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Elastic analysis of an elliptic notch in quasicrystals of
point group 10 subjected to shear loading*
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Based on the stress potential and complex variable function method, this paper makes an elastic analysis of an

elliptic notch subjected to uniform shear stress at infinity in quasicrystals with point group 10. With the aid of conformal

transformation, an exact solution for the elliptic notch of the quasicrystals is obtained. The solution of the mode II

Griffith crack as a special case is constructed. The stress intensity factor and energy release rate have been also obtained

as a direct result of the crack solution.
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1. Introduction

The quasicrystalline state of solid matter was first
discovered in Al-Mn alloys in 1984.1") The mechanical
properties have been the subject of numerous stud-
ies since its discovery. Among them, the theoreti-
cal research on elasticity and defects has made great
progress.[278] According to these theories, many meth-
ods such as the iterative method,[! the Green function
method,['% the displacement potential and Fourier
transform method, "] the perturbation method,™ and
the generalized perturbation method['?! were devel-
oped to solve the relevant elasticity and defects prob-
lems. It is well known that the methods mentioned
above cannot solve the notch problems. The analysis
of the notch problem in quasicrystals becomes more
complicated than conventional materials due to the in-
troduction of the phason field. To solve the problem it
is necessary to develop an effective theory and method.
By means of the complex variable function method
and conformal transformation technique, the ellip-
tic notch problem of one-dimensional hexagonal qua-
sicrystals has been solved successfully by Fan.!'3l Af-
terward, Liu and Fan'¥ further developed the method
for plane elasticity of other one-dimensional quasicrys-
tals. The complex variable function method based on
stress potential for the quasicrystals of point group 10
was developed in Ref. [15].

Shibuya et all'fl demonstrated first that qua-
sicrystals could be plastically deformed at high tem-

peratures. Since then, more and more researchers
have paid attention to the plastic deformation of
quasicrystals.l'6=19 In general, shear deformation is
more interesting for investigating the plastic progress
of materials. This paper makes an elastic analysis of
an elliptic notch subjected to uniform shear stress at
infinity in quasicrystals with point group 10; this anal-
ysis is helpful to understand quantitatively the influ-
ence of the elliptic notch and crack on the mechanical

behaviour of quasicrystals.

2. General solution

The physical problem considered in this paper is
shown in Fig. 1. The elliptic notch is supposed to
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Fig. 1. An elliptic notch penetrating a quasicrystal with
point group 10 along the periodic direction.
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penetrate through a two-dimensional quasicrystal
with point group 10, which is subjected to uniform
shear stress at infinity. The periodic direction is as-
sumed to be orientated in the z-axis and the quasi-

periodic plane is parallel to the zy-plane.
In this case, it is evident that all the field variables
are independent of variable z. According to quasicrys-

tal elasticity theory,!*! we have the deformation geom-

l

etry equations

[ ) Wij = )
J 2 8$i 637]‘ J al‘j
equilibrium equations (if the body force is neglected)
80'2']' 8H”

and the generalized Hooke’s law

Oze = L(€ga + yy) + 2Mezg + Ri(Wan + Wyy) + Ro(Way — wya),
Oyy = L(Eva + Eyy) + 2Meyy — Ri(wae + wyy) — Ro(Way — wya),
Ozy = Oyz = 2Mezy + Ri(Wyz — Way) + Ro(Wae + Wyy),

Hyp = Kiwgy + Kowyy + Ri(€gz — €yy) + 2R2e4y,

Hyy = Kiwgy — Kowyg — 2R164y + Ro(€pp — €yy),

H,

where L = Cio, M = (C11 — C12)/2 = Cgs. 045, €ij,
u; and C}; are stress, strain, displacement, and elastic
constants of phonon fields, respectively, H;;, w;;, w;
and K; are the stress, strain, displacement, and elas-
tic constants of phason fields respectively, R; are the
phonon—phason coupling elastic constants.

