj—i-d‘r)”
< lly(i,d) =y, DI + |Titar — Tjtar|

= €d + |Titdr — Tjydrl, (2)

where y(i,d 4+ 1) is the ith time delay vector with
ylid +1) =
., Tivdr); j is an integer which makes the

embedding dimension d + 1, i.e.
(T4, Tigrs - -
distance between y(j, d) and y(i,d) be 4. The norm
|I]| is defined as

ly(i,d) —y (5, d)|

d-1 1/2
= (Z (Titer —%'Hw)z) : (3)
k=0

Equation (2) always holds for each phase point
with a reasonable embedding dimension. To deal with
the finite resolution and the data shortage problem,
the search radius ¢ is introduced. We take the arith-
metic mean of the distances between the central phase
point and the points in its e-close neighbourhood for
each phase point as follows:

. 1 .
r(id) = —— > |y(i,d) —y(k,d),
UG, )l y(k,d)€U (i,e)
i=1,2,...,N—(d—1)r, (4)

where U (4, €) is the close neighbourhood of y(i, d) with
radius ¢; y(k,d) is a time delay vector less than or
equal to ¢ for y(i,d); |U(i,e)| denotes the number
of elements of the e-close neighbourhood. For each
phase point, the choice of € must ensure that at least
one neighbour is included in its e-close neighbourhood.
So the value of € can be determined by

{ly(i,d) = y(n(i,d), d)|I},  (5)

€= max
1<i<N—(d—1)7
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where n(i,d) is the integer which makes

y(n(i,d),d)

the nearest neighbour of y(i,d).
Remarks

1) Our discussed problem, the changing trend of
the average distance with the dimension increasing,
starts with the reasonable embedding dimension (min-
imum embedding dimension at least). The value of
k in Eq. (4) only depends on initial reconstructed
dimension d and search radius €. That is to say,
its value is determined in initial reconstructed phase
space and does not change with dimension. Obviously,
the search is needed only once, and the computational
time is saved consumedly.

2) The minimum embedding dimension d and
The

minimum embedding dimension can be determined

time delay 7 should be given in advance.

by invariant method,[®) false nearest neighbour
method.[3>=3740 and so on. A good estimate of the
time delay is even more difficult to obtain. If 7 is small
compared with the internal time scales of the system,
successive elements of the delay vectors are strongly
correlated. If it is too large, successive elements are
already almost independent (see Refs. [5] and [41] for

|

1 i 1
- M & U e)]

Note that y(i,d+1) = (24, Tigry - - -,

r(d+ 1) MZ:: )| >

y(k,d)eU (i,e)

ly(i,d) —

According to Eq. (7), we have

r(d)<r(d+1) <

D

y(k,d)eU (i,e)

y(k,d)|| + — Z‘U 1

; 1 ¢
D e 2

more details about the choice of 7).

3) The value of € in Eq. (5) is related only to the
initial embedding dimension, i.e. its value only needs
to be determined in the initial embedding space.

In order to describe the changing trend of r(d)

from d— to (d + 1)— dimensional phase spaces, we

define
o) = "0, 6)
where
1 N—(d—1)7
r(d):m 2 r(i,d). (7)

Note that the number of the phase points in d-
dimensional reconstructed space is 7 more than the
number of dimensions, d + 1. Then, if y(m,d)(N —
(d—1)1 > m > N —dr) is a neighbour of y(i,d),
y(m,d + 1) does not exist. So, we truncate the time
series to ensure y(m,d + 1) existence. At this situa-
tion, different dimensional reconstructed phase spaces
have the same number of phase points M. In view of
Egs. (4) and (7), we have

||y(i7d+1) _y(k7d+1)”' (8)

Zivdr) = (y(i,d), x;14r), and utilize triangle inequality, then we will obtain

D

y(k,d)eU (i,e)

(9)

|$i+d7' — Thk+dr | .

|Titdr — Thtar|. (10)

y(k,d)eU (i,e)

Inserting Eq. (10) into Eq. (6) and after simplification, we have

Lo <1+

So, the upper bound of 2(d) depends on

ii;
M UG, o)

MZ|UZ€)|

D

y(k,d)eU (i,e)

>

y(k,d)EU (i,¢)

I‘ri—‘rdT — Th+dr

(12)

|Ii+d7' — Tk4dr|-
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The value of Eq. (12) depends on the size of
strange attractor. So §2(d) keeps in a small area
(1 < 2(d) < 2) because deterministic chaotic time
series is confined within a comparatively small area.
But for stochastic time series, the phase points fill en-
tire phase space. Then, two points which stay close in
lower-dimensional phase space will be far from each
other in higher-dimensional reconstructed space. So
the value of Eq. (12) is much bigger than that of de-
terministic chaos. As a result, the 2(d) value is big-
ger than that of chaos for a small initial value of r(d).
The value of r(d), however, gradually increases with
the increase of d. Then, the value of {2(d) diminishes
gradually and approaches to 1. That is to say, the
value of £2(d) for stochastic time series starts with a
large value then gradually diminishes, and finally ap-
proaches to 1. In contrast, the value of £2(d) for chaos
keeps in a small area. So we can use this difference to
distinguish deterministic chaotic from stochastic time

series.

