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Using the tight-binding approximation and the transfer matrix method, this paper studies the electronic transport

properties through a periodic array of quantum-dot (QD) rings threaded by a magnetic flux. It demonstrates that the

even–odd parity of the QD number in a single ring and the number of the QD rings in the array play a crucial role in

the electron transmission. For a single QD ring, the resonance and antiresonance transmission depend not only on the

applied magnetic flux but also on the difference between the number of QDs on the two arms of the ring. For an array

of QD rings, the transmission properties are related not only to the even–odd parity of the number N0 of QDs in the

single ring but also to the even–odd parity of the ring number N in the array. When the incident electron energy is

aligned with the site energy, for the array of N rings with N0 = odd the antiresonance transmission cannot occur but

the resonance transmission may occur and the transmission spectrum has N resonance peaks (N − 1 resonance peaks)

in a period for N = odd (for N = even). For the array of N rings with N0 = even the transmission properties depend

on the flux threading the ring and the QD number on one arm of the ring. These results may be helpful in designing

QD devices.
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1. Introduction

The quantum dot (QD) system, as a funda-

mental branch of mesoscopic physics systems, has

been extensively investigated both experimentally and

theoretically.[1−5] A single quantum dot (QD) is usu-

ally called an artificial atom due to its charge quan-

tization and discrete energy spectrum,[6] while a QD

array can be considered as an artificial molecule or ar-

tificial crystal.[7,8] In the last two decades, many au-

thors have studied the transport properties of the sin-

gle quantum dot connected to two electron reservoirs

in order to probe its discrete electronic spectrum.[9−18]

Furthermore, one has found that the on-site Coulomb

interaction may lead to so-called Coulomb-blockade

oscillations of the conductance[11,19] and the Kondo

peak in differential conductance.[14,15] In recent years,

progress in the nanofabrication technique and the po-

tential application in electronic devices have stimu-

lated the increasing interest in theoretical investiga-

tion of the electronic transport through the coupled

QD systems.[20−26] It was found that the transport

current and the differential conductance depend con-

siderably on the ratio of the reservoir resonant width

to the interdot tunnelling coupling.[25] On the other

hand, the odd–even parity of the conductance is also

an interesting problem in quantum transport through

the mesoscopic system. In general, the conductance

is higher for the atomic wire with an odd number of

atoms than that with an even number of atoms.[27−29]

When the number of sites in the atomic wire is odd,

the conductance can reach the maximum possible

value 2e2/h (the conductance quantum),[27−29] and

the conductance does not even depend on the details

of the hopping matrices in the atomic wire, but is

solely determined by the coupling strength of the two

leads.[28] When the number is even, the conductance

is sensitive to the values of the hopping matrices.[28]

Similar even–odd conductance behaviour has been re-

produced in the QD array.[22,23,30−33] For a noninter-

acting QD array side coupled to a quantum wire, if the

number of QDs in the array is even, perfect transmis-

sion (the conductance is equal to 2e2/h) takes place,

while perfect reflection (the conductance vanishes) oc-
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curs when this number is odd,[30,31] which is called an-

tiresonance transmission. Recently, antiresonance has

been observed experimentally in a structure consist-

ing of a quantum wire laterally coupled to a QD.[34]

Another similar system is a Kondo QD with a side-

coupled QD array,[32] in which the same odd–even

parity in the linear conductance is also found when

the energy levels of quantum dots are pinned at the

Fermi energy in the leads. This odd–even parity is op-

posed to that found in embedded QD arrays.[28,29,33]

When two arbitrary QDs in one-dimensional QD ar-

ray couple with the electron reservoirs of continuum

states, the linear conductance also exhibits interesting

odd–even parity if the chemical potential of the reser-

voir electrons aligns with the electron energy levels of

all QDs, i.e. the conductance vanishes if the dangling

QD number outside the leads is odd; otherwise, the

conductance is equal to 2e2/h due to perfect trans-

mission for an odd-number QD array.[23] In addition,

the odd–even behaviour of the conductance was also

found in the transport through QD ring coupled to

two electron reservoirs.[35,36] For example, when the

QD level is aligned with the Fermi level in the elec-

tron reservoirs, an antiresonance zero point persists

in the transmission spectrum for an even-numbered

QD ring. When the QD number is a multiple of 4,

a resonant peak occurs in the conductance spectrum

at the zero-magnetic-field case. But such a peak is

so fragile that a very small magnetic field perpendic-

ular to the ring plane can change it into an antires-

onance zero point.[35] All these results indicate that

the features of the electron transport through coupled

QD systems are tightly associated with the structural

geometry and the odd–even parity of the total QD

number.

