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Magnetotransport through an Aharonov Bohm ring
with parallel double quantum dots coupled to
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Using the Keldysh nonequilibrium Green function and equation-of-motion technique, this paper studies the mag-

netotransport through an Aharonov–Bohm (AB) ring with parallel double quantum dots coupled to ferromagnetic leads.

It calculates the transmission probability in both the equilibrium and the nonequilibrium case, analyses the conduc-

tance and the tunnel magnetoresistance for various parameters, and obtains some new results. These results show that

this system is provided with an excellent spin filtering property, and that a large tunnelling magnetoresistance and a

negative tunnelling magnetoresistance can arise by adjusting relative parameters; these facts indicate that this system

is a possible candidate for spin valve transistors, and has important applications in spintronics.
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1. Introduction

In recent years, the magnetoresistance phe-

nomenon in the semiconductor quantum dot (QD) has

attracted great interest as it is the crucial ingredient in

the emerging field of spintronics and several quantum

computation schemes.[1,2] For example, it makes tun-

nel transport possible at low temperatures even if the

system is in the Coulomb blockage regime, and it offers

effective possibilities for the study of strongly corre-

lated electrons because relevant parameters of the QD

can be experimentally tuned in a continuous and re-

producible manner. When a QD is contacted to two

metallic leads, the Kondo effect arises as a result of

the coherent superposition of cotunnelling processes,

which is now well understood.[3,4] Since the Kondo

effect originates from many-body effects due to in-

ternal spin degrees of freedom, transport properties

are quite sensitive to applied magnetic fields. This

fact has naturally stimulated intensive works on spin-

polarized transport phenomena for a QD connected to

ferromagnetic (FM) leads, giving interesting examples

in a rapidly developing field of spintronics. In contrast

to the single QD, the double-quantum-dot (DQD) sys-

tem has attracted much more attention because of

their potential industrial applications in device.[5−8]

On the one hand, with recent advances in nanofabri-

cation technology, the related experiments can be per-

formed under controlled circumstances, and the DQD

system provides an ideal model system for studying

the two-impurity effect,[9] which has long been a high-

light of condensed-matter physics.[10] On the other

hand, the Kondo effect in the DQD system has been

observed experimentally, opening prospects for explor-

ing further exotic phenomena due to electron correla-

tions in nanoscale systems.

2. Formulation of the model

In this article, we use the Keldysh nonequilibrium

Green function technique to study the magnetotrans-

port through the parallel DQD system connected sym-

metrically to two FM leads, which is schematically il-

lustrated in Fig. 1. Our model is described by the

following Anderson Hamiltonian:

H =
∑
Kασ

εKασc
†
KασcKασ

+
∑
iσ

εiσd
†
iσdiσ + U

∑
iσ

ni↑ni↓
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+
∑
iKασ

(Vαic
†
Kασdiσ + V ∗

αid
†
iσcKασ), (1)

where c†Kασ(cKασ) is the creation (annihilation) op-

erator of an electron with energy εKασ and spin σ in

the lead α (α=L, R), and d†iσ(diσ) represents the cre-

ation (annihilation) operator of an electron for dot i

(i = 1, 2) at the impurity site. The last term denotes

the coupling between the leads and the two dots, the

parameter Vαi describes the hopping amplitude from

the α electrode to the QDi; we choose a system gauge

such as (VL1)
∗ = VL2 = (VR2)

∗ = VR1 = |V | exp(iφ/4)
and φ = 2πΦ/Φ0 with Φ and Φ0 = hc/e being the

magnetic flux and the flux quantum, respectively.

Fig. 1. Schematic picture of the parallel DQD system

coupled to the FM leads. Where Vαi (α=L, R, i=1, 2)

describes the hopping amplitude from the α electrode to

the QDi (i = 1, 2) and Φ represents the magnetic flux.

The current from the left electrode can be calcu-

lated from the time evolution of the occupation num-

ber operator of the left electrode:

IL(t) = −e⟨ṄL⟩ = − i e

h̄
⟨[H,NL]⟩

=
i e

h̄

∑
i kσ

(VLi⟨c†kL,σdiσ⟩ − V ∗
Li⟨d

†
iσckL,σ⟩). (2)

Using the Keldysh nonequilibrium Green function for-

malism and Ng’s ansatz: G<
σ = Ga

σΣ
<Gr

σ and Σ< =

Σ<
0 (Σr

0−Σa
0)

