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Form invariance and new conserved quantity
of generalised Birkhoffian system∗
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A form invariance and a conserved quantity of the generalised Birkhoffian system are studied. First, a definition

and a criterion of the form invariance are given. Secondly, through the form invariance, a new conserved quantity can

be deduced. Finally, an example is given to illustrate the application of the result.
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1. Introduction

In 1983, Santilli pointed out: “Birkhoffian Me-

chanics is the most general possible mechanics that

can be constructed from Hamiltonian Mechanics via

the transformation theory.”[1] Up to now, great

progress has been achieved on its research.[1−15] Ref-

erence [4], when discussing the generalised quasi-

symmetry transformation of Birkhoffian system,

added a term to the Birkhoff equations, and called

it generalised Birkhoff equations. A mechanical sys-

tem whose motion is described by the generalised

Birkhoff equations or a physical system whose state

is described by the generalised Birkhoff equations is

called a generalised Birkhoffian system. Reference [16]

presented the fundamental theoretical framework for

the dynamics of generalised Birkhoffian system. Some

results have been obtained on the research of gener-

alised Birkhoffian system.[16−20] In this study, for gen-

eralised Birkhoffian system, the form invariance and

the new conserved quantity deduced by it directly are

discussed.

2. Form invariance of generalised

Birkhoffian system

The generalised Birkhoff equations have the

form[4,16](
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
− ∂Rµ

∂t
+ Λµ = 0,

(µ, ν = 1, 2, . . . , 2n), (1)

where B = B(t,a) is the Birkhoffian, Rµ = Rµ(t,a)

are Birkhoff’s functions, and Λµ = Λµ(t,a) are the

added terms. When Λµ = 0 (µ = 1, 2, . . . , 2n), equa-

tions (1) become Birkhoff equations. So, in theory, the

generalised Birkhoff equations are more general than

Birkhoff equations. Also, when transforming differen-

tial equations into a Birkhoffian system, it is easier to

use Eq. (1) than Birkhoff equations.

Choosing the infinitesimal transformation of time

t and variables aµ as

t∗ = t+ εξ0(t,a),

aµ∗(t∗) = aµ(t) + εξµ(t,a), (2)

and supposing that dynamical functions B, Rµ and

Λµ, undergoing the infinitesimal transformation (2),

become B∗, R∗
µ and Λ∗

µ respectively, we have

B∗ = B(t∗,a∗)

= B(t,a) + εX(0)(B) +O(ε2),

R∗
µ = Rµ(t

∗,a∗)

= Rµ(t,a) + εX(0)(Rµ) +O(ε2),

Λ∗
µ = Λµ(t

∗,a∗)

= Λµ(t,a) + εX(0)(Λµ) +O(ε2), (3)

where

X(0) = ξ0
∂

∂t
+ ξµ

∂

∂aµ
. (4)

Definition If the form of Eq. (1) keeps invariant

when dynamical functions B, Rµ and Λµ are replaced
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by B∗, R∗
µ and Λ∗

µ respectively, then the correspond-

ing invariance is called form invariance.

According to the above definition, we have(
∂R∗

ν

∂aµ
−

∂R∗
µ

∂aν

)
ȧν − ∂B∗

∂aµ
−

∂R∗
µ

∂t
+ Λ∗

µ = 0. (5)

Substituting expression (3) into Eq. (5) and neglecting

the terms of ε2 and the higher order terms, we obtain[
∂

∂aµ
X(0)(Rν)−

∂

∂aν
X(0)(Rµ)

]
ȧν

− ∂

∂aµ
X(0)(B)− ∂

∂t
X(0)(Rµ)

+X(0)(Λµ) = 0. (6)

Criterion If infinitesimal generators ξ0, ξµ sat-

isfy Eq. (6), the corresponding invariance is a form

invariance of generalised Birkhoffian system.

Equation (6) is called the criterion equation of

form invariance for generalised Birkhoffian system.

3. New conserved quantity de-

duced by form invariance

Under certain condition, the form invariance of

generalised Birkhoffian system can deduce a new con-

served quantity. We can obtain the following result.