In the present work, we will investigate the coher-

ent electronic transport through a periodic array of

QD rings threaded by a magnetic flux. Our main pur-

pose is to calculate the linear conductance spectrum

of such an array and determine the positions of reso-

nant peaks and antiresonance zero points in the linear

conductance spectrum. In particular, for an array of

QD rings, we will demonstrate that the transmission

properties through the array are related not only to

the even–odd parity of the number N0 of QDs in the

single ring but also to the even–odd parity of the ring

number N in the array. The matching between the

number of QDs in the single ring and the ring num-

ber in the array may give rise to richer transmission

properties.

2. Formalism
Consider a QD ring consisting of multiple coupled

QDs with the same site energy. The QDs are assumed

to be equally spaced on the ring. The two semi-infinite

ordered QD leads with the site energy ε0 are attached

at two arbitrary sites denoted by L and R. The num-

bers of QDs on the upper and lower arms are n and m

(the total number of QDs in a ring is N0 = n+m+2,

see Fig. 1), respectively, and a magnetic flux ϕ pen-

etrates the ring. The full system is described by a

tight-binding Hamiltonian

H = HL,Lead +HR,Lead +Hring +HT (1)

with

HL,Lead =
−1∑

j=−∞
[ε0|j⟩⟨j|+ t0 (|j + 1⟩⟨j|+ h.c.)] ,

HR,Lead =

∞∑
j=1

[ε0|j⟩⟨j|+ t0 (|j⟩⟨j − 1|+ h.c.)] ,

Hring =
∑
i

[
ε|i⟩⟨i|+ tei γ |i⟩⟨i+ 1|+ te− i γ |i+ 1⟩⟨i|

]
,

HT = [t0 (|L⟩⟨−1|+ |R⟩⟨+1|) + h.c.] ,

where t and t0 are the tunnel coupling between

nearest-neighbouring QDs in the ring and in leads,

respectively. The phase factor γ = 2πϕ/ (N0ϕ0) with

ϕ0 = hc/e (the flux quantum). Using the procedure

described by Chakrabarti et al.[37] we obtain the renor-

malized site energy ε̃ and effective tunnel coupling t̃f
(t̃b) at the sites L and R,

ε̃ = ε− tei γ
Mn

12

Mn
11

− te− i γM
m∗
12

Mm∗
11

, (2)

t̃f =
tei γ

Mn
11

+
te− i γ

Mm∗
11

, t̃b = t̃∗f (3)

with

M =

 E − ε

t
e− i γ −e−2 i γ

1 0

 .

The transmission probability through a single ring is

given by[37]

T =
4 sin2 k

|P12 − P21 + (P11 − P22) cos k|2 + |P11 + P22|2 sin2 k
, (4)
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where Pij are the matrix elements of the transfer ma-

trix

P =


(E − ε̃)

2

t0t̃f
− t̃b

t0
−E − ε̃

t̃f

E − ε̃

t̃f
− t0

t̃f

 , (5)

and the parametrization E = ε0+2t0 cos k is used (the

Fig. 1. Schematic representation of a QD ring and the

effective dimers, penetrated by a magnetic flux ϕ, sand-

wiched symmetrically or asymmetrically between the two

semi-infinite ordered QD leads.

“lattice” constant has been chosen to be unity). For

the sake of simplicity, we restrict ourselves to t0 = t

and ε0 = ε throughout the paper.

