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Interactions between optical bullets with different
velocities in the three dimensional cubic quintic

complex Ginzburg Landau equation∗
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By using the three-dimensional complex Ginzburg–Landau equation with cubic–quintic nonlinearity, this paper

numerically investigates the interactions between optical bullets with different velocities in a dissipative system. The

results reveal an abundance of interesting behaviours relating to the velocities of bullets: merging of the optical bullets

into a single one at small velocities; periodic collisions at large velocities and disappearance of two bullets after several

collisions in an intermediate region of velocity. Finally, it also reports that an extra bullet derives from the collision of

optical bullets when optical bullets are at small velocities but with high energies.
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1. Introduction

A dissipative system, a term coined by Niko-

lis and Prigogine,[1] is an open system that is kept

in contact with an external source and exchanges

energy and matter with the source. The complex

Ginzburg–Landau equation (CGLE) is one of the no-

table models for description of dissipative systems

and it models a vast variety of nonlinear phenom-

ena in physics. To name but a few, we mention

pulse generation by passively mode-locked soliton

lasers, signal transmission in all-optical communica-

tion lines, superconductivity, superfluidity and Bose–

Einstein condensation.[2−5] Many basic properties of

the equation and its solutions are reviewed in Refs. [6]

and [7] in great detail. An important class of patterns,

properly reproduced by the CGLE, is in forms of local-

ized pulses, which are called dissipative solitons (DSs).

These DSs include plain solitons, pulsating solitons,

creeping solitons, erupting solitons,[8] optical bullets

and double optical bullets,[9] occurring especially in

dissipative optical systems. The DSs are qualitatively

different from solitons in Hamiltonian systems. In

Hamiltonian systems, soliton solutions appear as the

result of balance between diffraction (dispersion) and

nonlinearity while in dissipative systems the soliton

occurs mainly as a balance between nonlinear gain

and loss. When the system parameters are chosen

in special regions, DSs can propagate stably.

Owing to a variety of DSs being found, more and

more attention is being paid to their interactions. In-

teractions of DSs in one- and two-dimensional (1D

and 2D) spaces have been systemically studied.[10−14]

In recent years, analysis of interactions of dissipa-

tive optical bullets (spatiotemporal solitons) in three-

dimensional (3D) space has gradually attracted more

and more attention because of the abundant and inter-

esting behaviours occurring in interactions of optical

bullets. Soto-Crespo et al.[15] made use of the inter-

action plane to numerically analyse interactions be-

tween dissipative optical bullets in normal and anoma-

lous dispersion regions. D. Mihalache et al.[16] studied

the collisions between coaxial vortex solitons in the

3D cubic–quintic CGLE. Outcomes observed in those

simulations included fusion of the bullets into a single

one, quasi-elastic interaction, formation of a “bullet

molecule”, or creation of an extra soliton.

A dissipative optical bullet can propagate with

variable velocities in space, whose velocities play a rel-

evant role in collision. Evidence can be found from two

cases of bullet interactions.[15] In one case, the inter-

action between two bullets with zero velocity displays

fusion of the bullets into a single one, in the other

case with nonzero velocity, two colliding bullets show
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quasi–elastic collision. Obviously, the behaviours of

the two cases are very different because of their differ-

ent velocities. However, up to now, a detailed study of

dynamical features of the interaction of bullets with

different velocities is still missing. In this work, we

investigate interactions of light bullets with the same

phase and different velocities in the space domain and

an abundance of interesting behaviours are observed.

The rest of the paper is organized as follows. In Sec-

tion 2, we present the master equation which we are

solving and provide a stationary optical bullet as a

localized initial condition. The interactions of light

bullets with different velocities in the space domain

are investigated in Section 3. In the last section, we

summarize our main conclusions.

2. The cubic quintic Ginzburg

Landau model and stable light

bullet

Our studies are based on an extended CGLE

model which includes cubic and quintic nonlinear

terms. The normalized propagation equation reads

as[9]
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where D, κ, δ, ε, β, µ are real constants (we do not

require them to be small) and U is a complex function.

In the present work, the equation is written in the “op-

tical” notation, assuming evolution along the propa-

gation coordinate z of a beam with a 3D cross section

in the plane t, x, y. Physically, U (t, x, y, z) stands for

the local amplitude of the normalized envelope of the

field. The left-hand side of Eq. (1) contains the con-

servative terms, where D represents the coefficient for

group velocity dispersion and κ is the saturation coef-

ficient of the Kerr nonlinearity. The right-hand side of

Eq. (1) includes all dissipative terms: δ, ε, β and µ are

the coefficients for linear loss (if negative), nonlinear

gain (if positive), spectral filtering,[17,18] and satura-

tion of the nonlinear gain (if negative), respectively.