Proposition If ξ0, ξµ, the generators of form in-

variance for generalised Birkhoffian system, and gauge

function GF = GF (t,a) satisfy the following structure

equation

X(0)
[
X(0)(Rµ)

]
Ωµν

(
∂B

∂aν
+

∂Rν

∂t
− Λν

)
−X(0)

[
X(0)(B)

]
−X(0)(B)

d̄

dt
ξ0

+X(0)(Rµ)
d̄

dt
ξµ

+X(0)(Λµ)

[
ξµ −Ωµν

(
∂B

∂aν
+

∂Rν

∂t
− Λν

)
ξ0

]
+

d̄

dt
GF = 0, (7)

where

d̄

dt
=

∂

∂t
+Ωµν

(
∂B

∂aν
+

∂Rν

∂t
− Λν

)
∂

∂aµ
,

ΩµνΩνρ = δµρ , Ωνρ =

(
∂Rρ

∂aν
− ∂Rν

∂aρ

)
, (8)

then the form invariance of generalised Birkhoffian

system leads to the following new conserved quantity

IF = X(0)(Rµ)ξµ −X(0)(B)ξ0 +GF = const. (9)

Proof

d̄

dt
IF =

d̄

dt
[X(0)(Rµ)]ξµ +X(0)(Rµ)

d̄

dt
ξµ − d̄

dt
[X(0)(B)]ξ0

−X(0)(B)
d̄

dt
ξ0 −X(0)[X(0)(Rµ)]Ω

µν

(
∂B

∂aν
+

∂Rν

∂t
− Λν

)
+X(0)[X(0)(B)] +X(0)(B)

d̄

dt
ξ0 −X(0)(Rµ)

d̄

dt
ξµ −X(0)(Λµ)

[
ξµ −Ωµν

(
∂B

∂aν
+

∂Rν

∂t
− Λν

)
ξ0

]
=

{[
∂

∂aµ
X(0)(Rν)−

∂

∂aν
X(0)(Rµ)

]
Ωνρ

(
∂B

∂aρ
+

∂Rρ

∂t
− Λρ

)
− ∂

∂aµ
X(0)(B)

− ∂

∂t
X(0)(Rµ) +X(0)(Λµ)

}[
Ωµτ

(
∂B

∂aτ
+

∂Rτ

∂t
− Λτ

)
ξ0 − ξµ

]
= 0.

This completes the proof.

The Birkhoffian system is a special case of generalised Birkhoffian system, namely the case when Λµ

= 0 (µ = 1, 2, . . . , 2n). So, we have

Corollary For a Birkhoffian system, if the infinitesimal generators of form invariance ξ0, ξµ and the gauge

function GF = GF (t,a) satisfy the following structure equation

X(0)
[
X(0)(Rµ)

]
Ωµν

(
∂B

∂aν
+

∂Rν

∂t

)
−X(0)

[
X(0)(B)

]
−X(0)(B)

d̄

dt
ξ0 +X(0)(Rµ)

d̄

dt
ξµ +

d̄

dt
GF = 0, (10)

where

d̄

dt
=

∂

∂t
+Ωµν

(
∂B

∂aν
+

∂Rν

∂t

)
∂

∂aµ
, (11)
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then the form invariance of Birkhoffian system leads

to the new conserved quantity (9).

The above result has been given in Ref. [21].

4. Illustrative example

In order to illustrate the above new result, we give

an example.

Suppose that a generalised Birkhoffian system of

fourth order is as follows:

R1 = 0,

R2 = a1 − a4 − (a2 + a3)t+ (a2 sin t+ a4 cos t) cos t,

R3 = a1 − a4 − (a2 + a3)t,

R4 = −(a2 sin t+ a4 cos t) sin t,

B = 0, Λ1 = Λ3 = 0,

Λ2 = −2(a2 sin t+ a4 cos t) sin t,

Λ4 = −2(a2 sin t+ a4 cos t) cos t. (12)

Deduce the new conserved quantity by using form in-

variance of the system.