By the deformation geometry equations (1),
the deformation compatibility equations can be ob-

tained as follows:

0%y n 825yy B GQEW

Oy? ox2 T oxdy’
OWgy _ OWgy Owyg _ Owyy (@)
Oz dy = Oy Ox

Based on the generalized Hooke’s law, Eq. (3),
all strain components can be expressed by relevant
stress components. So the deformation compatibil-
ity equations (4) can be rewritten by the stresses
0ij,H;;. If we introduce stress potential functions

¢(xay)7wl(xay)7w2(x7y) such as

0% 0%¢
Ogx = 373/2’ Oyy = @7
0%¢

Oy = Oys = =

_ O Oy
Hyp = ay s Ty — oz

O _ O
Hy, = T W o (5)

yy — Klwyy + K2w;vw + Rl (gzx

(
ny = Klwyz - KQ'wry + 2R151y - RQ(EII - 5.7!?!)7
— €yy) + 2Roe,y, (3)

with
¢ =1 V?V3G,
Uy = —<R1aﬂ1 + R28H2>V207
dy or
9 9
o = (Rlaxﬂg - R28yH1>V2G, (6)

then equilibrium equations (2) and deformation com-
patibility equations (4) expressed by stresses will be
satisfied if

V2V3AV2ViG = 0, (7)
where
0? 02 0? 0?
2_ 9 O _qY Y
V= Ox2 * oy?’ ! 0x2  Oy?’
0? 0?

=35 — 2
2 oy?  0x?’
¢ = M(K + K2) — 2(R{ + R3),
c

=———— + M.
C1 Kl—K2+

The general solution of Eq. (7) is

G = 2Re|g1(2) +702(2) + 5795(2) + S P0ul2) |, (8)
where g;(z) (i = 1,2,3,4) are analytic functions of
z = x +iy. The bar denotes the complex conjugate
hereinafter.

Equation (7) is the final governing equation based on
the stress potential of quasicrystals of point group 10,
see Ref. [15] for details.
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3. The complex representation of

stresses and displacements

In view of Egs. (5), (6) and (8), the stress can be
written as follows:

Ouz = —32c1Re(£2(2) — 2¢4'(2)),
oyy = 32c1Re(2(2) + 247 (2)),
Opy = Oyz = 32¢11Imf2(2), 9)
H.. = 32R1Re(0'(2) — 02(2))
— 32RoIm(O'(2) — 2(2))
H,, = —32R;Im(6'(2) + 2(z))
— 32RoRe (O (2) + 2(2))
Hy, = —32R;Im(6'(z) — 2(z))
)

)
)
i
i

— 32R,Im(0'(2) — 2(z))
H,, = —32RRe(0'(2) + 2(z)
+ 32RIm(0'(2) + 02(2)) (10)
where
1
0(2) = g5 (2) + 295 + 52208 (=),
2z) = ¢V (2) + 20 (2), (11)
and

9i(2) = dgi(z)/dz,
9"(2) = d’gi(2)/d2?,
9"V (2) = d'gi() /a2,
O'(z) = dO(z)/d=.
Similar to Muskhelishvili,[?%) complex representa-
tions of the displacement components can be obtained

as follows (here we have omitted the rigid body dis-
placements):

Uy +iuy = 32(4deicy — c3 — c1c4) gy (2)
—32(c1eq — 3) (95 (2) + 294 (2)),

32(R1 —iR2) =—
KK 0@

Wy +iwy = (12)

where
4(L+ M)c
K1+ K

91 (z) = d?ga(2)/dz?, ¢y =

R? + R3
C3=—"—", (4

4. Elliptic notch problem

The boundary conditions of the physical problem
considered in Section 2 can be written as follows:

(13)
(14)

Ozl + Ogyh = Xnv
H,,l+ Hyym = X",

OyyM + 0zyl =Y,
Hyym+ Hy,l = Yha

where | = dy/ds, m = —dx/ds. X,, Y, denote the

components of surface traction, X" and Y are com-

ponents of generalized surface traction. Since the mea-

surement of generalized traction has not been reported

so far, for simplicity, we assume that X" =0, Y = 0.
If we introduce the following new symbols:

95" (2) = fa(2). 65'(2) = fal2),
94 (2) = fa(2),
then we find that equation (9) and the boundary con-

dition (13) are identical to the classical elasticity ex-
cept the coefficient. Use the conformal mapping