We solve Eq. (1) by using a split-step Fourier

method[19,20] and periodic boundary conditions are

applied in x, y and t. Most simulations presented

in the paper are carried out on a 256× 256× 256 (or

512× 256× 256 when necessary) mesh. We have used

various values of step sizes along the spatial and tem-

poral domains to verify that the results do not depend

on the mesh intervals.

In order to investigate the interactions of dissi-

pative optical bullets, we firstly look for stationary

dissipative optical bullet solutions for Eq. (1). We use

a symmetric initial condition in the following form:
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= 3.0 exp
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If we choose the parameters: D = −0.1, κ = −0.01,

δ = −0.4, ε = 0.95, β = 0.1, µ = −0.1, equation

(1) with these parameters is found to admit a stable

optical bullet defined by Eq. (2).[15] One of the major

characteristics of the optical bullet is the total amount

of energy Q defined by

Q(z) =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
|U(x, y, z, t)|2 dxdydt. (3)

However, the energy is not a conserved quantity

for a dissipative system and it evolves in accordance

with the so-called balance equation.[21] If the solution

stays localized, the energy evolves but remains finite.

When a stationary optical bullet is reached, the total

energy Q converges to a constant value.

3. Interactions of dissipative op-

tical bullets with velocities

To study collisions of two dissipative optical bul-

lets with velocities, we must introduce the initial ve-

locity by multiplying the individual input profiles by

exp(iv1x) and exp(iv2x),
[15,22] respectively. Thus the

initial condition for two moving optical bullets is de-

fined as

U (t, x, y, 0) = U0

(
t, x− R

2
, y

)
exp (−iv1x)

+ U0

(
t, x+

R

2
, y

)
exp(iv2x), (4)

where U0 is defined by Eq. (2) and R stands for the

initial separation between two bullets. The v1 and v2,

which are called initial velocities of two optical bullets

in the present work, represent the amount of spatial

chirp related to the angle of collision.[15] The phase

difference between them in our simulations is set to

be zero.

Firstly, several cases of collisions of two dissipa-

tive optical bullets with small velocities are given in
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Fig. 1. In these cases, the initial separation is chosen

to be R = 5 in Eq. (4) and the velocities v are chosen

to be: (a) v1 = 0.3, v2 = 0.5, (b) v1 = 1, v2 = 1 and

(c) v1 = 2, v2 = 2, respectively. Figures 1(a)–1(c)

are the contour plots of |U (t = 0, x, y = 0, z)| in the

x–z plane displaying the evolution of the amplitude

of two optical bullets versus z. Two optical bullets

are initially moving in opposite directions. Then they

collide and merge into a single stationary one after

a finite number of oscillations. The stationary bullet

created by the in phase bullets is a consequence of

the small velocity of the bullet (the shallow angle of

collision). The angle of collision of the soliton plays

an important role in interaction of the soliton in a va-

riety of nonintegrable systems.[23,24] When a soliton

is viewed as a guided mode of its own self-induced

waveguide,[25] vc is the (complementary) critical an-

gle for total internal reflection in the waveguide,[26] as

is known from waveguide theory. When the collision

angle is less than the critical angle vc, solitons can

couple light into each other’s waveguides; hence the

collisions are inelastic, which leads to fusion. When

the collision angle is larger than the critical angle vc,

solitons pass through each other.[27,28] In Fig. 1, all

the angles of collision are less than the critical angle

vc, therefore the two bullets merge into one in the

three cases. Meanwhile, we show the evolution of the

energy Q versus z for all the above-mentioned cases; it

can be seen that the total energies of bullets converge

to a constant value finally. This is because the sta-

tionary solution is completely fixed by the parameters

of Eq. (1) in the dissipative system.[15] The energy of

a stationary bullet is equal to that for the bullet at

the chosen set of parameters. When the states of con-

stant energy have been reached, two colliding bullets

actually merge into a single stationary bullet, which

occurs in all three cases. Such a phenomenon has also

been observed in the case of interaction between bul-

lets with zero velocities.[15]

Fig. 1. The contour plot of the interaction between two neighbouring optical bullets for the same separation R = 5

and different initial velocities: (a) v1 = 0.3, v2 = 0.5; (b) v1 = 1, v2 = 1; (c) v1 = 2, v2 = 2. Figure (d) shows the

total energy Q of the optical bullets vs. propagation distance z in the three cases.

Secondly, we investigate interaction of two dissipative optical bullets with intermediate velocities. Scenarios

are illustrated in Fig. 2 by pictures of the evolution of the field in the x–z plane. Two bullets initially move
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head on, because the collision angle is larger than the critical angle vc, after the first collision they pass through

each other. In the intermediate region of velocity, the collisions break the balance of gain and loss of bullets.

