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Stochastic resonance in an asymmetric bistable system
driven by coloured noises*
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The phenomenon of stochastic resonance is investigated in an asymmetric bistable system with coloured noises.

The approximate Fokker—Planck equation is derived based on the Novikov theorem and the Fox approach. By applying

the two-state theory, the expression of the signal-to-noise ratio is obtained in the adiabatic limit. The effects of the

noise parameters on signal-to-ratio are discussed. It is found that the stochastic resonance phenomena appear in most

cases and disappear in some special cases.
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1. Introduction
In the last three decades, the phenomenon
of stochastic resonance (SR) has been investi-

gated extensively in bistable systems,[!—4

asymmet-
ric bistable systems, 6! excited systems,["=9 coupled
oscillators,[1°=12 even in the linear systems.['3:14 The
output signal of the system may be amplified in the
presence of an optimal level of noise and a weak peri-
odic signal. The concept of noise-induce SR has been
widely applied to many fields ranging from electronic
circuits and lasers to chemical systems and the connec-
tion with some situations of biological interest.[!5—21]

In the present paper, we study the SR in an asym-
metric bistable system driven by multiplicative and
additive coloured noises. In Section 2 the model with
coloured noises are presented. In Section 3, the ap-
proximate Fokker—Planck equation, the analytic ex-
pressions of quasi-steady-state probability distribu-
tion and transition rates are derived in sequence. The
signal-to-noise ratio (SNR) is obtained by applying
the two-state theory in the adiabatic limit. In Sec-
tion 4, according to the calculation results, we dis-
cuss the effects of the noise parameters, such as the
noise intensity, the multiplicative or additive noise
self-correlation time, on the SNR. A conclusion con-

cludes the paper.

2. Model

We consider the model described by the following
Langevin equation:

= (1= 02)o — [+ €] o+ n(0) +=cos(wr),

(1)
where 0 and (3 are fixed parameters of the system. £(t)
and 7(t) are multiplicative noise and additive noise, re-
spectively. The two noise terms are characterized by
their mean and variance

where () and M describe the intensities of the multi-
plicative and additive noises, respectively, 71 and 75
are the self-correlation times of the noises. & cos(wt)
is a weak low-frequency signal, i.e. ¢ € 1 and w < 1.
Equation (1) can be considered as describing an over-
damped motion of the state variable moving in a
quasi-‘free energy potential’:
0 3

22
V(:c):g:c f?Jrﬁa:fﬂln(erl). (3)

In the absence of external periodic force and noises
terms, the fixed points of Eq. (1) strongly depend on
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6 and B: (i) For § > 1 and 0 < 8 < 1, a stable fixed
point x; = 0 and an unstable fixed point

1—0+4+/(1+0)2—450
20 ’

To =

(ii) For 0 < § < 1and 0 < B < (1 + 6)?/(46), two
stable fixed points z; = 0,

1—-0++(1+6)2—-456
20

T =
and an unstable fixed point

1-0—/(1+0)°—430
20 ’

r3 =

(iii) For 0 < § < 1 and 8 = (1 + 0)%/(40), a sta-
ble fixed point z; = 0 and an unstable fixed point

= (1-0)/(26). In the forthcoming sections, we will
consider only the parameters in a region of 0 < 6 < 1
and 0 < B < (14 60)%/(40) in which case the model
possesses two stable states.

3. Output SNR

By applying the Novikov theorem!*?l and Fox’s
approach,?®! the approximate Fokker-Planck equa-
tion (FPE) corresponding to Eq. (1) can be written

- 2
WD) — 0 ) Plat)] + 2 [o*(w) Pl 1)
(1)
) — N; ox f@) o,
Pz( ) O’(l‘) 0'2(33’)(1

xT

The drift coefficient p(z) and the diffusion coefficient
o?%(z) are

p(x) = f(z) +olx) dad(xx),
o*(x) = 1_7162%92(%) + #ﬂx) (5)
with
J@) = (1= ) — B + ccos(wt),
g@) =~ = { Z ij:: (6)
The FPE is valid for24
1—7if'(zs) >0, (i=1,2). (7)

