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We demonstrate that the n-partite continuous-variable entanglement can be unconditionally prepared among n

parties that share no common past, from n two-mode squeezed states. Both GHZ-like and cluster-like states can be

generated for any nonzero squeezing in the entangled sources. An application of the resulting multipartite entangled

state to a teleportation network is illustrated.
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1. Introduction

Entanglement is an essential resource in quan-
tum communications. Multipartite entangled states
embody interesting properties such as monogamy
property,[!l and enable various quantum informa-
tion tasks realised, such as quantum teleporta-
tion networks,?! quantum secret sharing of classi-

[3.4] quantum state sharing,[5’6] quan-

[7]

cal messages,
tum computation,!’) etc. Recently, the generation of
multipartite entangled states have drawn much at-
tention in both theoretical and experimental fields.
Multipartite entangled qubits can be generated from
Bell pairs using beam splitters (BSs) and single-
photon detectors,®9 and entangled state of up to six
qubits has been experimentally realised.['") The gen-
eration of continuous-variable (CV) entangled states
is simpler and more efficient as compared with its
discrete-variable counterpart. It was shown that,
by applying a sequence of n — 1 BSs (which give
l:(n—=1), 1:(n — 2),..., 1:1, respectively) to n
single-mode squeezed vacuum states (including one
phase-squeezed and n — 1 amplitude-squeezed vac-
uum modes), n-partite Greenberger—-Horne—Zeilinger
(GHZ)-like Gaussian entangled states could be the-

oretically generated for n being arbitrary.!l Using

the same BS array but replacing one amplitude-
squeezed input mode by a phase-squeezed mode, we
can also prepare quadripartite cluster-like states.!'!]
Employing these schemes, tripartite GHZ-like Gaus-
sian entangled state was experimentally prepared and
applied to a teleportation network;!'?! furthermore,
quadripartite GHZ-like and cluster-like Gaussian en-
tangled states were also experimentally prepared.['3]
Another interesting scheme for tripartite Gaussian en-
tangled state generation and controlled dense cod-
ing was proposed!' and experimentally realised,!*!
where only a two-mode squeezed state and linear op-
tics were required. In all of the above schemes, mul-
tipartite entangled states are directly generated and
then distributed to the agents.

Entanglement redistribution offers a flexible
method for manipulating entangled states. For exam-
ple, entanglement swapping!!—18 and cascading!*9-2"]
can establish entanglement between two remote par-
ties that do not share any common past, from a se-
quence of entangled pairs. As a multipartite gener-
alisation of entanglement swapping, entangled states
of many qubits can be established from singlets by a
local measurement.[?!] This method of preparing mul-

tipartite entangled states embodies many practical ad-
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vantages: first, it allows a certain degree of freedom
to entangle any set of the parties on demand; second,
when the system is exposed to decoherence or eaves-
dropping, one only needs to modify entangled pairs in-
stead of multipartite entangled states. Since entangle-
ment redistribution protocols are believed to be more
efficient and easier to manipulate in the CV scenario,
establishing multipartite CV entangled states by en-
tanglement redistribution would be significant.

In this paper, we propose an unconditional pro-
tocol for preparing multipartite Gaussian entangled
states among remote parties that do not share any
common past, and then illustrate a practical use of
the resulted entangled states for a teleportation net-
work. Consider n agent nodes in a quantum commu-
nication network, each of whom initially shares a two-
mode squeezed state with a central node. These initial
two-mode squeezed states can be experimentally gen-
erated by using one beam splitter and two single-mode
squeezed states from optical parameter oscillators in
analogy with that in Ref. [12], or by injecting two or-
thogonal polarised coherent states with the same fre-
quency into a nondegenerate optical parametric am-
plifier as in Refs. [14] and [15]. In order to obtain
the agent nodes entangled, the central node transmits
his/her modes through a BS array composed of n — 1
BSs, measures the amplitude or phase quadratures of
the outputs using balanced homodyne detectors, and
communicates the classical results to n—1 agents. The
agents then optimally displace their modes according
to the measurement results and finally share an n-
partite Gaussian entangled state. The prepared en-
tangled state can be used as a source in quantum tele-
portation networks, where the teleportation fidelity is
higher than 1/2 and also serves as a practical witness
of the multipartite entanglement. The multipartite
entangled state among any set of agents can be pre-
pared on demand for any nonzero squeezing in all of
the entangled sources. Compared with the previous
protocol as in Refs. [2], [12], and [15], the teleportation
fidelity achieved in our scheme is a little lower, which
is a certain consequence of the nonincreasing property
of entanglement under local quantum operations and
classical communications; however, our method is ad-
vantaged in its flexibility, i.e., Hebe need not know in
advance which set of agents will be involved in the
teleportation network and where exactly the agents
are. Besides, with the same experimental arrange-
ment, our protocol can prepare different types of mul-
tipartite Gaussian entangled states, such as GHZ-like