The colliding bullets fail to adjust them to the system defined by the parameters of Eq. (1). After several

collisions, they both disappear gradually owing to complete symmetry of the bullets. The evolution of the total

energy is also shown in Fig. 2(d). Because of the disappearance of the two bullets, the total energy becomes

zero eventually.

Fig. 2. Contour plot of the interactions between two neighbouring optical bullets for the same separation R = 5

and different initial velocities. Here, (a) v1 = 3, v2 = 3; (b) v1 = 4, v2 = 4; (c) v1 = 5, v2 = 5. Figure (d) shows

the total energy Q of the optical bullets vs. propagation distance z in three cases.

Thirdly, we study the interactions of dissipative optical bullets with large velocities. The x–z plane plots of

the bullets with large velocities and their corresponding evolutions of the total energy are shown in Fig. 3. From

Figs. 3(a)–3(c), it can be seen that the bullets collide quickly for the first time because of the large velocities.

After the collision, they move away from each other. Owing to the periodic boundary condition, the bullets

will collide with each other on the boundary, and then they come into the computation window from the other

boundary of space x and start the subsequent collision. The energy of the initial condition is higher than that

for the optical bullet at the chosen set of parameters.[9] Therefore the whole energy Q decreases rapidly at

first. When the energy is equal to that for the bullet at the chosen set of parameters, the whole energy Q

reaches a stable state, in this state the energy Q of the bullets slightly fluctuates in a simple periodic form.

The evolutions of energy Q are displayed in Figs. 3(d)–3(f) clearly. In the process of collisions, the frequency

of collision depending on the bullet velocity and the energy bullets kept making the bullets adaptable to the

dissipative system exactly. The bullets can survive and form stable collisions in the perturbation caused by

collision.
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Fig. 3. The contour plot of the interaction between two neighbouring optical bullets for the same separation R = 5

and different initial velocities: (a) v1 = 6, v2 = 6; (b) v1 = 7, v2 = 7; (c) v1 = 8, v2 = 8. Figures (d), (e), (f) show

the total energies Q of the optical bullets vs. propagation distance z in three cases.

Finally, we present an interesting phenomenon:

when we vastly increase the amplitudes of the col-

liding bullets and keep their velocities small, an extra

bullet will form. An example of the collision is given in

Fig. 4. In this simulation, the initial amplitude of bul-

let increases to 6 and the other parameters of Eq. (4)

are the same as those in Fig. 1(b). The two initial bul-

lets with high energy evolve with z. Similar to the case

of Fig. 1(b), but with high initial energy much more

than that of creating a new bullet, there is a difference:

the remaining energy can form two bullets propagat-

ing in the previous directions of the waveguides in ad-

dition to some loss of energy. The new created bullet

with no velocity can propagate stably. After the first

collision, the initial two bullets collide and merge into

a single one on the boundary, which disappears im-

mediately. Finally, the surviving bullet becomes sta-

tionary and its energy is up to 5.6897, which is equal

to the value in the case of Fig. 1(b). This is because

the stationary solution is completely fixed by the pa-

rameters of Eq. (1) in the dissipative system.[15] Note

that a similar effect of “soliton birth” was observed ex-

perimentally in the case of collinear collisions of two

one-dimensional dissipative spatial solitons in period-

ically patterned semiconductor amplifiers.[29]

Fig. 4. (a) The contour plot of the interaction between

two neighbouring optical bullets for the amplitude being

6, R = 5 and the initial velocities v1 = 1, v2 = 1. (b) Total

energy Q of the optical bullets vs. propagation distance z

in the same case.
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4. Conclusion

In conclusion, based on the 3D CGLE with cubic–

quintic nonlinearity, we have systematically studied

the properties of interactions between dissipative op-

tical bullets with different velocities in the space do-

main. Collisions of dissipative optical bullets with dif-

ferent velocities exhibit a wealth of phenomena, in-

cluding merging, creation of an extra bullet, disap-

pearance of two bullets and periodic oscillations. It

is worthwhile to note that we observe the process

that the colliding bullets keep their shapes and en-

ergies approximately stable except for periodic slight

oscillations. Obviously, this is very useful in applica-

tions for transmission of information, all-optical logic,

switching devices, and so on. Numerical simulations

for dissipative optical bullets are tedious and time-

consuming. It is impossible to perform a complete

study of the interaction of dissipative optical bullets

as the CGLE has six independent parameters to vary.

Here, we have just studied one aspect of dissipative

optical bullets, but we believe that our present nu-

merical results are not only helpful for a full grasp of

the properties of colliding optical bullets but also in-

structive for future applications of dissipative optical

bullets.
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