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We investigate the one-dimensional nonlinear Schrödinger equation with a perturbation of polynomial type. The

approximate symmetries and approximate symmetry reduction equations are obtained with the approximate symmetry

perturbation theory.
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1. Introduction

It is well known that there are several inte-

grable nonlinear evolution equations which play an

important role in many branches of physics, such

as Korteweg-de Vries (KdV), nonlinear Schrödinger

(NLS), and Kadomtsev-Petviashvili (KP) equations,

etc. The solutions of these equations can be ob-

tained by various methods such as the inverse scatter-

ing transformation (IST), the Hirota bilinear method,

and the Darboux transformations, etc.[1−6] However,

the exact integrable nonlinear equations tend to be

highly idealized. As a matter of fact, in more real-

istic situations, one has to study the effects of the

perturbations due to the external drive, the fibre loss,

the dissipative and dispersion, etc. Nonlinear systems

with perturbation generally exist and their integra-

bility could easily be broken. Therefore, it is more

difficult to analyse these equations with perturbation

terms than the standard equations. So far, many pow-

erful perturbation methods have been proposed such

as the inverse scattering perturbation method,[7] the

direct perturbation approach, etc.[8−10]

Symmetry study is considered as one of the most

important and powerful methods to solve the par-

tial differential equation (PDE). Especially in inte-

grable systems, exact solutions of a nonlinear equa-

tions can be obtained with an infinite number of

symmetries.[11] For the perturbed equations, Lou and

his colleagues proposed the approximate symmetry

approach to study. It is significant to take into ac-

count symmetry when treating with perturbed partial

differential equations.[12−14] In this paper, we apply

the approximate symmetry reduction method to the

following perturbed NLS equation[15]

iut + αuxx + u2v − ϵuxxxx = 0, (1a)

− i vt + αvxx + v2u− ϵvxxxx = 0, (1b)

where α is an arbitrary constant with ϵ being a small

parameter.

This paper is organised as follows. In Section 2,

the approximate symmetry is obtained in the infinite

perturbation series. In Section 3, we find out the re-

duced equations by the symmetry reduction. The last

section is a simple summary and discussion.

2. The approximate symmetry

for perturbed NLS equation

According to the perturbation theory, the solu-

tion can be expressed as a series containing a small

parameter

u =
∞∑
j=0

ϵjuj , v =
∞∑

n=0

ϵjvj , (2)

where uj and vj are functions of (x, t). Substituting

Eq. (2) into Eqs. (1a) and (1b) and the proper balance

the coefficients of all different powers of ϵ, we obtain
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O(ϵ0) : iu0,t + αu0,xx + u2
0v0 = 0, (3a)

− i v0,t + αv0,xx + v20u0 = 0, (3b)

O(ϵ1) : iu1,t + αu1,xx + u2
0v1 + 2u0u1v0 − u0,xxxx = 0, (4a)

− i v1,t + αv1,xx + v20u1 + 2v0v1u0 − v0,xxxx = 0, (4b)

O(ϵ2) : iu2,t + αu2,xx + u2
0v2 + u2

1v0 + 2u0u1v1 + 2u0u2v0 − u1,xxxx = 0, (5a)

− i v2,t + αv2,xx + v20u2 + v21u0 + 2v0v1u1 + 2v0v2u0 − v1,xxxx = 0, (5b)

O(ϵ3) : iu3,t + αu3,xx + u2
0v3 + u2

1v1 + 2u0u1v2 + 2u0u2v1 + 2u0u3v0 + 2u1u2v0 − u2,xxxx = 0, (6a)

− i v3,t + αv3,xx + v20u3 + v21u1 + 2v0v1u2 + 2v0v2u1 + 2v0v3u02v1v2u0 − v2,xxxx = 0, (6b)

O(ϵj) : iuj,t + αuj,xx +

j∑
k=0

k∑
l=0

vluk−luj−k − uj−1,xxxx = 0, (7a)

− i vj,t + αvj,xx +

j∑
k=0

k∑
l=0

ulvk−lvj−k − vj−1,xxxx = 0 (7b)

with j = 1, 2, . . . , n, and u−1 = v−1 = 0.