(15)

2= (0 = o+ mc) (16)

¢
to transform the exterior of the ellipse at the z-plane
onto the interior of the unit circle v at the {-plane, in
which Ry = (a+b)/2,m = (a—b)/(a+b). Let

§(2) =gl = 2,0, (=239, (7)
By Egs. (9), (13), (16) and (17), we have
740 = o Ty
2(c) = 00 (15)
From Egs. (10) and (14), one obtains
RiImO(2) + RyReO(z) = 0,
— RiReO(2) + RolmO(z) = 0, (19)

where Re and Im denote the real and imaginary
parts, respectively. Multiplying the second formula
of Egs. (19) by i and adding it to the first yields

O(z) =0. (20)

Substituting Eq. (17) into Eq. (20), then multiplying
both sides of the equations by do/[27wi(c — ()], and
integrating around the unit circle v, we have
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Utilizing the Cauchy integral formula, analytic ex-
tension of the complex variable function theory and
Egs. (18), (21), we have

iRy (¢* +m)(m¢® —2¢* — 2m¢* +1)
((m¢? —1)3

®:(¢) = 32¢,

(22)
The elliptic notch problem has been solved.

5. Elastic field induced by a mode
IT crack

The solutions of the mode II crack can be ob-
tained as a special case of the above solution. Insert-
ing m =1, Ry = a/2 into Egs. (18), (22) and making
use of Eq. (15), one gets

av) iT a?z? 222
92 (Z) = 6401 2\/(22 — a2)3 - \/22 — (L2 ’
(23)
" it 222 —a?
= 24
g3 (Z) 64C1 m? ( )
di(2) = = (2 — V22— a?). (25)

T 64y

Employing Egs. (9), (10) and (23)—(25), we can ex-
press the complex representation of stress and dis-

l

“I‘H“y:”[(40102—03—0104)(2— Z2—a2)+(0104—03)<z+ 22_a2_z(z—z))],

201

(z %)

placement as follows:
_ 2(, _ %
Um:Re[ 17'( A )
2 V22 — a2 \/(zz —a?)
. 2 =
- RG{IT(Q a(z-7) }
2 (22 — a2)?
a’(z —2)

-2, 20)

(27)

. _iTRl iTR>
H,, =Re e F(z)] - Im{ 20, F(z)], (29)
[—i7TR; | [iTR2
H,, =1 — 4
=t S| - re[ R o)
o [—iTRy [iTR2
Hys = Tm| —P2L(2)| = Re| S50 F(z)}, (31)
. —iTR; 1 [iTR2
H,, =Re 20, U(z)| +Im e Q’l(z)}, (32)
where
r(z) = 4a?(z — %) 4z 3a2z(z — z)?

2\/(22 —a?)>’

Wy +iwWy = —

(Ry+iRy)T [22’(2 -%)  a®
2(K1 — KQ)Cl

Similar to the classical elasticity theory, we intro-
duce three pairs of polar coordinates (r,0), (r1,01),
(r9,02), and with the origin at the crack centre, right

crack tip and left tip, i.e.,

i6 i01
K

z=re", z—a=re 102

zZ+a=rqe
respectively, analytic expressions for the stress and
displacement fields can be obtained (see Appendix A
for details), from which one can obtain asymptotic so-
lutions for the crack tip r1/a < 1. When Ry = 0,
R1 = R, the material reduces to point 10mm qua-
sicrystals, and the results reduce to those for point
group 10mm given by Li and Fan.[!]

As a result, the stress intensity factor can be cal-

V-2 2 J2_a)p

J (34)

culated:
K = mvVma.