3. Numerical experiments

In this section, we apply the new algorithm to the
Lorenz system corrupted by an additive WGN to as-
sess its validity and robustness. The length of the time
series is 1000. As indicated in Ref. [38], the standard
deviations of the additive WGN are 1%, 10% and 30%
respectively.

The Lorenz equation(*?! was given by Lorenz in
1963 as follows:

=0y —z),
y=—xz+pr—y,
Z=uxy— Bz. (13)

This system yields an irregular chaotic behaviour
when o = 10, p = 28 and S = 8/3. We obtain the
time series from the z-component of Lorenz system
by using the Runge—Kutta algorithm in integral steps
of 0.01. The time delay is set to be 1 and initial re-
constructed dimension is set to be 3. Figure 1 shows
the changing trend of £2(d) for 1000-point time series
with different noise intensities. The conclusion drawn
from Section 2 is proved greatly. The value of £2(d) for
WGN rapidly diminishes with the increase of recon-
structed dimension, and then approaches to 1. But for
chaos and noisy chaos, even if the noise standard devi-
ation is 30%, the values of £2(d) always stay in a small
area. The difference among chaos, noisy chaos and

WGN are clearly shown in Fig. 1. The trend of 2(d)
is similar to that of pure chaos for a 30% noise level.
That is to say, our algorithm is not very sensitive to

noise.
3.0 —
—o— pure chaos
—o— 1% Noise
26! —5— 10% Noise |
: —A&— 30% Noise
—#— WGN
2.2¢
—
=
=
G

23 5 7 9 11 13 15 17
Embedding dimension d

Fig. 1. Changing trends of £2(d) for 1000—point time series

from z-component of Lorenz system with different noise

intensities and WGN. The standard deviations of the ad-
ditive WGN are 1%, 10% and 30% respectively.

In real application, it is difficult to know the num-
ber of optimal reconstructed dimensions accurately.
But we know that if a d-dimensional embedding yields
a faithful representation of the phase space, every d’
dimensional reconstruction with d’ > d does so. Fig-
ure 2 shows that our method can distinguish chaos
from stochastic one when the estimation of mini-
mum reconstructed dimension is inaccurate. The be-
haviours of £2(d) in Fig. 2 are different from in Fig. 1
at the same embedding dimensions, resulting from the
different search radii as indicated in Eq. (5).

2.0
—o— pure chaos i
—o— 1% Noise
18t —8— 10% Noise 1
—&— 30% Noise
—s— WGN J
1.6 b
) i
G
1.4¢ E
12} °E :
1.0 L L
4 5 9 14 19

Embedding dimension d
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1.8 .
—o— pure chaos
—o— 1% Noise
—=— 10% Noise
—&— 30% Noise
1.6 —s— WGN 1
= 14 1
a
1.2} E
1.0 1 1 1
6 7 11 16 21

Embedding dimension d

Fig. 2. Changing trends of 2(d) for 1000-point time se-
ries from x component of Lorenz system with different
noise intensities and WGN for different initial embedding
dimensions: 5(a) and 7(b).

4. Conclusions

In this paper, we propose a method to distinguish
chaos from noise because the close points in recon-
structed phase space of deterministic chaotic time se-
ries are close to each other as the embedding dimen-
sion increases reasonably, however stochastic sequence
does not.

Traditional FNN method is time consuming
greatly because it needs to search neighbours over
again in each reconstructed dimension. But, our
method overcomes this disadvantage and needs search
only once. Each measurement result of a quantity is

only valid for up to some finite resolution in nonlin-

ear time series analysis in application. Then, look-
ing for the single closest state of the phase point is
not the best to describe the entire changing trend of
the distance. In order to solve this problem, we in-
troduce a parameter ¢ that makes every phase point
have more neighbours to denote the entire changing
trend of the distance in phase space. Furthermore,
much more points can be investigated for a short time
series. The parameter d (reconstructed dimension) is
a necessary parameter which must be given prior to
identifying the time series. Of course, we can use the
phase portrait to identify the time series when the pa-
rameter d is known in advance. But the phase portrait
cannot be obtained intuitively when the dimension is
larger (d > 3). In addition, the phase portrait of de-
terministic chaotic time series is disordered and un-
systematic for the influence of additive noise. Hence
although the reconstructed dimension is known, we
still cannot identify the time series correctly by phase
portrait. Optimal embedding dimension d, in a sense,
is required but not necessary for our method. Because
even if the initial value of d is larger than optimal em-
bedding dimension, our algorithm also holds. Larger
initial reconstructed dimension should be chosen when
the minimum reconstructed dimension is inaccurate or
difficult to know in application.