Equation (7a) and (7b) are the series expansion for arbitrary order of ϵ. In the following, we will use the

Lie point symmetry to study Lie-symmetry reductions of Eqs. (7a) and (7b). The symmetry can be supposed

to have the following form

σuj
= Xuj,x + Tuj,t − Uj ,

σvj = Xvj,x + Tvj,t − Vj , (j = 0, . . . , n), (8)

where X, T , Un and Vn are functions of x, t, uj and vj (j = 0, . . . , n), which means that Eqs. (7a) and (7b)

are formal invariant under transformations

uj → uj + ϵ′σuj , vj → vj + ϵ′σvj , (j = 0, . . . , n) (9)

with an infinitesimal parameter ϵ′. The symmetry equations for Eqs. (3)–(7) read

iσu0,t + ασu0,xx + u2
0σv0 + 2u0v0σu0 = 0, (10a)

− iσv0,t + ασv0,xx + v20σu0 + 2v0u0σv0 = 0, (10b)

iσu1,t + ασu1,xx + u2
0σv1 + 2u0v1σu0 + 2u0u1σv0 + 2u0v0σu1 + 2u1v0σu0 − σu0,xxxx = 0, (11a)

− iσv1,t + ασv1,xx + βv20σu1 + 2v0u1σv0 + 2v0v1σu0 + 2u0v0σv1 + 2v1u0σv0 − σv0,xxxx = 0, (11b)

iσu2,t + ασu2,xx + u2
1σv0 + u2

0σv2 + 2u1v0σu1 + 2u2v0σu0 + 2u0v2σu0

+ 2u0u1σv1 + 2βu0v1σu1 + 2u1v1σu0 + 2βu0u2σv0 + 2βu0v0σu2 − σu1,xxxx = 0, (12a)

− iσv2,t + ασv2,xx + v21σu0 + v20σu2 + 2v0u1σv1 + 2v1u0σv1 + 2u2v0σv0

+ 2v0v1σu1 + 2v1u1σv0 + 2v0v2σu0 + 2v0u0σv2 + 2u0v2σv0 − σv1,xxxx = 0, (12b)

iσu3,t + ασu3,xx + u2
0σv3 + u2

1σv1 + 2u1u2σv0 + 2βu1v1σu1 + 2u0u1σv2

+ 2u0u2σv1 + 2u0v3σu0 + 2u0v2σu1 + 2u1v2σu0 + 2u0v1σu2 + 2u2v1σu0

+ 2u0u3σv0 + 2u0v0σu3 + 2u3v0σu0 + 2u1v0σu2 + 2u2v0σu1 − σu2,xxxx = 0, (13a)

− iσv3,t + ασv3,xx + v20σu3 + v21σu1 + 2v0u3σu0 + 2v0u1σv1 + 2v0v1σu2

+ 2v0u2σv1 + 2v1u2σv0 + 2v0v2σu1 + 2v0u1σv2 + 2v2u1σv0 + 2v0v3σu0

+ 2v0u0σv3 + 2v3u0σv0 + 2v1v2σu0 + 2v1u0σv2 + 2v2u0σv1 − σv2,xxxx = 0, (13b)

iσuj,t + ασuj,xx +

j∑
k=0

k∑
l=0

(σvluk−luj−k + vlσk−luj−k + vluk−lσj−k)− σu j−1,xxxx = 0, (14a)

− iσvj,t + ασvj,xx +

j∑
k=0

k∑
l=0

(σulvk−lvj−k + ulσk−lvj−k + ulvk−lσj−k)− σv j−1,xxxx = 0. (14b)
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Substituting Eq. (8) into the symmetry equations

with uj,t and vj,t satisfying Eqs. (3)–(7), we have the

determining equations by identifying all coefficients of

derivatives of u and v. The solutions of the functions

X, T , Uj and Vj (j = 0, 1, . . .) can be concluded using

the determining equations

X =
c1
2
t+ c3, T = c1t+ c2,

U0 = c4u0, U1 = (c4 − c1)u1 + c5u0,

U2 = (c4 − 2c1)u2 + c6u1 + c5u0,

U3 = (c4 − 3c1)u3 + c5u2 + c6u1 + c7u0,

V0 = −(c4 + c1)v0,

V1 = −(c4 + 2c1)v1 − c5v0,

V2 = −(c4 + 3c1)v2 − c5v1 − c6v0,

V3 = −(c4 + 4c1)v3 − c6v2 − c5v1 − c7v0,

. . .