In order to find the generators of form invariance,

through some calculation, we get

X(0)(B) = 0, X(0)(R1) = 0, X(0)(Λ1) = 0, X(0)(Λ3) = 0;

X(0)(R2) = ξ1 − ξ4 − (ξ2 + ξ3)t− (a2 + a3)ξ0 + (ξ2 sin t+ ξ4 cos t+ a2ξ0 cos t− a4ξ0 sin t) cos t

−(a2 sin t+ a4 cos t)ξ0 sin t;

X(0)(R3) = ξ1 − ξ4 − (ξ2 + ξ3)t− (a2 + a3)ξ0;

X(0)(R4) = −(ξ2 sin t+ ξ4 cos t+ a2ξ0 cos t− a4ξ0 sin t) sin t− (a2 sin t+ a4 cos t)ξ0 cos t;

X(0)(Λ2) = −2(ξ2 sin t+ ξ4 cos t+ a2ξ0 cos t− a4ξ0 sin t) sin t− 2(a2 sin t+ a4 cos t)ξ0 cos t;

X(0)(Λ4) = −2(ξ2 sin t+ ξ4 cos t+ a2ξ0 cos t− a4ξ0 sin t) cos t+ 2(a2 sin t+ a4 cos t)ξ0 sin t.

Choosing the generators as

ξ0 = ξ2 = ξ4 = 0, ξ1 = (a2 + a3)t+ 1, ξ3 = a2 + a3, (13)

we have

d̄

dt
ξ3 = 0,

X(0)(B) = X(0)(R1) = X(0)(R4) = X(0)(Λ1) = X(0)(Λ2) = X(0)(Λ3) = X(0)(Λ4) = 0;

X(0)(R2) = X(0)(R3) = 1.

Then from structure equation (7) we get

GF = 0.

Also, from the expression of conserved quantity (9),

we obtain

IF = X(0)(R3)ξ3 = ξ3 = a2 + a3 = const. (14)

5. Conclusions

The generalised Birkhoffian system is the 5th

stage in the development of classical mechanics. The

research on the system possesses important signifi-

cance. In this paper, we discuss the form invariance

and the new conserved quantity deduced by it for the

system. The obtained result presents a way for the

problem of integration of the generalised Birkhoffian

system.

050301-3



Chin. Phys. B Vol. 19, No. 5 (2010) 050301

References

[1] Santilli R M 1983 Foundations of Theoretical Mechanics

II (New York: Springer-Verlag)

[2] Mei F X, Shi R C, Zhang Y F and Wu H B 1996 Dy-

namics of Birkhoffian System (Beijing: Beijing Institute

of Technology Press) (in Chinese)

[3] Galiullin A S, Gafarov G G, Malaishka R P and Khwan A

M 1997 Analytical Dynamics of Helmholtz, Birkhoff and

Nambu Systems (Moscow: UFN) (in Russian)

[4] Mei F X 1993 Sci. China Ser. A 36 1456

[5] Mei F X 2001 Int. J. Non-Linear Mech. 36 817

[6] Guo Y X, Luo S K, Shang M and Mei F X 2001 Rep.

Math. Phys. 47 313

[7] Chen X W 2002 Global Analysis of Birkhoffian System

(Kaifeng: Henan Univ. Press) (in Chinese)

[8] Zhang H B 2001 Acta Phys. Sin. 50 1837 (in Chinese)

[9] Luo S K, Chen X W and Guo Y X 2002 Chin. Phys. 11

429

[10] Zhang Y 2002 Chin. Phys. 11 437

[11] Fu J L, Chen L Q and Xue Y 2003 Acta Phys. Sin. 52

256 (in Chinese)

[12] Xu X J, Mei F X and Qin M C 2004 Chin. Phys. 13 1999

[13] Mei F X, Gang T Q and Xie J F 2006 Chin. Phys. 15

1678

[14] Shang M, Guo Y X and Mei F X 2007 Chin. Phys. 16 292

[15] Ge W K and Mei F X 2007 Acta Phys. Sin. 56 2479 (in

Chinese)

[16] Mei F X, Zhang Y F, He G, Xie J F and Gang T Q 2007

J. Beijing Institute of Technology 27 1035 (in Chinese)

[17] Mei F X and Cai J L 2008 Acta Phys. Sin. 57 4657 (in

Chinese)

[18] Mei F X, Xie J F and Gang T Q 2008 Acta Mech. Sin.

24 583

[19] Ge W K and Mei F X 2009 Acta Phys. Sin. 58 702 (in

Chinese)

[20] Shang M and Mei F X 2009 Chin. Phys. B 18 3155

[21] Mei F X 2004 Symmetries and Conserved Quantities of

Constrained Mechanical Systems (Beijing: Beijing Insti-

tute of Technology Press) (in Chinese)

050301-4