3. Analytical results and discus-

sion

The electron through a QD ring may obtain a

phase because of the flux threading the ring, the trans-

mission probability of the electron through the ring

can be strengthened or weakened due to the quan-

tum interference between the wave functions passing

through the two arms of the ring. When the phase

difference between two arms of the ring is equal to π,

the destructive interference between two arms leads

to the antiresonance transmission (T = 0), which has

become a concern of recent theoretical[23,30,35] and

experimental[34] works. We consider a QD ring with

m = n+ p (p is an integer), the renormalized site en-

ergy ε̃ and effective tunnel coupling t̃f can be rewritten

as

ε̃ = ε+ t
sin (nk) sin [(n+ p+ 1) k] + sin [(n+ p) k] sin [(n+ 1) k]

sin [(n+ 1) k] sin [(n+ p+ 1) k]
, (6)

t̃f = t sin k
sin [(n+ p+ 1) k] ei(n+1)γ + sin [(n+ 1) k] e− i(n+p+1)γ

sin [(n+ 1) k] sin [(n+ p+ 1) k]
, (7)

where we have utilized the dispersion relation cos k = (E − ε) /2t , k ∈ (0, π). Physically, if the effective tunnel

coupling t̃f = 0 or the renormalized site energy ε̃ → ∞, the electron hopping from the site L to the site R

is completely suppressed or the electron essentially “sees” an infinite potential barrier. As a consequence, the

antiresonance phenomenon takes place and the ring becomes completely opaque for the incoming electron. Now,

we study the antiresonance transmission through the system in terms of the renormalized site energy ε̃ and

effective tunnel coupling t̃f . In the case of sin [(n+ 1) k] → 0 (sin [(n+ p+ 1) k] ̸= 0) or sin [(n+ p+ 1) k] → 0

(sin [(n+ 1) k] ̸= 0) , although ε̃ → ∞, lim
∣∣ε̃/t̃f ∣∣ → 1 and therefore the antiresonance transmission correspond-

ing to ε̃ → ∞ does not occur. For the case of sin [(n+ 1) k] → 0 and sin [(n+ p+ 1) k] → 0, we have

lim
∣∣ε̃/t̃f ∣∣ = N0√

N2
0 − sin2 (πϕ/ϕ0) (N2

0 − p2)
, for cos (pk) = 1, (8)

and

lim
∣∣ε̃/t̃f ∣∣ = N0√

N2
0 − cos2 (πϕ/ϕ0) (N2

0 − p2)
, for cos (pk) = −1, (9)

where N0 = 2n+ p+2 is the total number of QDs in the ring. Obviously, the left-hand side of Eq. (8) (Eq. (9))

equals unity at the integer flux (at the half-integer flux), which means that the antiresonance transmission does

not occur. But for the other flux values, i.e., ϕ/ϕ0 ̸= l (cos (pk) = 1) and ϕ/ϕ0 ̸= (2l + 1) /2 (cos (pk) = −1)

with l being an integer, lim
∣∣ε̃/t̃f ∣∣ > 1 which implies that the divergent speed of ε̃ is faster than t̃f , thus the

electron actually “sees” an infinite potential barrier or well at the site L and leads to the transmission probability

T = 0. The antiresonance positions are given by k ∈ {l1π/ (n+ 1)} ∩ {l2π/ (n+ p+ 1)} with l1 = 1, . . . , n, and

l2 = 1, . . . , n + p. For the case of sin [(n+ 1) k] ̸= 0 and sin [(n+ p+ 1) k] ̸= 0, the antiresonance transmission

condition is determined by
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sin [(n+ p+ 1) k] + e− i 2πϕ/ϕ0 sin [(n+ 1) k] = 0,

(10)

which corresponds to t̃f = 0. The condition can be

rewritten as

sin
N0k

2
cos

pk

2
= 0 for ϕ = lϕ0, (11)

cos
N0k

2
sin

pk

2
= 0 for ϕ =

2l + 1

2
ϕ0,

(12)

where l is an integer. For the integer flux and half-

integer flux, from Eqs. (11) and (12) one can find that

the antiresonance occurs at k = 2qπ/N0 (q ∈ [1, N0/2)