Uj = −jc1uj +

j∑
k=0

ck+4uj−k,

Vj = −c1(j + 1)vj −
j∑

k=0

ck+4vj−k. (15)

The specific forms of symmetries can be written as

σuj =

(
c1
2
t+ c3

)
uj,x + (c1t+ c2)uj,t + jc1uj

−
j∑

k=0

ck+4uj−k, (16a)

σvj =

(
c1
2
t+ c3

)
vj,x + (c1t+ c2)vj,t + c1(j + 1)vj

+

j∑
k=0

ck+4vj−k, (16b)

where c1, c2, c3, . . ., cj are arbitrary constants.

3. The symmetry reduction for

Eqs. (3) (7)

A similarity reduction of a differential equation is

closely connected with the invariance of the equation.

In the following, we will reduce Eqs. (3)–(7) into the

ordinary differential equations in the invariant condi-

tions.

To obtain similarity reductions related to Eqs.

(16a) and (16b), one can solve the characteristic equa-

tions

dx

X
=

dt

T
=

du0

U0
=

dv0
V0

=
du1

U1
=

dv1
V1

= . . .

=
duj

Uj
=

dvj
Vj

= . . . , (17)

where X, T , U0, V0, . . ., Uj , Vj are given by Eq. (15).

(A) Case 1: c1 ̸= 0.

Here, we take c1 = 1 and make transformations

c2 → n0, c3 → c1n0, c4 → c2n0, . . ., cj → cj−2n0. In

this case, the reduction equations are too lengthy for

n ≥ 2 so we only write out the reduction equations for

the first two equations. After solving the characteris-

tic equations, we can conclude that

u0 = U0(ξ)(x+ 2n0c1)
2c2n0 , (18a)

v0 = V0(ξ)(x+ 2n0c1)
−2−2c2n0 , (18b)

u1 = (n0c3x
2U0(ξ) + 4n2

0c3c1xU0(ξ)

+ U1(ξ))(x+ 2n0c1)
−2+2c2n0 , (19a)

v1 = (−n0c3x
2V0(ξ)− 4n2

0c3c1xV0(ξ)

+ V1(ξ))(x+ 2n0c1)
−4−2c2n0 , (19b)

with the group invariant ξ =
x+ 2n0c1√

t+ n0
. Substitution

of Eqs. (18) and (19) into Eqs. (3) and (4) leads to the

following reduction equations

4αξ2U0,ξξ = − iU0,ξ − 6αξU0,ξ + 8αc2n0ξU0,ξ − 4c22n
2
0αU0 + 2n0c2αU0 − U2

0V0, (20a)

4αξ2V0,ξξ = iV0,ξ − 14αξV0,ξ − 8αc2n0ξV0,ξ − 4αc22n
2
0V0 − 6αV0 − 10αc2n0V0 − U0V

2
0 , (20b)

16α4ξ4U1,ξξ = (−4 iα3ξ2 − 56α4ξ3U1,ξ + 32c2n0α
4ξ3)U1,ξ

+ (i−8c2n0αξ + 6αξ + 128n3
0c

2
1c3α

4ξ3)U0,ξ − 32α2ξ4U2
0,ξV0

− 64α2ξ3U0V0U0,ξ + 64c2n0ξ
3α2U2

0V0,ξ − 64α2ξ4U0V0,ξU0,ξ

+ 16 iαξ2U0V0U0,ξ + 32c22n
2
0α

2ξ2U2
0V0 + 64c2n0α

2ξ2U2
0V0 + U2

0V0

+ 12αξ2U3
0V

2
0 − 24α4ξ2U1 − 4α3ξ2U2

0V1 − 8α3ξ2U0V0U1 + 4c22n
2
0αU0 − 2c2n0αU0

− 128c3c2c
2
1n

4
0α

4ξ2U0 + 96c3c
2
1n

3
0α

4ξ2U0 + 40c2n0α
4ξ2U1 − 16c22n

2
0α

4ξ2U1, (21a)

050201-3



Chin. Phys. B Vol. 19, No. 5 (2010) 050201

16α4ξ4V1,ξξ = (4 iα3ξ2 − 32c2n0α
4ξ3 − 88α4ξ3 − 16α4ξ4)V1,ξ

+ (− i +14αξ + 8c2n0αξ − 128c3c
2
1n

3
0α

4ξ3)V0,ξ − 16 iαξ2V0U0V0,ξ

− 64n0c2α
2ξ3V 2

0 U0,ξ − 32α2ξ4V 2
0,ξU0 − 64α2ξ3V 2

0 U0,ξ − 64α2ξ4V0U0,ξV0,ξ

− 64α2ξ3V0U0V0,ξ + V 2
0 U0 − 4α3ξ2V 2

0 U1 + 32n2
0c

2
2α

2ξ2U0V
2
0 − 8α3ξ2V0U0V1

− 32α2ξ2V 2
0 U0 + 12αξ2U2

0V0 − 128c3c2c
2
1n

4
0α

4ξ2V0 − 224c3c
2
1n

3
0α

4ξ2V0

+ 4c22n
2
0αV0 + 10c2n0αV0 + 6αV0 − 80α4ξ2V1 − 16n2

0c
2
2α

4ξ2V1 − 72c2n0α
4ξ2V1. (21b)

(B) Case 2: c1 = 0, cj = 0(j ≥ 4).

