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We investigate the one-dimensional nonlinear Schrédinger equation with a perturbation of polynomial type. The

approximate symmetries and approximate symmetry reduction equations are obtained with the approximate symmetry

perturbation theory.
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1. Introduction

It is well known that there are several inte-
grable nonlinear evolution equations which play an
important role in many branches of physics, such
as Korteweg-de Vries (KdV), nonlinear Schrédinger
(NLS), and Kadomtsev-Petviashvili (KP) equations,
etc. The solutions of these equations can be ob-
tained by various methods such as the inverse scatter-
ing transformation (IST), the Hirota bilinear method,
and the Darboux transformations, etc.['~6 However,
the exact integrable nonlinear equations tend to be
highly idealized. As a matter of fact, in more real-
istic situations, one has to study the effects of the
perturbations due to the external drive, the fibre loss,
the dissipative and dispersion, etc. Nonlinear systems
with perturbation generally exist and their integra-
bility could easily be broken. Therefore, it is more
difficult to analyse these equations with perturbation
terms than the standard equations. So far, many pow-
erful perturbation methods have been proposed such
as the inverse scattering perturbation method,” the
direct perturbation approach, etc.[8=10]

Symmetry study is considered as one of the most
important and powerful methods to solve the par-
tial differential equation (PDE). Especially in inte-
grable systems, exact solutions of a nonlinear equa-
tions can be obtained with an infinite number of

(11]

symmetries.l**! For the perturbed equations, Lou and

his colleagues proposed the approximate symmetry

approach to study. It is significant to take into ac-
count symmetry when treating with perturbed partial
differential equations.['2~4] In this paper, we apply
the approximate symmetry reduction method to the

following perturbed NLS equation!!?!
iU + QUgy + U0 — €Ugype = 0, (1a)
— 10 + QUze + 'U2U — €Upggpr = 07 (1b)

where « is an arbitrary constant with € being a small
parameter.

This paper is organised as follows. In Section 2,
the approximate symmetry is obtained in the infinite
perturbation series. In Section 3, we find out the re-
duced equations by the symmetry reduction. The last
section is a simple summary and discussion.

2. The approximate symmetry

for perturbed NLS equation

According to the perturbation theory, the solu-
tion can be expressed as a series containing a small

parameter
(o] o0
u = E duj, v= E evj, (2)
j3=0 n=0

where u; and v; are functions of (z,t). Substituting
Eq. (2) into Egs. (1a) and (1b) and the proper balance
the coefficients of all different powers of €, we obtain
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O(eo) D iug + Qug e + u%vo =0, (3a)
—ivo4 + Qg gy + v%uo =0, (3b)
O(el) DoiUly QU g + u%vl + 2uu1vg — U0 gzaz = 0, (4a)
— V1t + V1 gg + ViUL + 20001U0 — V0,220 = 0, (4b)
O(é?) : iug s + Qug gy + udvy 4+ uvg + 2uguq vy + 2ugugvy — Ul gozz =0, (5a)
—ives + avg g + vgug + v%uo + 2vgv1uy + 209v2Ug — V1 gzzr = 0, (5b)
0(63) Coiuss +aus g + U(2)’U3 + uf’vl + 2ugu1va + 2uguavy + 2uguzvy + 2UrUsVy — U2 gaee = 0,  (6a)
— V3,4 + O3 gy + VU3 + ViU + 200V U2 + 200V2U1 + 2V9U3U2V1V2UY — V2 zzze = 0, (6b)
ik
O(é) : i + ot an + Z Zvluk,luj,k — Uj_1,gzzs = 0, (7a)
k=0 1=0
7 k
- in,t + QUj zo + Z Z UV —1Vj—k — Vj—1,zzze = 0 (7b)
k=0 1=0

with j =1,2,...,n,and u_; =v_1 = 0.
Equation (7a) and (7b) are the series expansion for arbitrary order of e¢. In the following, we will use the

Lie point symmetry to study Lie-symmetry reductions of Egs. (7a) and (7b). The symmetry can be supposed
to have the following form

Ou; = Xtje + Tuje —Uj

oy, = X0jo +Tvje =V, (j=0,...,n), (8)
where X, T, U,, and V,, are functions of z, ¢, u; and v; (j = 0,... ,n), which means that Egs. (7a) and (7b)
are formal invariant under transformations

uj = uj+€oy, v;i—=vi+eo,, (j=0,...,n) (9)
with an infinitesimal parameter €’. The symmetry equations for Egs. (3)—(7) read

. 2

i0wo,t + Q0u0,2a + UgOwo + 2ugvooyo = 0,
. 2

— 1040t + Q00,20 + VgTuo + 200Ug0wo = 0,

. 2

101, + Q01 ez + UTu1 + 2UgV1040 + 2UoU10w0 + 2UgV0y1 + 2U1V0040 — w0 zzze = 0,

—i 2 2 2 2 2 — =0
i0u1,¢ + Q0u1 ge + BUGou1 + 200U10w0 + 200V1040 + 2UeVo0u1 + 2V1U00w0 — Tv0,zzaz = 0,