−1(Σr−Σa),[11] we can write the current

in a Landauer–Büttiker form in terms of the Green

function of DQD

IL =
e

h

∫
dω

∑
σ

Tσ(ω)(fL(ω)− fR(ω)), (3)

where fα(ω) = (eβ(ω−µα) + 1)−1 is the Fermi distri-

bution function of lead α with the different chemical

potential upon a voltage bias µL − µR = eV , and the

total transmission probability Tσ (ω) per spin is given

by

Tσ(ω) = Tr[ΓL
σ G

r
σΣ̄

<Ga
σ]. (4)

Defining Σ̄< = ΓR
σ (ΓL

σ + ΓR
σ )−1(ΣR

σ − Σa
σ), we get

that

ΓL
σ =

1

2

 ΓL
1σ eiφ/2ΓL

12σ

e− iφ/2ΓL
21σ ΓL

2σ

 ,

and

ΓR
σ =

1

2

 ΓR
1σ e− iφ/2ΓR

12σ

eiφ/2ΓR
21σ ΓR

2σ

 (5)

are line width matrices with Γα
ijσ(ω) =

2π
∑
k

V ∗
αiVαjδ(ω−εkασ). In order to determine the re-

tarded Green function (GF), we choose the equation-

of-motion method.[12] The retarded/advanced (GF)

G
r/a
σ (ω) has 2×2 matrix structure, which accounts for

the DQD structure of the system, and in the limit

U → ∞, it is determined explicitly to read as:

Gr
σ(ω) =

Gr
11σ Gr

12σ

Gr
21σ Gr

22σ

 =
1

a1σa2σ − d1σd2σ

 a2σ (1− ⟨n1σ̄⟩) −d1σ (1− ⟨n2σ̄⟩)
−d2σ (1− ⟨n1σ̄⟩) a1σ (1− ⟨n2σ̄⟩)

 . (6)

The advanced GF is given byGa
σ(ω) = [Gr

σ(ω)]
+. Here

a1σ = ω − ε1σ −
(
− i

2
(ΓL

1σ + ΓR
1σ)

)
−Σr

1σ(ω),

a2σ = ω − ε2σ −
(
− i

2
(ΓL

2σ + ΓR
2σ)

)
−Σr

2σ(ω),

d1σ =
i

2
(eiφ/2

√
ΓL
1σΓ

L
2σ + e− iφ/2

√
ΓR
1σΓ

R
2σ),

and

d2σ =
i

2
(e− iφ/2

√
ΓL
1σΓ

L
2σ + eiφ/2

√
ΓR
1σΓ

R
2σ)

with

Σr
1σ(ω) =

∑
kα

|Vk1

∣∣2 fL/R(εkσ̄)

ω − ε̃1σ + ε̃1σ̄ − εkασ̄ + i 0+

and

Σr
2σ(ω) =

∑
kα

|Vk2

∣∣2 fL/R(εkσ̄)

ω − ε̃2σ + ε̃2σ̄ − εkασ̄ + i 0+
,

where ε̃iσ represents the renormalised spin levels,

which is found to satisfy the self-consistent equation

ε̃iσ = εiσ + ReΣr
iσ(ε̃iσ, ε̃iσ̄).

[13] The occupation num-
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ber operator of the QDi with spin σ is given by

⟨niσ⟩ = − i

2π

∫
dωImG<

iiσ(ω),

and the density of states (DOS) in the QDi is ρiσ(ω) =

−(1/π)ImGr
iiσ(ω).

We consider two magnetic configurations, namely,

parallel (P) and antiparallel (AP) configurations.

When the magnetic electrodes are in P configura-

tion, we assume that the spin-majority electrons are

up (↑) and the spin-minority electrons are down (↓).
We further assume that in the AP configuration the

magnetization of the right electrode is reversed, and

we introduce the effective spin-polarization strength

pα, which is defined as pα = Γα
σ − Γα

σ̄ /Γ
α
σ + Γα

σ̄

(0 ≤ pα ≤ 1). Therefore the spin dependence of

the coherent transport can be conveniently considered

by introducing magnetic polarization factors pL and

pR for the left and right leads, respectively. From

the definition of pα, Γ
α
σ can be expressed as ΓL

↑(↓) =

Γ0 (1± pL) , Γ
R
↑(↓) = Γ0 (1± pR) for the P configura-

tion and ΓL
↑(↓) = Γ0 (1± pR), Γ

R
↑(↓) = Γ0 (1∓ pR) for

the AP configuration, where Γ0 describes the coupling

between the QD and electrodes without internal mag-

netization and is used as the unit of energy. In this

work, we adopt the symmetric leads, i.e. pL = pR = p.

