Chin. Phys. B Vol. 19, No. 5 (2010) 050302

Entanglement evolution in an anisotropic
two-qubit Heisenberg XYZ model with
Dzyaloshinskii—Moriya interaction®

Chen Tao(Fr ),
Li Jin-Xing(Z4:2),

Huang Yan-Xia(##i%), Shan Chuan-Jia(¥.4%%),
Liu Ji-Bing(X¥4%1%), and Liu Tang-Kun (X% B)f

College of Physics and Electronic Science, Hubei Normal University, Huangshi 435002, China

(Received 3 August 2009; revised manuscript received 13 October 2009)

This paper investigates the entanglement evolution of a two-qubit anisotropic Heisenberg XYZ chain in the presence

of Dzyaloshinskii-Moriya interaction. The time evolution of the concurrence is studied for the initial pure entangled
states cos#]00) + sin@|11) and cos ¢ |01) + sin¢|10) at zero temperature. The influences of Dzyaloshinskii-Moriya

interaction D, anisotropic parameter A and environment coupling strength v on entanglement evolution are analysed

in detail. It is found that the effect of noisy environment obviously suppresses the entanglement evolution, and the

Dzyaloshinskii-Moriya interaction D acts on the time evolution of entanglement only when the initial state is cos ¢ [01) +

sin ¢ |10). Finally, a formula of steady state concurrence is obtained, and it is shown that the stable concurrence, which

is independent of different initial states and Dzyaloshinskii-Moriya interaction D, depends on the anisotropic parameter

A and the environment coupling strength ~.
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1. Introduction

Quantum entanglement, as a nonlocal quan-
tum correlation without any classical analog, has at-
tracted much attention mainly due to its key role
in quantum communication and information pro-
cessing, such as quantum dense coding,!? quan-
tum teleportation,®=6 quantum key distribution and
quantum computation.[”=% In recent years, there has
been an outgoing effort to characterise the entangle-
ment properties of condensed matter systems and ap-
ply them in quantum information. The quantum en-
tanglement in solid state systems such as spin chains
is an important emerging field.'°=1¢ Spin chains can
be used as qubits in many real physical system, and
Heisenberg spin chain is the simplest spin chain in
condensed matter physics, which is regarded as one
of the natural candidates to construct a quantum
computer and quantum dots.['”] Heisenberg exchange
interaction between two quantum dots can be used
to implement universal one and two-qubit quantum
gates.l'8] In real quantum systems, inevitable inter-
actions with the surrounding environment may lead

to decoherence, resulting in degradation of entangle-
ment. Taking the decoherence effect into account, Yu
and Eberly['2] have shown that the entanglement of
a bipartite qubit system may decrease abruptly to zero
in a finite time due to the influence of quantum noise,
this phenomenon was termed as entanglement sudden
death (ESD). Recently, a great deal of the theoreti-
cal investigations of ESD have been reported.21—2%]
Opposite to the current extensively discussed ESD,
entanglement sudden birth (ESB) is the creation or
rebirth of entanglement where the initial unentan-
gled qubits can be entangled after a finite evolution

time.[26—28]

In the presence of decoherence, Wang et al.l?]
studied the entanglement evolution of a two-qubit
Heisenberg XY spin chain, and the entanglement dy-
namic of the Heisenberg XY spin chain with mag-
netic field had been discussed in Refs. [30] and [31].
A stable entanglement, in which once qubits become
entangled they will never be disentangled, was also
demonstrated in Refs. [29]-[31]. In those studies the
influence of spin—orbit coupling interaction on entan-
glement dynamics was rarely considered. Taking the
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spin-orbit coupling effect into account, Dzyaloshin-
skii and Moriya found the anisotropic antisymmet-
ric Dzyaloshinskii-Moriya (DM) interaction.[32:33] In
a variety of quasi-one-dimensional materials, DM in-
teraction is mainly along the z-axis.** In this paper,
we present an exact calculation of the entanglement
dynamics between two qubits coupling with a common
environment at zero temperature. The two qubits in-
teract via a Heisenberg XYZ spin chain and with z-
axis DM interaction. We examine the entanglement
evolution of different initial states, including the un-
entangled states and the maximally entangled states,
find that the effect of DM interaction on the time evo-
lution of concurrence is due to the initial state, and the
stable concurrence depends on the anisotropic param-
eter and the coupling strength with the environment
which is independent of different initial states and DM
coupling interaction.

2. Heisenberg XYZ model with
DM interaction

We note that the Hamiltonian of an anisotropic
two-qubit Heisenberg XYZ chain with z-axis DM in-
teraction is

H = 5 J2012024 +Jy0'1y0'2y

+ J,01,02, + D - (o1 X 02)], (1)

where J;(i = x,y,2) are the spin-spin coupling coef-
ficients, J; > 0 corresponds to the antiferromagnetic
case, and J; < 0 corresponds to the ferromagnetic
case. D is called DM vector coupling, here we choose
D = Dz, and o(i = z,y,2) are the Pauli matrices.
The Hamiltonian can be expressed as

H = (J+iD)o1402- + (J —iD)oy_oat

J.
+ A(o14004 +01-09_) + ?U1z02z, (2)

where J = (J, + Jy)/2, A = (Jp — J)/2, and 04 =
(o £ i0y)/2 are the spin raising and lowering opera-
tors, the parameter A describes the spatial anisotropy
of the spin—spin interaction.