We present numerical experiments to testify the
validity and robustness of the algorithm. WGN with
different intensities (at the levels of 1%, 10% and 30%)
are added to a pure chaotic time series. One thou-
sand point data from a chaotic system are used to
testify the validity of the method for short time series.
Simulations indicate that our method can identify the
deterministic chaotic time series in the noisy circum-
stances. In the future, we will apply this method to
engineering to detect the chaotic communication sig-

nal.

References

[1] Nicolis C and Nicolis G 1984 Nature 311 529

[2] Cencini M, Falcioni M, Olbrich E, Kantz H and Vulpiani
A 2000 Phys. Rev. E 62 427

[3] Osborne A R and Provenzale A 1989 Physica D 35 357

[4] Kaplan D T and Glass L 1992 Phys. Rev. Lett. 68 427

[5] Kantz H and Schreiber T 2004 Nonlinear Time Series
Analysis (Cambridge: Cambridge University)

[6] Grassberger P and Procaccia I 1983 Phys. Rev. Lett. 50
346

[7] Grassberger P and Procaccia I 1983 Physica D 9 189

[8] Sano M and Sawada Y 1985 Phys. Rev. Lett. 55 1082
[9] Wolf A, Swifta J, Swinneya H and Vastanoa J 1985 Phys-
ica D 16 285
[10] Rosensteina M, Collinsa J and Luca C D 1993 Physica D
65 117
[11] Eckmann J P and Ruelle D 1985 Rev. Mod. Phys. 57 617
[12] Pincus S 1991 Proc. Natl. Acad. Sci. USA 88 2297
[13] Wang J and Ma Q 2008 Chin. Phys. B 17 4424
[14] Costa M, Goldberger A and Peng C K 2005 Phys. Rev. E
71 021906
[15] Boffetta G, Cencini M, Falcioni M and Vulpiani A 2002
Phys. Rep. 356 367

050505-5



Chin. Phys. B Vol. 19, No. 5 (2010) 050505

Gao J B, Hu J, Tung W W and Cao Y H 2006 Phys. Rev.
E 74 066204

Omidvarnia A H and Nasrabadi A M 2008 Fractals 16 129
Sun J, Zhang T and Liu F 2004 Chin. Phys. 13 2045

Li J, Ning X, Wu W and Ma X 2005 Chin. Phys. 14 2428
Zheng G and Jin N 2009 Acta Phys. Sin. 58 4485 (in
Chinese)

LiY, Xu K, Yang B, Yuan Y and Wu N 2008 Acta Phys.
Sin. 57 3353 (in Chinese)

Poon C S and Barahona M 2001 Proc. Natl. Acad. Sci.
USA 98 7107

Wayland R, Bromley D, Pickett D and Passamante A 1993
Phys. Rev. Lett. 70 580

Ortega G and Louis E 1998 Phys. Rev. Lett. 81 4345
Ortega G and Louis E 2000 Phys. Rev. E 62 3419
Salvino L and Cawley R 1994 Phys. Rev. Lett. 73 1091
Jeong J, Gore J C and Peterson B S 2002 [EEE Trans.
Biomed. Eng. 49 1374

Gottwald G and Melbourne 12004 Proc. R. Soc. Lond. A
460 603

[29]
(30]

(31]

(32]
(33]
(34]
(35]

(36]
(37)
(38]

(39]
(40]

[41]
42]

050505-6

Gottwald G and Melbourne I 2005 Physica D 212 100
Hu J, Tung W W, Gao J B and Cao Y H 2005 Phys. Rev.
E 72 056207

Rubezi¢ V, Djurovi¢ I and Dakovié M 2006 Signal Pro-
cessing 86 2255

Djurovié¢ I and Rubezi¢ V 2007 Signal Processing 87 1772
Djurovi¢ I and Rubezi¢ V 2008 Signal Processing 88 2357
Zhang J, Luo X and Small M 2006 Phys. Rev. E 73 016216
Kennel M B, Brownand R and Abarbanel H 1992 Phys.
Rev. A 45 3403

Abarbanel H and Kennel M B 1993 Phys. Rev. E 47 3057
Cao L 1997 Physica D 110 43

Ramdani S, Casties J, Bouchara F and Mottet D 2006
Physica D 223 229

Ramdani S, Bouchara F and Casties J 2007 Phys. Rev. E
76 036204

Gao J and Zheng Z 1994 Phys. Rev. E 49 3807

Liebert W and Schuster H G 1989 Phys. Lett. A 142 107

Lorenz E 1963 J. Atmo. Sci. 20 130