In quasicrystals, we assume that under applied loads

(35)

the crack tip advances along the crack plane from
Tz = atox =a+d. In this case the energy release
rate is defined by

§—0
+ Hyy(r)Awy (6 — r)]dr

c
= <02 - 2;) (Km)?,

where r denotes the distance from the crack tip, Au,

o1
%1 = lim 2—5/0 [O2y (1) Aug (6 — 1)
(36)

and Aw, are the difference between displacements
across the crack faces corresponding to phonon and
phason fields, respectively.
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6. Conclusion and discussion

A quasicrystal with point group 10 containing an
elliptic notch which penetrates the medium along the
periodic axis is considered. Complex and real expres-
sions for the entire elasticity field of the mode II crack
are derived. When Ry = R, Ry = 0, the results of Li
and Fan[?! are given. The stress intensity factor and
energy release rate are given, which are all important
criteria of fracture mechanics.

Although the general solution (8) is expressed by
|

four analytic functions, we need only three of them
to express the stress and displacement components of
phonon and phason fields; in particular, the stress ex-
pression for phonon fields is consistent with the clas-
sical elasticity theory. This greatly simplifies the solv-
ing procedures including those for more complicated
problems. It is concluded that the stress potential
and complex variable function method is powerful for
the complicated stress boundary value problem of qua-

sicrystals.

Appendix A Details of the real representation of the crack solution

By Egs. (26)—(32), the stress fields can be obtained as follows:

Opw = 7[27“(7“17"2)*1/2 sin(6 — 0) — a2r(r1r2)*3/2 sin @ cos 36,

Oyy = T[a2r(r1r2)73/2 sin 6 cos 30),

Ouy = Oye = T[r(r172) "% cos(8 — ) — a?r(r179) ~3/% sin O sin 36],

H,.,. = %[21"(1"17‘2)*1/2 sin(0 — 0) — 4ar(r1r5) ~%/? sin 0 cos 30 — 3a2r® (r115) "%/ sin? O sin(0 — 56)]
_ %[—27“(7“17“2)_1/2 cos( — 0) + 4a2r(r1r2)_3/2 sin 0 sin 360 + 3a?r3 (rlrg)_5/2 sin? § cos(f — 50)],
H,, = —Rc—llT (2021 (r179) ™%/ sin 0 sin 30 + 301> (r179) %% sin? 6 cos(6 — 50)]
+ Rc—le [2a2r(rlr2)_3/2 sin 6 cos 30 + 3a*r? (7"17’2)_5/2 sin? @ sin(h — 50)],
H,, = ch—llT [727’(7'17“2)*1/2 cos(6 — 0) + 4a2r(r1r2)73/2 sin @ sin 30 + 3a2r3(r1r2)*5/2 sin? @ cos(6 — 50)]
_ R?T[zr(rlm)*lﬂ sin(0 — 0) — 4ar(r172) ~%/? sin 0 cos 30 — 3a?r® (r172) ~%/? sin? O sin(6 — 50)],
Hy,, = Rc—llT[Qazr(mrg)_S/Q sin 6 cos 36 + 3a2r3(rlr2)_5/2 sin® @ sin(f — 50)]

RQT

+ - [2a2r(r17r9) ~3/? sin O sin 30 4 3a2r> (r179) "%/ sin?  cos( — 56))],

C1

where 0 = (61 + 05)2.

Using Egs. (33) and (34), we can calculate the displacement fields and obtain

Uy = %T [(402 - 263) (rsing — (r172)"/?sin @) — 2(04 - 03>T2(T1T2)1/2 sin 0 cos (6 +9)} )

C1

Uy = % |:<462 - 203) (rcos® — (ri72)"/? cosf) + 2(04 - C3>7”2(T17“2)_1/2 sin § sin(6 + 9)} )

C1

(22 (r1m2) "2 sin 0 cos(0 — 0) — a®r?(riry) ~%/? sin? 0 sin 36]

— 2 [2r%(r179) "2 sin O sin(f — 0) — a®r2(r1ry) /% sin” 6 cos 36,

C1
_ RiT
e = (K1 — K3)ex
Ryt
(K1 — Kj)e
_ Rt
Y= (Kl - K2)01

[a2r2(r1r2)_3/2 sin® 0 cos 30 — 27“2(7"17“2)_1/2 sin @ sin(6 — 0)]
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U
(K1 — K2)eq

[a?r?(r179) ~3/2 sin? 0 sin 30 — 2r2(ry1r9) "2 sin 6 cos(0 — ).
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