The diffusion coefficient o%(z) is a piecewise function,
so the quasi-steady-state solution to Eq. (4) is also a
piecewise function, which is given by

Pi(z), = <uas,
Py (z) = (8)
Py(z), x> 3.
For  Py(x), the  continuity = property

Py(x3) = Pa(x3) and the normalization condition
fjo? P.i(x)dx = 1 must be satisfied a priori. Since the
frequency of the signal is very small, there is enough
time for the system to reach the local equilibrium
during the period of 1/w. Then the quasi-steady-
state probability distribution function corresponding

to Eq. (4) can be obtained in the adiabatic limit

Ny exp [U;(z)],

= o i=1,2, (9)

where N; is the integral constant and U;(z) is the modified potential function, which is described as follows:
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where
ci=1—71f(x), (i=1,2), Ay
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+(2-28+30)cieaMQ —

Ey = ciea,

and fo(x) = arctan

1

B;lng (A5 + 7).](2( )

. (E2 + ﬁj) fg(x)}ecos(wt), (10)

1
*616231 — clcgeQ,

2
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1

1 1
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In the absence of the periodic signal (¢ = 0), the
generalized potential function is

. Ul(:Z?),
Ule) = { Us(z) + d,

X S €3,

(12)
x Z X3,
where d = Uj(x3) — Uz(x3). Between the two states
21 and x9, the transition rates W; (the traverse di-
rection is x; — x2) and Wy (the traverse direction is
9 — x1) can be obtained as

Wi = = IV V e exp [U(ws) = Ule).
(i=1,2). (13)

The expression of the SNR, in the asymmetric
bistable system can be derived from the two-state ap-

proach with two stable states (z; and x2) and given
by[1’3’25]

TW2e? Wie? -1
SNR; = —2 — 3 =1,2
4Wi |: 2(W12 + wg):| ) (Z ; )7
(14)
where
W3 = E,W;,  (i=1,2),
E E
Ey= ﬁ(xj —.%‘i) + -2
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4. Discussion

In conformity to the expression of SNR, Eq. (14),
the effects of the additive and multiplicative noise in-
tensities, the self-correlation times of the noises on the
SNR can be discussed by numerical calculations.

The SNR as a function of the multiplicative noise
intensity @ is plotted in Fig. 1 for different values of
the multiplicative noise self-correlation time 71. If the
additive noise intensity M=0.08, just like in Figs. 1(a)
and 1(b), with the increase of @, the function of SNR
is non-monotonic. The curves show conventional SR
phenomena. The peak value keeps invariant with the
increase of 71, but its position moves to right. The
function of SNR changes into a monotonic one for
M = 0.4, which can be seen in Figs. 1(c) and 1(d).
The SNR decreases with the value of () increasing,
and it increases with the value of 71 increasing. If we
change the value of M from M = 0.08 to M = 04
and fix other parameters’ values, the characteristic of
the SNR produces tremendous change.

SNR»

0.0044

0.0037

SNRo

0.0024

0.0014

Fig. 1. Curves for SNR versus multiplicative noise intensity @ for different values of 71 at 6 = 0.1, 8 = 2.6, ¢ = 0.1, w = 0.01,
79 = 0.2 and M = 0.08 ((a) and (b)), 0.4 ((c) and (d)), with the initial conditions being z(0) = 1 ((a) and (c)), z2 ((b) and (d)).
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In Fig. 2, the SNRs are shown as a function of the multiplicative noise intensity @ for different values of
the additive noise self-correlation time 75. For small additive noise intensity, which is presented in Figs. 2(a)
and 2(b), the SNR plot has a single peak and it means that there appears SR. The peak becomes lower with
the increase of 75, and its position moves to right at the same time. If M = 0.4, just like Figs. 2(c) and 2(d),
the SR phenomenon disappears or weakens. When the initial condition is 2(0) = z as shown in Fig. 2(d), the
SR phenomenon can be strengthened with the increase of 7.
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Fig. 2. Curves for SNR versus multiplicative noise intensity @ for different values of 7 at 6 = 0.1, 8 = 2.6, ¢ = 0.1, w = 0.01,
71 = 0.2 and M = 0.08 ((a) and (b)), 0.4 ((c) and (d)), with the initial conditions being z(0) = z1 ((a) and (c)), z2 ((b) and (d)).

