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According to the conjecture based on some known facts of integrable models, a new (2+41)-dimensional supersym-
metric integrable bilinear system is proposed. The model is not only the extension of the known (2+1)-dimensional
negative Kadomtsev—Petviashvili equation but also the extension of the known (141)-dimensional supersymmetric
Boussinesq equation. The infinite dimensional Kac-Moody—Virasoro symmetries and the related symmetry reductions
of the model are obtained. Furthermore, the traveling wave solutions including soliton solutions are explicitly presented.
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1. Introduction

Many phenomena in physics fields are de-
scribed by modern soliton theory such as the
fluid mechanics,[!! field theory,[? condensed matter
physics, ! optics,4 particle and nuclear physics, ! etc.
Because integrable models play an important role in
the soliton theory, to find as many integrable mod-
els as possible is an interesting and important is-
sue. To deal with this problem, some useful meth-
ods have been developed. For example, to find the
Lax equation by the Kac-Moody algebras is an im-
portant research direction.l®”) Many integrable sys-
tems of the same dimensions of the original mod-
els are obtained by the asymptotical exact reduction
methods based on the Fourier expansion from some
known integrable equations (such as the Kadomtsev—
Petviashvili (KP), (2+1)-Korteweg-de Vries (KdV)
and Nizhnik-Novikov—Veselov (NNV) equations).[®%]
Some special types of higher dimensional integrable
models can be found by using the (141)-dimensional
strong symmetry,1% the general Virasoro symmetry
algebra,['!] the deformation theory,? and the confor-
mal invariance of the Schwarzion form of the known

integrable equation.?!

Before going into detail, let us first review a con-
jecture proposed by Li and Loul"¥ according to the

following three models/'5:16]

D,D\F-G=0, DyD,D,F-G=0, (1)

(D; +D)F-G =0, D,(D;+ D3)F-G

(D;+D3)F-G=0, D,(D;+D3F-G

and some others in Refs. [17]-[19] and [20].
Conjecture: If

P(Dy,D,)F-G =0, Q(Dy)P(Dy,D,)F-G=0 (4)

is integrable, then

P(Dy,D,)F-G=0, R(S)P(D;,D,)F-G=0 (5)

may be integrable, where F' and G are arbitrary func-
tions of (x,t); D, and D, are the Hirota’s bilinear op-
erators defined below, S is a bilinear operator related
to an additional freedom which may be continuous,
discrete and even supersymmetric while the function
R(z) may be a suitable function of z and in many
cases, R(z) = Q(x).

It is stated that even if the conjecture is not cor-
rect, it is still believed that many new integrable mod-
els can be produced from the ansatz! Moreover, inte-
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grable supersymmetric equations are no doubt inter-
esting and important topics especially in higher di-
mensions.

Thus, an interesting idea related to higher dimen-
sional integrable models jumps into our minds: we can
consider the following (2+1)-dimensional bilinear sys-

tem

(Di+D2)F-G=0, S,(D;+D2F-G=0, (6)

as a possible supersymmetric extension of the (2+1)-
dimensional negative KP equation?!l (S, — D,) and
the higher dimensional extension of the integrable
(141)-dimensional supersymmetric Boussinesq equa-
tion

(D; +DA)F -G =0, S.(Di+D>F-G=0, (7)

where the Hirota’s bilinear operators Sy, D, and Dy
are defined as

S,D"DFF -G = (0., + 00.,)0m 0" F

€1 €3
: G|5120762:0,E3:0,€4:0

with 6 and e4 being Grassmannian parameters, €1, €
and €3 being usual infinitesimal parameters and

F-G=F(zx+e,y+ettes,0+e)
Gz — €1,y —€2,t —€3,0 —€q).

The main purpose of this paper is to find the Lie
symmetries, symmetry reductions and exact solutions
of the model (6). In Section 2, applying the classical
Lie point symmetry approach, we obtain the Lie point
symmetries. In Section 3, four kinds of two dimen-
sional symmetry reductions are derived. In Section 4,
some explicit soliton solutions are presented. The last
section is devoted to a short summary and discussion.