states and cluster-like states,'!] depending on which
quadratures are measured.

2. The protocol for uncondition-
ally preparing multipartite en-
tangled states by entanglement

redistribution

Consider N independent agents (named Alice,
Bob, et al.) of a workshop, each of whom shares a
two-mode squeezed state with a central node named
Hebe. Now Hebe wants n of the agents to collaborate
for some practical missions, so she tries to build an n-
mode Gaussian entangled state shared among them.
The aim of this section is to help Hebe solve this prob-
lem. Notice that for the n = 2 case, the unconditional
CV entanglement swapping protocol'” would accom-
plish this task. For n > 3, we here propose an uncon-
ditional protocol for preparing multipartite Gaussian
entangled states among remote nodes. We first de-
scribe the protocol for n = 3 in the Wigner picture,
and then generalise it to the cases for a generic n. It
is worth mentioning that, when Hebe chooses differ-
ent quadratures to measure, our protocol can prepare
Gaussian GHZ-like states or cluster-like states on de-

mand with the same experimental arrangement.

Alice

Bob
2 %
N/
' Hebe :
\
3 A % *
3 4
Claire Dick
@ 2 3 b 2 3 &

) |1;1 1/1;2 ) |1:1|1:2|/1;3 Dy
aj b D, 45 > | B3
Dy Dy (Dp) Dy T Da

Fig. 1. Scheme for unconditional generation of multipar-

tite Gaussian entangled states among a set of agents that
share no common past. Top: Each of the agents initially
share with Hebe Einstein—Podolsky—Rosen (EPR) pairs.
Bottom: Hebe’s operations for generation of (a) tripartite
GHZ-like states and (b) quadripartite GHZ-like (cluster-
like) states.
dyne detections (BHDs) for detecting the corresponding

Here D, D, present the balanced homo-

quadratures, and (Dp) in (b) means using D, instead of
D, for beam B; for preparing quadripartite cluster-like
states.
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In Fig. 1(a) is shown the scheme for the uncon-  tively). The quadratures of the three output beams
ditional preparation of tripartite Gaussian entangled  are
states among Alice, Bob and Claire. Initially, each
agent shares with Hebe a two-mode squeezed state of Ba = (1 — ar),
mode j and mode j' (j = 1,2, 3), whose Wigner func-

tion reads By = (o + cr — 2003 ),

-5l -8l

WS (g, 050) s

Be = (a1 + ay + ag), (2)

B

1 er 9 5
= ey - (x5 —250)" + (pj +pj)7]

) 2 where 81, = (zx+ipr)/V2, k = a,b, c. Now Hebe mea-

—4ar

_° 5 [(z; + x5) + (pj — pj/)Z]}’ (1)  sures the amplitude quadratures of mode a and mode
b as well as the phase quadrature of mode ¢, yield-

where ajny = (;zzj(j,) + ipj(j,))/\/i and r is the ing classical results x,, xp and p.. This measurement

squeezing parameter. Here x;(;/y and p;(;,) are respec- is equivalent to Hebe’s projecting her three modes on

tively amplitude and phase quadratures of mode j(j’).  an ideal tripartite Gaussian GHZ-like state. Now the
For the first step, Hebe combines her three modes on ~ normalised Wigner function of Alice’s mode 1, Bob’s
a BS array (BS1 and BS2 give 1:1 and 1:2 respec-  mode 2 and Claire’s mode 3 becomes

l

3
1
Wp(a17a27a3|xa7xb7pc) = m / da%I / dagl / dag, H Wj’jMSV(Oéj,O[jI> . (5(,{[)1/ — Ty — \/il‘a)
as y’c ]:1