In the standard basis {|11),]10),]01),|00)}, the
eigenvalues and eigenvectors can be derived as

1) = (~ 5 =) 192),

Hioy) = (‘; " A) B4). 3)

where the eigenvectors are

V2

72) = =-(|01) % ¥ [10)),
@) = ?uom + [11)), (4)

and u = vD? + J2, § = arctan(D/J).

3. Entanglement evolution at

zero temperature

In order to investigate the entanglement dynamics
of two qubits, we use the concurrence as a measure of
entanglement.?5] For a system described by the den-
sity matrix of the system p, the concurrence is defined
by

C =max(v M = VA2 = VA = VA0, (5)

where A1, Ao, A3, and A4 are the eigenvalues in a de-
creasing order of the density operator R which is de-
fined as R = p(o1, ® 02y)p* (01, ® 02y), * denotes the
complex conjugate, o, is the usual Pauli matrix. The
concurrence is available, no matter whether p is pure
or mixed.

The description of time evolution of an open sys-
tem at zero temperature is provided by the mas-
ter equation, which can be written most gener-
ally in the Lindblad form with the assumption of
weak system-reservoir coupling and Born-Markov
approximation.[*¢! The Lindblad equation for the den-
sity matrix dynamics of the particles can be written
as

dp .
1 = CiH A+ Y
j=1,2

1
X |:0'j_p0'j+ — 2{0j+0'j—7p}:| ) (6)

where the term v;(72) is the decay rate of qubit 1(2)
to the environment, and here we assume ;3 = v9 = 7;
{} means anticommutator. For our Hamiltonian, the
density matrix can be represented by

pi1 0 0 pug

0 p22 p23 O
p= : (7)
0 p32 p33 0O

pas1 0 0 pay

Then the concurrence can be expressed as
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C' = max[2(y/p23ps2 — /P11p4a), 2(\/Prapar — \/p22P33), 0]. (8)

The solution of Eq. (6) depends on the initial state of the qubits, and we consider the system initial state
is in a pure state cos 6 |00) + sin 6 |11). On solving the master equation in Eq. (6), we gain the time evolution
of the reduced density matrix elements in the standard basis as

(t) = ;
P = e 1ae)
—4e (A% cos(2At) cos(20) + Ay sin(2At) sin? 6)],
1
preeEwyeit
—2ie (72 4+ 4A%) sin(2At) cos(20) + 2e (72 + 4A%) sin(26),
1
— 4A2_2 —2vt .2 2—’)’t2 2At) — 4 —2’ytA2
ng(t) 4(,)/2 +4A2)[ e Y +2Ze Y COS( t) e
—vc0s(20) - (—2e 'y + 2e 7 cos(2At) + 4e M Asin(2A4t))],
— 1 2 2 —2yt( 2 2\ _ o -7t (A2 9 A2
paa(t) = 202 +4A2)[2(7 + A%) + e (y* +24%) — 2677 cos(2AL) - (v — 247 cos(26))
+v% cos(20) - (2e 77 cos(2At) — e + de 7y Asin(2At) cos? 0], (9)

[2A% + e 27 (42 +2A%) — e 242 cos(26)

p14(t) = (2i e "'y sin(2At) + 4iA(e 7 cos(2At) — 1))

where p41(t) = pi4(t), p33(t) = paa(t), and all other matrix elements are zero. From Eq. (9), we know that
the coupling coefficient J., coefficient J and DM interaction D have nothing to do with the time evolution of
concurrence for this initial state.

In the following, we investigate the entanglement dynamics under different system parameters for several
different initial cases: unentangled state (6 = 0,6 = 7/2), not maximal entangled state (§ = 7/8), maximal
entangled state (# = 7/4). In Fig. 1, the time evolution of the concurrence is plotted for various values of the
anisotropic parameter A without the noisy environment when the qubits are initially in the different states.
One can find that the entanglement evolves periodically for § = 0, § = 7/8 and § = 7/2. The amplitude of these
oscillations is the same for different A, but the frequency increases with increasing A. However, the concurrence
is invariant with different A when the initial state is maximal entangled state (8 = 7/4).
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Fig. 1. Time evolution of the concurrence for various values of the anisotropic parameter A with v = 0 for
different initial states: (a) 6 =0 or 0 = /2, (b) 0 = 7/8.

Figure 2 illustrates the time evolution of the concurrence for different A with the decoherence. From
Fig. 2(a), we can find that the concurrence of the initial unentangled state increases from zero to a certain value
with increasing time, and then fall abruptly to zero when the A is big enough, it occurs more rapidly with
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increasing A. Figures 2(b), 2(c), and 2(d) show the ESD clearly when the A = 0.6. Figure 2(d) reveals that
the concurrence suddenly birth, ESB appears, and the ESD can occur twice with the increase of the system

anisotropy. From Fig. 2, we see that the stable concurrences are different with different values of the anisotropic

parameter A, and this has no relation to the initial states.
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Fig. 2. Time evolution of the concurrence for various values of the anisotropic parameter A with v = 0.5
for different initial states: (a) @ =0, (b) 6 = «/8, (c) 0 =7/4, (d) 6 = /2.