∪ k = (2r + 1)π/p with r ∈ [0, (p− 1)/2]) for ϕ = lϕ0

and k = (2q + 1)π/N0 ( q ∈ [1, (N0 − 1) /2) ∪ k =

2rπ/p with r ∈ [0, p/2)) for ϕ = (2l + 1)ϕ0/2, and

these wave number values must satisfy the conditions

of k /∈ {k = l1π/ (n+ 1)} ∪ {k = l2π/ (n+ p+ 1)}.
These analytical results show that for a QD ring the

number of the antiresonance points and the antireso-

nance transmission positions depend not only on the

applied magnetic flux but also on the difference be-

tween the number of QDs on the two arms of the

ring. Furthermore, one can find that the antiresonance

transmission depends on the even–odd parity of the

total number of QDs in the ring at k = π/2, namely,

perfect reflection takes place in the even-numbered

ring (due to ε̃ → ∞ with lim
∣∣ε̃/t̃f ∣∣ > 1 or t̃f = 0

for k = π/2), which is consistent with Ref. [35], but

that cannot occur in the odd-numbered ring (due to

ε̃ → ∞ with lim
∣∣ε̃/t̃f ∣∣ = 1 for k = π/2).

Fig. 2. The resonance points as a function of the magnetic

flux ϕ/ϕ0 and the wave number k for an even-numbered

ring with N0 = 10. (a) p = 0, (b) p = 2, (c) p = 4, (d)

p = 6, (e) p = 8.

As for the resonance transmission case, the ele-

ments of the transfer matrix P through a single QD

ring can be obtained from Eq. (5) as

P11 =
2 sin2 k [cos (N0k)− cos (2πϕ/ϕ0)]

α
, (13)

P12 = −P21 = − sin (N0k) sin k

α
, (14)

P22 =
cos (N0k)− cos (pk)

2α
(15)

with

α = ei(n+1)γ sin k{sin [(n+ p+ 1) k]

+ sin [(n+ 1) k] e− i 2πϕ/ϕ0}.

After straightforward algebra, the relation between

the number N0 of QDs in the ring, the difference p

between the number of QDs on the two arms of the

ring, the incident electron energy E and the magnetic

flux ϕ at the resonance points is given by

4 sin2k cos (2πϕ/ϕ0) + 4 sin k sin [(N0 − 1) k]

+ cos (N0k)− cos (pk) = 0. (16)

We now discuss the relation between the number

of the resonance points and the number of QDs in

the ring. Since the flux ϕ has the period ϕ0, we only

need to discuss ϕ/ϕ0 ∈ [0, 1] . In Fig. 2 we plot the

resonance point as a function of the flux ϕ and the

wave number k for N0 = 10 and p = 0, 2, 4, 6, 8, re-

spectively. For a fixed flux, the the maximum number

of resonance points is 8 for p = 6, 8 (see Figs. 2(d)

and 2(e)) and 6 for p = 0, 2, 4 (see Figs. 2(a), 2(b)

and 2(c)). It is interesting to note that for a symmet-

ric QD ring with p = 0 the flux has a special region

where resonance never occurs as displayed in Fig. 2(a).

This novel behaviour can be understood by the effec-

tive tunnel coupling. If the flux takes the half-integer,

Fig. 3. The resonance points as a function of the magnetic

flux ϕ/ϕ0 and the wave number k for an odd-numbered

ring with N0 = 11. (a) p = 1, (b) p = 3, (c) p = 5, (d)

p = 7, (e) p = 9.
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from Eq. (10) one can find that t̃f = 0 for p = 0,

i.e., the electron tunnelling transition from the site L

to the site R is completely prohibited, therefore the

transmission probability T = 0. This result is con-

sistent with that of Ref. [35]. In Fig. 3 we plot the

resonance point as a function of the flux ϕ and wave

number k forN0 = 11 and p = 1, 3, 5, 7, 9, respectively.