X (S(.’Ell + Tor — 2563/ — \/éxb)a(pl’ —|—p2, +p3, _ \/gpc)
2 2
1 B 2 a -2 6
= 3P [ — cosh(2r) (xl vt 9v20 ) — cosh(2r) <x1 T2z et g\[xb>
™

V2 V6

2 2
_ cosh(2r) pitptpstgV3p ) 1 1+ T2+ 73
V3 cosh(2r) V3

_coshl(27") (p1¢_§m>2 - cos}i(?r) (pl ﬂijg_ ng)T’ (3)

where g = tanh(2r), and P(zq,zp,p.) = [ dai, [ da3, [ da3, H?:1 WISV (o, a;0) is the probability of ob-
taining the measurement results (z,, =y, p.). A direct calculation leads to (A(z; — z;/v/2)2) = 1/2cosh(2r) <
1/2 for i,j = 1,2,3, i # j and (A((p1 + p2 + p3)/v/2)?) = 1/2cosh(2r) < 1/2, which indicates that the re-
sulted state of mode 1, mode 2, and mode 3 is a tripartite GHZ-like entangled state.[''] However, because of
the randomness of the measurement results, Alice, Bob and Claire cannot have entangled states without the

information of Hebe’s measurement. At least two of them should receive the results from Hebe through classical
channels and displace their modes accordingly. Here Alice and Bob receive the results and displace mode 1 and
mode 2 respectively as

1 _>X1:$1+g\[2xa+g\/6xba p1— P1 = py,
Ty — Xo =x9 — g\@l‘a + g\/éa:b, pa — Py = pa + gV3p,. (4)
The state of the three modes then becomes

Wd<a(117 Oég7 a3|$a7 xb7pc)

1 X, — X5\ X; + Xy — 223\
= — —cosh(2r) [ 22—22) —cosh(2r) [ 2222 =8
3 exp[ cosh( r)< 7 ) cosh( r)( 7 >

2
p1+P2+p3>2 1 <X1+X2+x3—g\/6a:b)

— cosh(2r) ( 7 ~ cosh(2r) 7
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1
~ cosh(2r) ( V2

2
- P2 + g\/gpc _
cosh(2r)

2
1 p1+ Py —2ps — gv/3p. }
\/6 )

where af y = (X12 + iPy2)/v/2. Now we define the new variables as

X 7X17X2 X7X1+X2721'3 7X1+X2+$3
a \/§ ) b \/6 ’ c \/g )
p— P p1+ Py —2pg p1t+P+ps
Pa— ) P:77 c= = - 6
7 b NG 7 (6)

For a tripartite Gaussian GHZ-like entangled state,
the variances of variables X,, X, P. should be
smaller than 1/2.1"'] This condition is satisfied by the
state in Eq. (5), where (AX2) = (AX?) = (AP?) =
1/2cosh(2r) < 1/2 for all » > 0. The final three-
mode state shared among the agents is a mixed state
obtained by integrating Eq. (5) over all possible mea-
surement results as

Wf ozl,oz2,043

/dl’a/dl'b/dpc Ia7xb7p(‘)

X Wd(a17a27a3|xa7xbvpc)~ (7)

Nevertheless, the mixing does not affect the variances
of X,, X3, P., because from Eq. (5), the distributions
of these variables are independent of the measurement
results after the displacements in Eq. (4). In turn, Al-
ice’s mode 1, Bob’s mode 2 and Claire’s mode 3 are
now entangled in a GHZ-like way.