2. Lie point symmetries

There is still no simple way to solve the symmetry
constraint condition for the general higher order sym-
metries. Thus, as usual, we just use the Lie symmetry
approach to obtain the Lie point symmetries. In order
to find the Lie symmetries of the new equations (6), we
take the following dependent variable transformations

u=2 (ln?)z, v=2(InFG),
with u = p+ 0vY and v = ¢ + 6¢. Thus, we convert
Egs. (6) into its component form
Pt = 2PPe — Qaa = 0,
Gyt = Paay = 2Pely — 2Py — 21029 — 29, = 0,
Yy = 2pa® — 2phy — dge = 0,
Gt = 2Pz — 2Py — Yz = 0, (8)

where p and ¢ are bosonic fields and ¥ and ¢ are
fermionic fields.

In this paper we only study symmetries by sup-
posing Egs.(8) being form invariant under a group ac-
tion on (x,y,t,p, q, 1, ¢) space given by their infinites-
imals

r* =24 X + O(e?), (9)
y' =y +e¥ +0(e%), (10)
" =t+ el + O(e?), (11)
p*=p+eP 4+ O(e?), (12)
¢ =q+eQ+0(e?), (13)
U =1 +eR+0(e?), (14)
¢* = ¢ +eS+O(e), (15)
where X, Y, T, P,Q, R and S are functions of the argu-

ments x,y,t,p,q,¢ and ¢. A symmetry o of an arbi-
trary nonlinear system H(u) = 0 is defined as a solu-

tion of its linearised form through the definition!?2-23]
d
&H (u+ eo) =0.

e=0

Therefore, the symmetries of Eqgs. (8) are solutions of
the linearised system

ot —2po? — 20Pp, — o, =0,

1 — ok, — 2pe0l — 200q, — 2po?, — 207 qyy — 20,07
—2¢0Y — 2pol —20Y ¢, =0,

U;Z} - 2pxgw — 2009 — QPU;/) — 20", — U;bz =0,

of = 2p,0? — 2006 — 2pof — 207, — 0%, =0,  (16)

a,

where {0, 09, 0% 0%} is called a Lie symmetry of the
model (8). According to the standard Lie symmetry
approach,?4=26] the general Lie point symmetry has
the form

o? = Xp, +Yp, +Tp, — P,

0l=Xq: +Yq, +Tq —Q,

0¥ = Xthy + Vb, + Tty — R,

0 =X¢, +Yo, + T — S. (17)

Substituting Eqgs. (17) into Egs. (16) and then
eliminating the quantities p:, gy, ¢¢, ¢, and setting
to zero all the coefficients of the independent terms
of polynomials p, q, ¢, and their partial derivatives,
an over-determined set of equations are produced for
the unknown functions X,Y,T, P,Q, R and S. Solv-
ing these over-determined equation, we obtain the ex-
plicit forms of the infinitesimal transformations, and
thus obtain the Lie point symmetries o, 0%, 0% and
o® in the form
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1 1 1 1
a”=§Mr+%mi+@y+ﬁ%+fﬂp+IMx+f%

2 2
.1 1 1, 4 1
o= §(fw+29>qu+lql/+f%+§ftq+ﬂfttt$ +zgtt$ — hx —k,

0¥ = (ot 200 + oy + i+ (4D,

o? = %(fx +29)bs + Ly + fr + %(f +1)o, (18)

where f, g, h, k are arbitrary functions of ¢, and [ is an arbitrary function of y. Because there are five arbitrary
functions in Egs. (18), one can split the symmetry into five generators

1 1
vo(k) = kg, vi(h) =hxdy, v2(g) = 90, — §9t5p - 19tt$28qv
(F) = 5o 0, — LDy — o funa® 0y — 3 updy — 5 fiady — 5 0 — 3 fitbd (19)
U3 —2tz t4tt$p 24ttt$q2tpp 2tqq 2t¢2t s
1 1
w(l) =10y — §ly¢a¢> - ilywaw- (20)

The Lie point symmetries of the model are arbitrary
combinations of the generators given in Eq. (20). The
nonzero commutation relations among the generators
are

o0 (8D, 0a()] = o — b ~ k).