In this case, we can find the general similarity

equations after solving the characteristic equations

u0 = U0(ξ) exp (c2c1x), (22a)

v0 = V0(ξ) exp

(
− c2

c1
x

)
; (22b)

u1 = U1(ξ) exp (c2c1x), (23a)

v2 = V2(ξ) exp

(
− c2

c1
x

)
; (23b)

uj = Uj(ξ) exp (c2c1x), (24a)

vj = Vj(ξ) exp

(
− c2

c1
x

)
, (24b)

where group invariant ξ is given by ξ = x−c1t. Substi-

tuting Eqs. (22)–(24) into Eqs. (3)–(7), the invariant

functions U0, V0, U1, V1, . . ., Uj , Vj satisfy the follow-

ing reduction systems

αU0,ξξ + i c21U0,ξ − 2αc2U0,ξ + αc22U0 + c21U
2
0V0 = 0,

(25a)

αV0,ξξ − i c21V0,ξ + 2c2αV0,ξ + αc22V0 + c21V
2
0 U0 = 0,

(25b)

c21(αU1,ξξ + i c21U1,ξ − 2αc2U1,ξ + αc22U1 + 2c21U0V0U1 + c21U
2
0V1)− U0,ξξξξ

+ 4c2U0,ξξξ − 6c22U0,ξξ + 4c32U0,ξ − c42U0 = 0, (26a)

c21(αV1,ξξ − i c21V1,ξ + 2αc2V1,ξ + αc22V1 + 2c21V0U0V1 + c21V
2
0 U1)− V0,ξξξξ

− 4c2V0,ξξξ − 6c22V0,ξξ − 4c32V0,ξ − c42V0 = 0; (26b)

c21(αU2,ξξ + i c21U2,ξ − 2αc2U2,ξ + c22αU2 + 2c21U0V1U1 + 2c21U0V0U2 + c21U
2
0V2 + c21V0U

2
1 )

− U1,ξξξξ + 4c2U1,ξξξ − 6c22U1,ξξ + 4c32U1,ξ − c42U1 = 0, (27a)

c21(αV2,ξξ − i c21V2,ξ + 2αc2V2,ξ + αc22V2 + 2c21V0U1V1 + 2c21V0U0V2 + c21V
2
0 U2 + c21U0V

2
1 )

− V1,ξξξξ + 4c2V1,ξξξ − 6c22V1,ξξ − 4c32V1,ξ − c42V1 = 0; (27b)

c21(αUj,ξξ + i c21Uj,ξ − 2αc2Uj,ξ + αc22Uj + c21

j∑
k=0

k∑
l=0

VlUk−lUj−k)

− Uj−1,ξξξξ + 4c2Uj−1,ξξξ − 6c22Uj−1,ξξ + 4c32Uj−1,ξ − c42Uj−1 = 0, (28a)

c21(αVj,ξξ − i c21Vj,ξ + 2αc2Vj,ξ + αc22Vj +

j∑
k=0

k∑
l=0

UlVk−lVj−k)

− Vj−1,ξξξξ + 4c2Vj−1,ξξξ − 6c22Vj−1,ξξ − 4c32Vj−1,ξ − c42Vj−1 = 0, (28b)

where U−1 = V−1 = 0, (j = 0, 1, . . . , n). In this case, we can easily solve the first reduced Eq. (25) which has

bright soliton solution. Then, in principle, Eq. (26) can be solved because is linear ordinary differential equation

in U1 or V1. In the same procedures, Eqs. (27)–(28) can be solved one by one.

4. Conclusion

In summary, we have demonstrated by the above calculation how we reduced the perturbed NLS equation

into the ordinary differential equation by applying the approximate symmetry theory. The approximate simi-

larity reduction method is much easier calculation than other methods for treating the nonlinear equations with

perturbations. It is very appropriate for solving these problems and future work on these aspects is worthy of

studying.
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