From the above discussion, the essentials of our
protocol are twofold: firstly, Hebe’s measurement
projects the modes shared among Alice, Bob and
Claire on a tripartite GHZ-like state; secondly, Alice
and Bob optimally displace their modes such that the
distributions of variables X,, X}, P, are independent
of the measurement results, and consequently, the en-
tanglement is preserved after the mixing as in Eq. (7).
Bearing these in mind, we naturally generalise the
protocol to produce GHZ-like states of larger size.
> 3) involved
in a mission. Still, the j-th agent (j =1,2,...

Now Hebe decides to make n agents (n
,m) ini-
tially shares with Hebe a two-mode squeezed state of
mode j and mode j' described in Eq. (1). As the first
step, Hebe transmits her n modes through a sequence
of n — 1 BSs where the k-th BS (k= 1,2,...,n—1)
gives 1:k (for the n = 4 case, see Fig. 1(b)). She
then measures the amplitude quadratures of the n — 1
output beams 1, 82,..., Bn—1 as well as the phase
quadrature of the output beam f,, yielding clas-

sical results x5, = (x1/ — T2) V2, ., LBn1

n—1
Sl wy = (= Daw| /Va =1, ps, =
2?21 pjr/v/n, which are then classically sent to the
first n — 1 agents. After receiving the results, the

agents locally displace their modes as

p1 — P =p1+ngps,,

k-1
T = Xp =2 —g¢ % LB
n
+gz \/T IR
(k:l,Q,...,n—Z),
n—1
Tp—1 — anl =Tn-1—9G\| ————Tp,,_»

n
n
T 9\ B (8)

such that the distributions of the variables de-
fined as Xg = (X1 — X2)/V2,..., X5, , =
SIIX (-1 xn} //nn—1), Pﬁn = (P +
P = Pj)/+/n are independent of the measurement re-
sults. As a result, the n modes shared among the n
agents are in an n-partite GHZ-like state.
Multipartite cluster-like states can also be pre-
pared by using the same arrangement but detecting
different quadratures. As discussed in Ref. [11], n-
partite CV cluster-like states and GHZ-like states are
equivalent for n = 3 but not so for n > 3. For
n = 4, the quadratures of an ideal zero-displaced CV
—p2=0, 2ps +p3 +ps =
0, z1+x9—2x3 = 0 and z3 —x4 = 0; and equivalently,
pP1—p2=0,p1+p2+ps+ps=0, 1 +x2—2253=0
and z1 + x9 + 3 — 3z4 = 0. Therefore, when Hebe
= (prr —p2)/V?2, in-

stead of the amplitude quadrature xg, , of the output

cluster-like state satisfy pq

detects the phase quadrature pg,

beam (31 and keeps the rest of the arrangement the
same as in preparation of GHZ-like states (as shown
in Fig. 1(b)), her four modes are projected on an ideal
CV cluster-like state, resulting in a cluster-like quadri-
partite state of the modes shared among Alice, Bob,
Claire and Dick, described as
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(ala a9, (3, a4|pﬁ1ax527x537pﬂ4)

/dall/da2//da3//da4/HWTMSV aj’ajl>

x 8(p1r — p2r — V2pgs,) -
X 5(I1/ + xor + x30 — 340 — V 12%[33) .

(S(CEl/ + x99 — 2x3/

x exp {— cosh(2r) (pl 7

1+ 22+ 23 — 324 4+ gV 123333

— cosh(2r) ( iv;

Here we ignore the terms that are irresponsible
for the quadripartite entanglement. Hebe then sends
the classical results (pg,, zg,, =g, and pg,) to Alice,
Bob and Claire, who locally displace their modes as

2
T, — X1 =21+ %\/63:52 + ?gv 1224,

g

m— PL=p+ 5\/51%1 + 9Ppas
g

pa — Py =pay— iﬁpﬁl + gPpas

x3 — X3 =23 — %\/63:52 + %\/123053. (10)

After the displacement, the distributions of the vari-
ables Pg, = (P, — P»)/V2, X5, = (X1 + 22 —
2X3)/V6, Xg, = (X1 + 2 + X3 — 374)/V/12 and
Pg, = (P1 + P2 4 p3 + pa)/2 are independent of the
measurement results. Consequently, after the mixing
caused by the randomness of the measurement results,
the covariances of the above variables all remain as
1/2 cosh(2r), which is smaller than 1/2 for any r > 0
and approaches zero for r — co. This means that CV
cluster-like state has been prepared.