. 2 2

10u2,t + QO 2 xx + U040 + UnOTv2 + 2ul'UOO'ul + 2U2vOGuO + 2“01}20140

+ 2ugu10p1 + 2Bugu10y1 + 2u1v1040 + 2Bugu20v0 + 28UgV00w2 — Tul zrazr = 0, (12a)
. 2 2

—10v2,¢ + Q02 2z + V1 0u0 + V0u2 + 200U1041 + 2V1U00 41 + 2U2V0040

+ 2'UOvlo-ul + 2U1u101}0 + 2UO'UQO-uO + 2110“0%2 + 2"/’/01120-1)0 — Oyl zzazx — 0; (12b)

. 2 2

10u3,t + 00y3 ze + UgOL3 + UTOL1 + 2urU20y0 + 2BU1V1041 + 2UgU1 042

+ 2Uuguo0y1 + 2UgU30 40 + 2UgVa0y1 + 2U V20,0 + 2UU1 042 + 2UsV1 040

+ 2ugu3 0,0 + 2ugUo0y3 + 2U3V00 0 + 2U1V00w2 + 2U2V00y1 — Ou2 zazx = 0, (13a)
. 2 2

—10v3,t + Q043 40 + VgOu3 + V7041 + 200U3040 + 2VU1041 + 2V0V1042

+ 209U2041 + 201U20,0 + 2V9V20,1 + 20U 042 + 2V0U1 040 + 2V0V304,0

+ 2UOUOO—UZS + 2'UBUOO—vO + 2’()11)20’u0 + 201U00v2 + 21}2”001)1 — Ov2,zxxe = 07 (13b)
ik
i0ujt + Oyj e + E (CorUk—1Uj—k + VTR Uj—k + VUL—10j—k) — O j—1,azzz = 0, (14a)
k=0 1=0
ik
—i0yjt+ QOyjza + E (CutVk—1Vj—k + WOE—1Vj—f + WVE—10j—k) — Oy j—1 zzzz = 0. (14b)
k=0 1=0
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Substituting Eq. (8) into the symmetry equations
with u;, and v, satisfying Eqgs. (3)—(7), we have the
determining equations by identifying all coeflicients of
derivatives of u and v. The solutions of the functions
X,T,Ujand V; (j =0,1,...

the determining equations

) can be concluded using

C1
X =—t
2 +C3,

Up = cyug, Uy =

T =cit + co,
(€4 — c1)ur + csuo,
Us = (¢4 — 2¢1)ug + cguy + csuo,

Us = (04 — 301)U3 + csug + cguy + crug,

Vo = —(ca + ¢1)vo,

Vi = —(ca + 2¢1)v1 — e500,

Vo = —(eq + 3¢1)v2 — c5v1 — covo,

V3 = —(ca + 4c1)v3 — ceva — 501 — 70y,

Uj = —j01Uj + E Ck+4Uj—k,

k=0
g Ck4+4Vj—k-

The specific forms of symmetries can be written as

Vi=—ci(j+1)v (15)

c .
Ou, = (21t + 03> Uje + (1t + c2)ujs + jeru;

J
- E Ch4aUj—F,
k=0

c .
Oy, = (21t + 03> Vjo + (a1t + c2)vje +c1(j + 1)v;

J
+ E Ck4+4Vj—k,
k=0

c¢;j are arbitrary constants.

(16a)

(16b)

where ¢y, ¢9, c3, ...,

40U g = —1Upe — 6aUp ¢ + 8acanolUo ¢

40(52‘/075& = iVQ,g — 14045‘/0,5 — 8ach0§V0,§
160*¢'U; e = (—4ia’€?

3. The symmetry reduction for
Egs. (3)—(7)

A similarity reduction of a differential equation is
closely connected with the invariance of the equation.
In the following, we will reduce Egs. (3)—(7) into the
ordinary differential equations in the invariant condi-
tions.

To obtain similarity reductions related to Egs.
(16a) and (16b), one can solve the characteristic equa-

tions
de _di_dug _dvy _du_du
X T U Vy U W
de de
=2 - _ 17
== (17)

where X, T, Uy, Vo, ...,
(A) Case 1: ¢; #0.
Here, we take ¢; = 1 and make transformations

Uj, V; are given by Eq. (15).