We study the two qubits to be initially in another form of pure state cos ¢ |01) 4 sin ¢ |10). By calculation

from Eq. (6), we obtain the following reduced density matrix elements

A

(277" u? sinh(2ut) cos(2¢) + 2usin(2¢) - (e 7' D cosh(2ut) +ie”7"J)],

[e ™7 (—~? cos(2At) 4+ v% cosh(yt) + yAsin(2At) + (v* + 2A%) sinh(vt))], (10)

p11(t) = m[e_”(—v sin(2At) 4+ 2A sinh(vt))],
p1a(t) = mpe‘”v? sin(2At) + 4iyA(e " cos(2At) — 1)],
P22 (t) = m [U(4A2 =+ 2 ei‘yt’}/Q COS(2At) —+ 4A2 672’yt)
—2e 7 (y% + 4A%)(u cosh(2ut) cos(2¢) — D sinh(2ut) sin(2¢))],
p33(t) = m [U(4A2 + 2 ei’yt’}/Q COS(QAt) + 4A2 672vt)
+2e7 7 (42 + 4A?)(u cosh(2ut) cos(2¢) — D sinh(2ut) sin(2¢))],
1
p23(t) = Tu(d+ 1))
1
paa(t) = (2 + 447

where p41(t) = pis(t), p32(t) = p35(t), and all other
matrix elements are zero. From Eq. (10), we know
that ¢ should range from 0 to m/2, and the coupling
coefficient J, have nothing to do with the time evolu-

tion of the concurrence.

The influence of the anisotropic parameter A for
this initial state is similar to that for the initial state
cos 6 100) + sinf|11), so we assume A = 0.3 and the
coefficient J = 1. We investigate the entanglement

dynamics under DM interaction for several different

050302-4



Chin. Phys. B Vol. 19, No. 5 (2010) 050302

initial cases: unentangled state (¢ = 0), not maximal
entangled state (¢ = 7/8), maximal entangled state
(¢ = w/4). If there is no decoherence, the entangle-
ment evolves periodically with the D. The amplitude
and the frequency of the oscillations increase with the
increase of D in Fig. 3(c) when the initial state is
the maximal entangled state (¢ = 7/4), the DM in-
teraction makes slow oscillation around the maximal
value of concurrence. Figure 3(a) shows the DM in-

Concurrence

0.4 1 ]

Concurrence

0.2 A ]

0 2 4 6 8 10

teraction can change the frequency of the oscillations
when the initial state is the unentangled state (¢ = 0).
With the decoherence, from Figs. 3(b) and 3(d), we
can see that the two-qubit state can evolve into a sta-
tionary entanglement state, the different values of the
DM coupling parameter D just generate the same sta-
ble concurrences, and this also has no relation to the

initial states.

1.0 T T T T

Concurrence

Concurrence

0 2 4 6 8 10

Fig. 3. Time evolution of the concurrence for various values of DM coupling parameter D with A = 0.3
and J = 1 for different initial states: (a) v = 0,¢ = 0; (b) v = 0.5,¢ = 0; (c) v = 0,¢ = 7/4; (d)

v=0.5,¢=m/4.

Calculating the steady entanglement from
Eqgs. (9) and (10) with the decoherence, a uniform

concurrence can be obtained as follows:

2Ay — 2A2
v 0)

_— 11
V244427 (11)

Csteady = Inax (
The stable concurrence depends on the anisotropic pa-
rameter A and the decay rate of qubits ~, but not
on the DM coupling parameter D. And if A = 0,
the stable concurrence is always zero. Figure 4 shows
the time evolution of the concurrence with v = 0.5,
A=0.3,J=1and D = 0.5 for different initial states
(0 =0,0 =7/4,6 = 0,06 = w/4), it is observed that
the steady concurrences are the same.

1.0 1 T T

Concurrence

Fig. 4. Time evolution of the concurrence with J = 1,
A =0.3,7=0.5and D = 0.5 for different initial states:
0=0,0=7/4,¢0=0,¢ =7/4.
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4. Conclusions

In this paper, we investigate the entanglement
evolution of a two-qubit anisotropic Heisenberg XYZ
chain in the presence of DM interaction for differ-
ent initial states of the system. When the initial
state is cos6]00) 4 sinf|11), the entanglement evo-
lution is independent of the DM interaction. How-

ever, the DM interaction has a remarkable influence
on the entanglement dynamics when the initial state
is cos ¢ |01)+sin ¢ |10). Finally, we obtain a formula of
the steady concurrence, and by controlling the values
of the anisotropic parameter we can achieve a certain
stable concurrence when DM interaction coupling pa-

rameter D has no effect on it.
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