We have illustrated the protocol for uncondition-
ally preparing tripartite GHZ-like states among re-
mote parties that share no common past, and then
generalised it to the cases of n-partite (n > 3) GHZ-
like states and cluster-like states. The advantages of
our method lie in its flexibility and high-efficiency.
Specifically, Hebe is able to build any types (GHZ-
like or cluster-like) of entangled states among any set
of the agents in case of necessity. Notice that the first
BS of Hebe’s BS array always gives 1:1, so Hebe just
need to add proper BSs at the end of her BS array
when she wants more agents involved; however, if the
multipartite entangled state is prepared as in Refs. [2]
and [11] (where the first BS gives 1:(n — 1), depend-
ing on how many agents are involved), the whole BS

- \/6@52)
d(p1r + por + p3 + par — 2pg,)

2 2
- 2 — 2z 6
D2 +g\fp51> — cosh(2r) <m1 + T2 — 223 +g\fx52>

V6

2 2
2
> ~ cosh(2r) <p1 +p2+p3+pat gp@;) ]

5 ©)

array has to be rearranged for this task. Moreover,
multipartite entangled states can be produced by us-
ing only linear optics, as long as the squeezing in the
initial entangled sources is nonzero; on the other hand,
preparation of multipartite entangled qubits in an ‘en-
tanglement swapping’ fashion?!l requires a sequence
of logic gates, and the efficiency is limited by the pho-
ton counting rates and the indistinguishability of all
four Bell states.

3. An application to a teleporta-

tion network

The output n-partite Gaussian entangled states
can be used as sources in a teleportation network.
Here we illustrate this in the n = 3 case, and it is
almost the same for the generic n. In a teleportation
network,?! quantum information is teleported from
Claire to Bob, assisted by Alice.
not gain any information of the teleported states, but

Here, Alice would

the teleportation would fail without Alice’s assistance.

The scheme for third-man-assistant teleportation
using a tripartite entangled state generated as in
the last section is shown in Fig. 2. As a prepara-
tion step, Hebe transmits her three modes through
a BS array and measures the quadratures of the
output beams in order to build tripartite entangle-
ment among the three agents, as discussed in the last
section. Alice and Bob displace their modes as in
Eq. (4), except for po — Py = po + ¢'v/3p., where
g = 2gcosh?(2r)/(2cosh?(2r) + 1
is chosen for maximising the anticorrelation between

). Here the gain ¢’

phase quadratures of Bob’s mode 2 and Claire’s mode
3 and consequently maximising the teleportation fi-
delity.
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(X

D3

Fig. 2. Scheme for third-man-assistant teleportation us-
ing tripartite entangled state prepared by our protocol.
Here, Hebe’s local operations are the same as in Fig. 1(a)
and empty arrows represent classical communications.

Now the three agents are ready to implement
the teleportation network. First, Claire combines her
mode 3 and an unknown coherent state |ai,) on a
1:1 BS and measures the quadratures of the outputs

Tey = (@Tin — xs)/\/i Pe; = (Pin +p3)/\/§. Here,

1 (Xtel - Xin)2

ain = (Xin + 1Py)/V/2, and the Wigner function for
the input state |ain) i8 Win(Zin, Pin) = exp[—(@in —
Xin)? — (pin — Pin)?]/m. Claire then sends her mea-
surement results to Bob, who continues to displace

his new mode 2 as

Xo — Xé = — g\/ixa + g\/él"b —|—gC\/§xcl,

Py = Py =ps+g'V3pe + geV2p,. (11)
The parameter g. describes a normalised gain, and
we set g. = 1 for the optimal teleportation fidelity.
However, Bob will gain no information encoded in the
phase quadrature of |as,) without Alice’s help. Hence,
Alice detects the phase quadrature of her mode 1 and
sends the classical result p; to Bob. For the third
time, Bob displaces the phase qudrature of his mode as
P} — P§* = po+9'v/3pe++/2pe, +gap1, and keeps the
amplitude quadrature unchanged X&' = XJ,. Here,
the optimal gain is g, = 2sinh?(2r)/(2 cosh?(2r) +1).
The Wigner function of the teleported state reads