C2 — Mg, C3 —F C1Ng, C4 —> CaNg, ..., Cj — Cj_2Ng. In
this case, the reduction equations are too lengthy for
n > 2 so we only write out the reduction equations for
the first two equations. After solving the characteris-

tic equations, we can conclude that

ug = Up(€)(z + 2ngcy )22, (18a)
vo = Vo(&)(z + 2ngey) 27220, (18b)
u1 = (nocsz®Up(€) + 4niescizly(€)
+ UL(8))(w + 2nger )220, (19a)
v1 = (—nocsz®Vp(€) — dndeserzVp(€)
+ V1(8) (@ + 2ngey) 4220, (19Db)
with the group invariant £ = M. Substitution

Vit +ng
of Egs. (18) and (19) into Egs. (3) and (4) leads to the

following reduction equations

— 56a*¢3U ¢ + 32com0a* U ¢
+ (1 —8cangal + 6a€ + 128njci c3a*e®)Up ¢ —

—64a2E3UgVoUy ¢ + 64cano>a’UsVy ¢ — 6402 U Vo ¢ Up ¢
+161a2UgVoUp ¢ + 32e3n3a2E2UEVy + 64cangaE2USVy + UV,

+ 120203 V2 — 24020

- 1286302c1n0a4§2U0 + 960301n0a4§2U0 + 4002n0a4§2U1 - 1602n00¢4§2U1,

—deanialy + 2ngcaaly — UGV, (20a)
—dacindVy — 6aVy — 10aconoVy — UV, (20b)
3202605 Vo
—4aPE2UEVL — 832U VU, + 4canially — 2congal
(21a)

050201-3



Chin. Phys. B Vol. 19, No. 5 (2010) 050201

160*¢* V) ¢ = (410362 — 32conpa® — 88a¢3 — 16016V ¢
+ (—i+14aé + 8cangal — 128c3c2ndae3)\Vo ¢ — 161> VoUpVo ¢
— 64n0c20° Vi Up ¢ — 3207V Uy — 640V Up e — 640 VoUp Vo e
— 640 VoUgVo ¢ + ViU — 403 E2VEU + 32nc3a?E2 UV — 8a°E*VoUp Vi
— 3204252V02U0 + 12a§2U§VO — 12803026%?130[452% — 224630%1%%0&462‘/0
+ 4c2nZaVy + 10cangaVy + 6aVy — 80ate2V) — 16nica*e?Vy — T2conoa €2V, (21b)

(B) Case 2: C1 :07 Cj :0(.]24) v; _Vj(g)exp(CQx), (24b)
In this case, we can find the general similarity 2!

equations after solving the characteristic equations where group invariant £ is given by & = z—c;t. Substi-

tuting Eqs. (22)—(24) into Eqgs. (3)—(7), the invariant

uo = Up(§) exp (cacr2), (222) functions Uy, Vo, Ur, Vi, ..., U;, V; satisfy the follow-
vo = Vo(&) exp | — ?w), (22b) ing reduction systems
1
uyp = U1(§) exp (cac12), (23a) alpge +iciUp ¢ — 2acoUp ¢ + acsUy + ciUGVy = 0,
vy =Va(§)exp | — CZI); (23b) ) ) e (252)
€1 04‘/0,55 — icl%}g + 2020[‘/0’6 + OZC2‘/0 + CIVO Uy =0,

uj = U;(§) exp (c2c17), (246\)‘ (25D)
ci(alU g +ictUre — 2a03U1 ¢ + acUs + 2¢iUgVoUs + ciUG V1) — U geee
+4dealU gee — 63U ¢¢ + 4c3Une — c3Ug = 0, (26a)
F(aVige —iciVie + 2aeVi ¢ + acgVi + 261 VoUo Vi + iVEUL) — Vo geee
— deaVo gee — 6c3Vo,.ee — 43Vo.e — Vo = 05 (26b)
(U ge +iciUse — 2acoUs ¢ + c3als + 263 Ug ViU + 261U VoUs + iUV + & VoUT)
— Ul,gggg + 462U1,§§§ — GcgUng + 403U1$£ — C%Ul =0, (27&)
c%(onQ& - iC%VQ’E + 200 Vo e + achQ + 20?%U1V1 + QC%VOU()‘/Q + C%VOZUQ + C?U()Vf)
- VLE&E -+ 462‘/1’555 - 603‘/1’55 - 4C§)V1’§ - c%Vl =0; (27b)

ik
cH(aUjge +iciUje — 2acU; ¢ + acsU; + cf Z Z ViUk—1Uj—k)
k=0 1=0
— Uj-1,666¢ + 4c2Uj—1,66¢ — 663U 1,66 +4c3Uj-1,¢ — U1 = 0, (28a)
ik
A (aVjee —1Vje +200Vie +ac3Vi+ Y Y UiV iV x)
k=0 1=0

— Vimreeee +4c2Vioteee — 663Vj16c — 43V — 3V = 0, (28b)

where U1 =V_1 =0, (j =0,1,...,n). In this case, we can easily solve the first reduced Eq. (25) which has
bright soliton solution. Then, in principle, Eq. (26) can be solved because is linear ordinary differential equation
in Uy or V4. In the same procedures, Eqgs. (27)—(28) can be solved one by one.

4. Conclusion

In summary, we have demonstrated by the above calculation how we reduced the perturbed NLS equation
into the ordinary differential equation by applying the approximate symmetry theory. The approximate simi-
larity reduction method is much easier calculation than other methods for treating the nonlinear equations with
perturbations. It is very appropriate for solving these problems and future work on these aspects is worthy of
studying.
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