The maximum number of resonance points is 9 for

p = 7, 9 (see Figs. 3(d) and 3(e)) and 7 for p = 1, 3, 5

(see Figs. 3(a), 3(b) and 3(c)) at a fixed value of the

flux. Comparing with the symmetric case, we find

that the asymmetric number p plays a crucial role in

the resonance transmission[38] and there is at least one

resonance transmission point in the asymmetric QD

ring. For the general case, further analysis shows that

the maximum number of resonance points is N0 − 2

for p = N0 − 2, N0 − 4 and N0 − 4 for the other possi-

ble p values at N0 > 2, i.e., for a fixed flux value the

maximum number of resonance points depends only

on the number of QDs in the ring.

In the above analysis the behaviour of the trans-

mission for k = 0 (or π) is not considered. When

k → 0, the resonance condition is given by

16 sin2 (πϕ/ϕ0) = N0 (8−N0) + p2. (17)

For the case of k → π, the resonance conditions are

related to the even–odd parity of N0 (or p) by

 16 cos2 (πϕ/ϕ0) = N0 (8−N0) + p2, for N0 being odd,

16 sin2 (πϕ/ϕ0) = N0 (8−N0) + p2, for N0 being even.
(18)

These conditions require that N0 and p satisfy 0 ≤ N0 (8−N0) + p2 ≤ 16. Furthermore, further calculations

show that if the above conditions cannot be satisfied antiresonance occurs, i.e., T = 0.

The double-QD ring is an ideal model for investigating the Fano effect,[39,40] Coulomb blockade[7] and the

influence of the intradot and interdot interaction.[41,42] On the other hand, the multi-QD ring and the array

of the QD rings may be used to study the influence of the even–odd parity of the QD number in a single ring

and the number of the QD rings in the array on the electron transmission. In order to obtain precise analytical

results, we restrict ourselves to the k = π/2 case, i.e., the incident electron energy E is aligned with the site

energy ε. The transfer matrix for N0 = odd can be written as

P = − 1

α
S

 ei 2πϕ/ϕ0 0

0 e− i 2πϕ/ϕ0

S−1, (19)

where

S =

 1 1

(−1)
(N0+1)/2

e− i 2πϕ/ϕ0 (−1)
(N0+1)/2

ei 2πϕ/ϕ0

 .

Then, the transfer matrix across a periodic array of N QD rings has a compact form

PN =
(−1)

N

αN


sin 2π (N + 1)ϕ/ϕ0

sin (2πϕ/ϕ0)

(−1)
(N0−1)/2

sin (2Nπϕ/ϕ0)

sin (2πϕ/ϕ0)

− (−1)
(N0−1)/2

sin (2Nπϕ/ϕ0)

sin (2πϕ/ϕ0)

− sin [2π (N − 1)ϕ/ϕ0]

sin (2πϕ/ϕ0)

 , (20)

and the transmission probability is given by

TN =
sin2 (2πϕ/ϕ0)

1− cos2 (2Nπϕ/ϕ0) cos2 (2πϕ/ϕ0)
. (21)

It is evident from Eq. (21) that the transmission probability oscillates with the flux for a given N. The resonance

condition is determined by

cos (2πϕ/ϕ0) sin (2Nπϕ/ϕ0) = 0, (22)

which gives rise to the flux at resonance points. The number of resonance points in a period is related to the

even–odd parity of the ring number N in the array, i.e., there are N resonance peaks in a period for N = odd and
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N − 1 resonance peaks for N = even. When the flux ϕ/ϕ0 takes the integer or half-integer, TN = 1/
(
1 +N2

)
,

which means that antiresonance transmission does not occur in the array and is consistent with Ref. [37].