1 (Ptel - Pin)2

1

Wtel(Xtel7 Ptel) X €xXp _5
cosh(2r) *

Clearly, for infinite squeezing r — oo, the teleported
state is just the input state Wiey — Wi,. For finite
squeezing, in order to estimate the ability for the tele-
portation channel, we calculate the teleportation fi-
delity defined as the overlap between the input and
the teleported states piel 1 ' = {Qn|ptel|@in). This fi-
delity is related to the @Q-function of the teleported
mode as ' = mQe1(in) = 1//0x,,0P,, (9 = 1),
where ox,, and op,, are the variances of the Q-
function of the teleported mode for the correspond-
ing quadratures. According to the property of Q-
function, ox,, and op,, are related to the fluctu-
ations of the corresponding quadratures as ox,, =
(AXZE) +1/2, op,, = (AP2)) + 1/2. Directly from
Eq. (12), (AX2)) = 1/cosh(2r) + 1/2, (APZ)) =
3/(2cosh(2r) + 1/ cosh(2r)) + 1/2. Consequently, the
optimal teleportation fidelity reads

r= |0 )

) <1 * Scosh(2r) f 1 /Cosh(%))] o (13)

2

3
2 cosh(2r) 4 1/ cosh(2r) 3

\
which is plotted in Fig. 3 (solid line). For initially no
squeezing in the entangled sources (r = 0), no entan-
glement is produced among Alice, Bob and Claire, and
the fidelity Fejassical = 1/2, giving the limit for ‘classi-
cal teleportation’. For infinite squeezing r — oo, the
fidelity approaches unity. For any r > 1/2, the fidelity
can exceed the classical limit F' > Fiagsical. Since
the teleportation fidelity F' > 1/2, only when entan-
glement exists, will this result give an experimental
evidence that multipartite entanglement is actually
established using our protocol. Compared with the
fidelity achieved when the tripartite entangled state
is prepared as in Ref. [2] (plotted as dashed line in
Fig. 3), our fidelity is always lower, due to the non-
increasing property of entanglement under local op-
erations and classical communications. However, the
difference is so tiny as to be ignored when the squeez-
ing is large enough. Therefore, it is feasible to use the
multipartite entangled state prepared by our protocol
as an entangled source for third-man-assistant tele-

portation. Because of its flexibility, our protocol for
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generating multi-mode entanglement is especially ap-
propriate when Hebe does not know in advance which
agents will be involved for the teleportation task.

1.0 ————==
0.9 e
0.8 ’

0.7 ‘

06

0.5
0 0.5 1.0 1.5 2.0 2.5 3.0

r
Fig. 3. The teleportation fidelity achieved when the tri-
partite entangled source shared among Alice, Bob and
Claire is prepared directly as in Ref. [2] (dashed line), or
in an ‘entanglement redistribution’ fashion using our pro-
tocol (solid line), as a function of squeezing parameter r
of the entangled source for preparing tripartite entangled

4. Conclusion

We have proposed a scheme for preparing mul-
tipartite continuous-variable entangled states among
remote parties that share no common past. Using
only squeezed light and linear optics, this scheme can
unconditionally produce on demand any type (GHZ-
like or cluster-like) of multipartite Gaussian entangled
state among any set of agents. Besides, an applica-
tion of the produced multipartite entangled states to
teleport networks is also illustrated, where the higher-
than-1/2 teleportation fidelity indicates that multi-
partite entangled states are actually prepared by us-
ing our protocol. It is worth noting that, if each of the
agents initially shares with Hebe a two-mode Gaussian
entangled state of two atomic ensembles as prepared
in Ref. [22], our protocol can also offer a method for
preparing multipartite entangled states among atomic

ensembles; which can serve as memories of entangle-

states.
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