[v1(h), v2(g)] = vo(—gh),
[vi1(h),v3(f)] = vi(=fih — fh),

1 1
[v2(g1),v2(g2)] = vi| — 3919200 + 592910 |

en(g)sval)] = va( 3 o ).
[v3(f1),v3(f2)] = va(—fiefa + f1far),
[u(ll)a U(ZQ)] = u(lllZy - l2l1t)~ (21)

It is clear that the Lie point symmetries of the model
possess the Kac-Moody—Virasoro (KMV) structure.
Especially, both the symmetry vs(f) and w(l) CODSti—‘

_ 2g+af, —4PE VT
- i ,

tute an centreless Virasoro symmetry algebra. And
then the supersymmetric model (6) is an integrable
model under the meaning that it possesses an infinite

dimensional KMV symmetry algebra.[24:25:27—29]

3. Two-dimensional  symmetry

reductions

To find the symmetry reductions, we should solve
the following characteristic equations

de_dy _dt_dp_dg _do_do

XYTPQRS’(22)

then four cases should be considered: (1) f # 0,1 # 0,
(2)f#£0,1=0,3)f=0,1#£0,and (4)f =1=0.
Case 1l f#0,l#0.
For the first case, the symmetry reduction solu-
tions read

(23)

1
q= —@{?mﬁfgff — 24f7/2F/f1/Qgtht — 2322 — 48/hthf7/2

—6F / fluF2dtfs + ASF / hdtf™/? 4+ 12F2 fAg, + 1222 f3 ¢,

AR f, 1o / Ffun P37 — 240 F f7/2g, 4 12 / F12g, F2dt /2

F120F? 5% f, — 622 f2g f, — dSa / hdtf® + 205 f3 fuuy — 6F2 35,

k

+24x/f1/2gtthtf3 —2F3f7/2ft2+6:c/fftttF2dtf3—48/—dtf7/2

— 622 f fr — 48Q(€,m) 1,

¢=\/ﬁ, ¢:\/Tl’

fl/z
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where {P, Q} and { ¥, &} are group invariant Bosonic
functions and Fermionic functions of the invariant
variables

gzﬁ—F, n:—/?dt+/7dy (26)

with
F= [ 179 (27)

(23)—(25) with Eq. (26) into
Eqgs. (8) leads to the first type of symmetry reduction

Substituting Eqgs.

equations
Py +2PP + Q¢ =0, (28)
QWI + Peyy + 2Q77P§ + QPan +20: P+ 20 =0,
(29)
U, — 2PV — 2PV, —2P¢ =0, (30)
Dy + 2PV + 2P W, —2Wee = 0. (31)

Case 2 f#0,1=0.

In this case, after integrating (22), the new model
system (3) is reduced to

P? 4 Q¢ = Cy, (32)
Pey +2PQ, + 20d = C, (33)
P+ & =0, (34)
Pd+ W = 0o, (35)

where P and () are invariant Bosonic functions of
the invariant variables {&, n}, ¥ and @ are invari-
ant Fermionic functions of the invariant variables, C
and Cy are usual arbitrary constants while 6; and 65

are arbitrary Grassmannian constants.
z

with F' given by Eq. (27). The corresponding symme-

£E= -F n=y (36)

try reduction solutions are

4{3 cF2f3 2 — 24f7/2F/f1/Qgtht el - 48/hthf7/2

L AR, 40 / I FRtf7/? — 24aF f7g, 4 12 / F12g, P27

+ 122F2f52g f, — 622 f2gf, — 48z / hdtf3 + 223 3 f1 — 6F2 f3gf,

+ 24w / PR fuFdtf® — 2P T2 fF 4 6a / P F?dif° =48 | <7 g7

—6F / fluF2dtf7 + ASF / hdtf7/? +12F? f1g, + 1222 3¢,

_ 29+afi —4PEnVS
= 4f b
LAY
— 62 F2f* fuy — 48Q(E, 1)},
¢ — M ¢ = @(5,77).
i YT

Case 3 f=0,1#0.
In this case, the symmetry reduction solutions are

Gt
5 zd y+ P& n),

1
q=——gug’G®+ - (gttx — 2h)gG?