Compared to the odd-numbered QDs case, when N0 is an even number, the even–odd parity of n plays an

important role in the electron transmission. The transfer matrix of the array of N QD rings has a simple form

PN =


2
[
(−1)

N0/2 − cos (2πϕ/ϕ0)
]

α
0

0
(−1)

N0/2 − (−1)
p/2

2α


N

. (23)

If n is an odd number and ϕ/ϕ0 ̸= N0/4, the trans-

mission probability TN → 0 due to PN
11 → ∞ and

PN
22 = 0, i.e., antiresonance occurs, which corresponds

to the case of ε̃ → ∞ and limk=π/2

∣∣ε̃/t̃f ∣∣ > 1. As

for the ϕ/ϕ0 = N0/4 case, one can check that the

transmission probability across an arbitrarily long ar-

ray of such rings is unity. When n is an even number,

|α|2 = 2[1 + (−1)
p/2

cos (2πϕ/ϕ0)], the corresponding

transmission probabilities are given by

TN =
4 [2 sin (πϕ/ϕ0)]

2N

{1 + [2 sin (πϕ/ϕ0)]
2N}2

(24)

for N0 = 4l (l is an integer, corresponding to p =

2, 6, 10, . . .) and

TN =
4 [2 cos (πϕ/ϕ0)]

2N

{1 + [2 cos (πϕ/ϕ0)]
2N}2

(25)

for N0 = 4l + 2 (l is an integer, corresponding to

p = 0, 4, 8, . . .). When N0 = 4l, the resonance trans-

mission occurs at ϕ/ϕ0 = 1/6, 5/6 in a period, and

when N0 = 4l + 2, the resonance transmission occurs

at ϕ/ϕ0 = 1/3, 2/3 in a period. The antiresonance

transmission occurs at integer flux for N0 = 4l and

half-integer flux for N0 = 4l+2, which corresponds to

the t̃f = 0 case. When N gets large, these oscillations

turn into sharp peaks. Furthermore, one can find from

Eqs. (24) and (25) that electron transmission is sup-

pressed near ϕ/ϕ0 = j (j = 0, 1, 2, . . .) for N0 = 4l,

which is consistent with Ref. [35], and the suppres-

sion occurs near ϕ/ϕ0 = (2j + 1)/2 (j = 0, 1, 2, . . .)

for N0 = 4l + 2. In fact, the eigenstate of the QD

ring is modulated by an applied magnetic flux; when

the electron passes the system along different paths,

the phase factor induced by the magnetic field can

be different, and thus the constructive and destruc-

tive interference of the partial electron wave functions

through different paths may lead to the flux depen-

dence of the resonance or antiresonance transmission.

4. Summary

We have studied the resonance and antiresonance

transmission properties through a periodic array of

the QD rings threaded by a magnetic flux. For a sin-

gle QD ring, the resonance and antiresonance trans-

mission depend not only on the applied magnetic flux

but also on the difference between the number of QDs

on the two arms of the ring. In addition, the reso-

nance and antiresonance transmission depend on the

even–odd parity of the total number of QDs in the

ring. When the incident electron energy is aligned

with the site energy (k = π/2), perfect reflection may

take place in the even-numbered ring but cannot oc-

cur in the odd-numbered ring. For an array of QD

rings, the transmission property is related not only

to the even–odd parity of the number N0 of QDs in

the single ring but also to the even–odd parity of the

ring number N in the array. For the array of N rings,

if each ring contains odd-numbered QDs (N0 = odd)

the antiresonance transmission cannot occur but the

resonance transmission may take place at k = π/2.

The transmission spectrum has N resonance peaks in

a period for N = odd and N − 1 resonance peaks for

N = even. If each ring contains even-numbered QDs

(N0 = even), the transmission property is related not

only to the number N0 of QDs in the single ring and

the flux threading the ring but also to the even–odd

parity of the QD number n on the upper arm of the

ring. When n = odd, the resonance transmission oc-

curs at ϕ/ϕ0 = N0/4 and the antiresonance transmis-

sion occurs at ϕ/ϕ0 ̸= N0/4. When n = even, the

resonance transmission occurs at ϕ/ϕ0 = 1/6, 5/6 in

a period for N0 = 4l and ϕ/ϕ0 = 1/3, 2/3 in a period

for N0 = 4l + 2, while the antiresonance transmission

occurs at integer flux for N0 = 4l and half-integer

flux for N0 = 4l + 2. These results may be helpful in

designing QD devices.
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