Figure 3 presents the curves for SNR versus additive noise intensity M with different values of ;. The
SNRs decrease with the increase of 7 initially and then increase when the value of M is bigger, which is obvious

in Fig. 3(b). With the increase of 7y, the SR phenomenon is strengthened.
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Fig. 3. Curves for SNR versus additive noise intensity M for different values of 71 at § = 0.1, 8 = 2.6, ¢ = 0.1,
w = 0.01, @ = 0.5 and 72 = 0.2, with the initial conditions being x(0) = z1 (a), z2 (b).
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In Fig. 4, we analyse the influence of the additive noise self-correlation time 7 on SNR when the SNR is
shown to be a function of additive noise intensity. Comparing this figure with Figs. 1(a) and 1(b) shows that
these plots are similar, and the SR is observed in the two figures. The peak value keeps invariant with the
increase of 79, but its position shifts to right. From Figs. 3 and 4, it is observed that the curve does not change
much if we change the value of the multiplicative noise intensity ). It is different from the effect of the additive

noise intensity on the SNR.
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Fig. 4. Curves for SNR versus additive noise intensity M for different values of 79 at 8 = 0.1, 8 = 2.6, ¢ = 0.1, w = 0.01,
Q = 0.1 and 71 = 0.2 with the initial conditions being z(0) = z1 (a), 22 (b).

The curves for the SNR versus multiplicative noise self-correlation time 7 with different additive noise
self-correlation times 7o are shown in Fig.5. For the initial condition 2(0) = 1 as shown in Fig. 5(a), there is
one peak in the SNR for small values of 7. If the value of 75 is bigger, the SNR is monotonic with increase of
71. For the initial condition 2(0) = z5 as indicated in Fig. 5(b), there appears a resonance peak appearing on

the curve.
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Fig. 5. Curves for SNR versus multiplicative noise self-correlation time 7; for different values of 7o at for § = 0.1,
B=26,e=0.1,w=0.01, Q =2 and M = 0.1, with the initial conditions being xz(0) = z1 (a), z2 (b).

The curves for SNR versus additive noise self-correlation time 7, with different values of the multiplicative
noise self-correlation time 77 are shown in Fig. 6, showing that SNR is non-monotonic with the increase of 7o,

namely the plots show SR.
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Fig. 6. Curves for SNR versus additive noise self-correlation time 7o for different values of 71 at 6 = 0.1, 8 = 2.6, ¢ = 0.1,
w =0.01, @ = 0.1 and M = 1, with the initial conditions being x(0) = z1 (a), z2 (b).

5. Conclusion

In this paper, we study the SR phenomenon in an asymmetric bistable system subjected to both coloured
noises and periodic signal by using the theory of SNR proposed by McNamara and Wiesenfeld.[!!l The SNR
is dependent on the initial condition since the transition rate depends on initial condition. By virtue of the
expression of SNR and through numerical computation, the following conclusions can be drawn from the present
study. The effects of the multiplicative noise intensity and the additive noise intensity on SNR are different:
the effect of the multiplicative noise intensity @ on SNR strongly depends on the value of the additive noise
intensity. The plot for SNR-Q shows SR when the additive noise intensity is small, and the SR phenomenon
disappears with the value of M turning big. However, the SNR is a non-monotonic function of additive noise
intensity, and the plot does not change much if we change the value of the multiplicative noise intensity. The
multiplicative (additive) noise self-correlation time changes only the position of the peak in the SNR-Q (SNR-
M) plot, but not the value of the peak. In the SNR-Q (SNR-M) plot, the value and the position of the peak
are both shifted by changing the additive (multiplicative) noise self-correlation time. The SNRs corresponding
to the two kinds of the self-correlation times exhibit SR except the SNR; — 7 plot when the additive noise
self-correlation time is big.
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