12
B i(gttx ~dhz — 4K)G + Q(E,n),
I (SE) IR J(3V))
’l/)— \[Z ) ¢7 \/Z ’

where

1
G:/idy;

P, @, ¥, and @, which are invariant functions of the
invariant variables £ and 7 given by

e=o- [Tay. n—t

satisfy the third type of symmetry reduction equations
Pe = 2P:P — Qg = 0,
Ak + 4hy€ — gyny€® — 4(2h — gyy) P
+ 2(gyn&® — 4hE — 4k) Pe + 4gPeee — 8( VD),
= 4(9Q¢)n + 89(PQe)y =
W, —2(PW)e — Pee =0,
Dy —2(PP)e —2Wee = 0.
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Cased f=1=0.
In this case, the new model system (3) is reduced
to

gP—/hdn:C'l7

9Q¢ = Cq,
gV¥ =0,
g@ = 02,

where P, ), ¥ and @ are invariant functions of the
invariant variables, C; and Cs are usual arbitrary con-
stants and 61, and 6 are arbitrary Grasmanian con-
stants.

Ezya n=_t.

The related symmetry reduction solutions read

1
p:—gtm—i-(Cl—i—/hdt),
29 g

git 3 h 2 k 1
qg=—"2"+ —z"+ —x+ —Cy,
129 29 9 9
1 1
¢:7627 (b:*el

4. Exact solutions

It is not easy to obtain the general solutions of
the system (8).
solutions. To do so, we set

Here, we just present some special

¢ =041, ¢ =0y. (37)

Then, substituting Eq. (37) into Eq. (8) and consid-
ering % = 0, we finally obtain

Pt = 2PPs — Qo = 0, (38)
Gyt — Dazy — 2P2y — 2P4ay = 0, (39)
Y1t = 2px 1 — 2pP1a — Praa = 0, (40)
1t — 2pa 1 — 2pP1a — Yraa = 0. (41)

It is noted that Egs. (38) and (39) are the (2+1)-
dimensional classical Boussinesq equation. A type of
special solutions can be easily obtained by assuming
p = ag+ay tanh(kx+PBy+wt) and g = by+by tanh(kz+
By + wt), where the constants ag, a1, bo, b1, k,  and w
should be determined by inserting the assumption into
Egs. (38) and (39). Thus, we find the special solutions
p and q as

p = ap + ktanh(kz + By + 2kaot),
q = by + ktanh(kz + By + 2kaot)

with arbitrary constants ag, by, k¥ and 5. In this case,
we further suppose ¢1 = ¢1(T) and ¢ = ¢4 (T) with
T = tanh(kx + By + 2kapt), and then put them into
Egs. (40) and (41).
we obtain

Solving the resultant equations,

14T
¢1(T) = —6c1 — (1 — T2) (Cl + 3coIn 1 j T> R

1+T
wl(T) = —6CQT— (1 —TQ) (Cl —|—3€2 In 1 _tT) s

where ¢; and ¢, are arbitrary constants. Conse-

quently, a type of special travelling wave solutions of
the supersymmetric Boussinesq equation (8) is derived
as

p = ag + ktanh(kx + By + 2kaot),
q = by + ktanh(kx + By + 2kagt),

o(T) = {—602T —(1-172 <c1 +3c2In 1 i_ ;)] 0,

Y(T) = {GCQT - (1-T? <c1 +3c2In 1

5. Summary and discussion

In conclusion, in this paper, three main items
of work have been conducted. First, by using the
Lie point symmetry approach, we have found Lie
point symmetries of the new model (6) which indi-
cates that the model is integrable under the meaning
that it possesses an infinitely dimensional centreless
Kac—Moody—Virasoro symmetry algebra. Secondly,
by solving symmetry constraint equations and their
original nonlinear system, the corresponding two-
dimensional symmetry reductions of the new model
(8) are explicitly obtained. Finally, in Section 4, we
obtain a special type of the solitary wave solutions of
the supersymmetric Boussinesq equation (16).

The new model (6) is not only a supersymmetric
extension of Eq. (2) but also the higher dimensional
extension of Eq. (7). The result of this paper is also
a further positive example of the conjecture given in
Ref. [14] and the conjecture should be checked further
because one can find new types of integrable models

from known ones via this conjecture.
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