For simplicity, the temperature is taken as T =

0.005Γ0, the energy level of the two dots is fixed at

ε1σ = ε2σ = −4.0Γ0, and the conduction band has a

constant DOS with the bandwidth D = 100Γ0.

3. Results

In Fig. 2, we plot the transmission probability

for up-spin and down-spin electrons of the two dots

for various spin-polarized strength p in the P and AP

configurations when the magnetic flux φ is equal to

0.0 and π/2. From all the figures, we can see that

there is a sharp peak around the Fermi energy which

is caused by the Kondo effect. It is seen that in the P

configuration, the contribution of up-spin (i.e. major-

ity spin) electrons is dramatically different from that

of down-spin (i.e. minority spin) electrons. We can

also see that with the increase of p, the peak in the

Fermi level moves in the opposite directions for differ-

ent spins. For up-spin electrons, it moves left, while

it moves right for down-spin electrons. Furthermore,

the amplitude of the transmission probability for up-

spin electrons increases as p increases (Figs. 2(a) and

2(b)). In contrast, with the increase of p, the peaks of

the transmission probability for down-spin electrons

decrease greatly with the increase of p (Figs. 2(e) and

2(f)). Therefore, the total transmission probability

mainly comes from the contribution of up-spin elec-

trons.

Fig. 2. The transmission probability of the two dots with both P and AP lead-polarization alignments as

a function of the energy level for spin-up and spin-down configurations, calculated for various values of the

magnetic flux φ and spin-polarization strength p in the equilibrium case.
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This happens because in the P configuration and

p ̸=0, there is an overall asymmetry for up- and down-

spins, namely, ρL↑ + ρR↑ > ρL↓ + ρR↓, so the hy-

bridization for up-spins is larger than that for down-

spins (Γα↑ > Γα↓) because of the spin-dependent DOS

in leads. Additionally, the bare level εiσ is renor-

malized and the up-spin (down-spin) electron lowers

(raises) its energy. Thus, the average occupation of

the QD with up-spins is larger than that with down-

spins (nd↑ > nd↓). All these enhance the transmis-

sion probability of up-spin electrons through this sys-

tem, while the down-spin electron transport through

this system is suppressed. In the AP configuration, a

remarkable point is that the behaviour of the trans-

mission probability for up- (Figs. 2(c) and 2(d)) and

down-spins (Figs. 2(g) and 2(h)) in leads is identical,

which also has only one sharp peak at the Fermi en-

ergy for different values of p. In this situation, the

DOS for up- and down-spins in leads are the same,

ρL↑+ρR↑ = ρL↓+ρR↓, and the spin current of electrons

cannot be polarized. In other words, under the con-

dition of AP configuration, electrode effects on elec-

trons in QDs fully counteract. Therefore, in addition

to the influence of the spin-polarization strength, the

rate of each spin (up-spin and down-spin) in the QD

is the same, resulting in zero net magnetic moment

of the QD. This moment (i.e. the Kondo resonance)

forms, which is the same as those for non-magnetic

electrodes, and up-spin electrons make the same con-

tribution to the transmission probability as down-spin

electrons behave. Moreover, it is interesting to note

that the amplitude of the transmission probability

decreases with the increase of the spin-polarization

strength p, because the magnetization of electrodes

suppresses the Kondo resonance in this system.

In order to clearly observe the characteristic p-

dependence in the transmission probability, let us con-

sider the contribution of up- and down-spin electrons

in both P and AP lead-polarization alignment to T (ε)

in the nonequilibrium case, too. When the bias volt-

age is applied, the Fermi levels of the two electrodes

are different. We wish to study the transport prop-

erties for FM leads with finite bias voltage, here we

set the chemical potentials µL = 0.2, µR = −0.2. In

Fig. 3, the transmission probability of the two dots

in the nonequilibrium case is presented. As observed

from Fig. 3, we can easily find that the overall be-

haviour of the transmission probability here is similar

to that in the equilibrium case (Fig. 2), but the ori-

gin of the characteristics is somewhat different. The

Kondo peak is always located at energies coinciding

with those of the Fermi levels of the leads, which is

now well understood. Thus in the nonequilibrium

case, we can obtain two Kondo resonances pinned to

Fermi energies of the left and right electrodes.

Fig. 3. The transmission probability of the two dots with both P and AP lead-polarization alignments as a

function of the energy level for spin-up and spin-down configurations, calculated for various values of φ and

spin-polarization strength p in the nonequilibrium.
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From Fig. 3, we can easily see that when the

chemical potentials split, the Kondo peak at the Fermi

level also splits, giving rise to two suppressed Kondo

peaks in the vicinity of the Fermi energy of the elec-

trodes. In other words, when the bias voltage is ap-

plied, the Kondo peak splits into two located peaks

at the chemical potentials with lower intensities. This

originates from the cotunnelling processes of the elec-

trons between the left and right leads. Additionally,

we can also obtain that the splitting of the Kondo

peak is equal to eV (µL −µR = eV ), which is in good

agreement with that in Ref. [14].

To further describe the magnetoresistance phe-

nomenon of this system, we plot the variation of the

linear conductance GV=0 and the tunnelling mag-

netoresistance (TMR) with the dot’s level position

εd for different magnetic flux in Fig. 4. The TMR

of the system is defined by TMR = (GP
∣∣
V=0

−
GAP

∣∣
V=0

)/ GAP
∣∣
V=0

, where GP
∣∣
V=0

and GAP
∣∣
V=0

are the linear conductance for P and AP configura-

tions, respectively. In Fig. 4, one can see the crossover

behaviour of the linear conductance and the TMR

from φ = 0.0 to φ = π/2.0. When the dot’s level εd is

far from resonance (|εd| ≫ 0), the linear conductance

GV=0 decreases with the increase of |εd| due to the

suppression of charge fluctuations in the DQD, while

the TMR is nearly independent of the dot’s level εd,

coinciding with the noninteracting case. This situa-

tion changes when this system goes into the mixed-

valence regime. At this moment, the TMR is very sen-

sitive to the dot’s level εd because of the presence of

large charge fluctuations. Especially when φ ̸= 0, the

linear conductance splits into two peaks coming from

the interference between resonant transport through

Fig. 4. Linear conductance GV =0 and tunnelling mag-

netoresistance TMR as a function of the level position εd
with p = 0.5. The other model parameters are the same

as those in Fig. 2.

two single levels, and the TMR develops into a dip

with a negative value. In the empty orbital regime

where the dot level is higher than the chemical po-

tential of the electrodes, the TMR may be enhanced

to a value as large as 250% when φ = π/2.0. The

presence of the large TMR and the negative TMR in-

dicates that this system is provided with an excellent

spin filtering property, and this property has impor-

tant applications in spintronics.

In Fig. 5, we plot the TMR as a function of AB

phase φ for several values of εd. One can see that at

εd = −4 (Kondo regime) and εd = 4 (empty orbital

regime), the TMR exhibits peak valences at φ = π and

φ = 3π due to the presence of difference constructive

and destructive interference between resonant trans-

ports through two single levels. At this moment, there

is the global phase difference of ϕ+ δdσ between elec-

trons transmitted through two channels, so the func-

tional form of the TMR exhibits a sine line shape,

which is similar to magnetic tunnel junctions. But on

the other hand, there is a larger charge fluctuation

in the empty orbital regime than that in the Kondo

regime, which leads to much larger peak valences of

the TMR in the empty orbital regime than those in

the Kondo regime. The situation changes when the

system goes into the mixed-valence regime (εd = 0).

In this instant, there are both large charge fluctua-

tions and the electron interaction in the DQD, thus

the peak valences occur at φ = 0, φ = 2π and φ = 4π,

which lead to the different line shapes of the TMR as

a function of the magnetic flux φ.

Fig. 5. The TMR as a function of the magnetic flux φ for

various values of the level position εd and spin-polarization

strength p. The model parameters are the same as those

in Fig. 2.

4. Conclusions

In conclusion, using the Keldysh nonequilib-

rium Green function technique, we have presented

a qualitative study of the transport properties of an
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Aharonov–Bohm ring with parallel DQDs coupled to

two ferromagnetic leads. Our results show that trans-

port properties of nonequilibrium are different from

those of the equilibrium case, and there are two trans-

mission peaks in the nonequilibrium due to Kondo ef-

fect, one for each chemical potential. Moreover, we

also find that this system is sensitive to the spin polar-

ization of the electrode and the magnetic flux. For the

P configuration, the transmission probability is mainly

contributed by up-spin electrons, but for the AP con-

figuration, the contributions of the up- and down-spin

electrons are always the same. On the other hand,

the conductance is sensitive to the spin polarization

of the electrode and the magnetic flux, and a large

TMR and a negative TMR can arise by adjusting rel-

ative parameters. The rich physical behaviour of this

system may have potential applications in spintron-

ics, and this system might be a possible candidate

for spin-filter devices. We hope that this work will

encourage further efforts, both theoretical and exper-

imental, to probe both the equilibrium and nonequi-

librium physics of interacting quantum systems.
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