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This paper derives energy level formula for two moving charged particles with Coulomb coupling by making full

use of two mutually conjugate entangled state representations. These newly introduced entangled state representations

seem to provide a direct and convenient approach for solving certain dynamical problems for two-body systems.
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1. Introduction

The trapping or scattering of particles is often
discussed in particle physics. In treating these prob-
lems one often chooses suitable representations to sim-
plify the calculation according to quantum mechani-
cal Hamiltonians. Representation theory in quantum
mechanics was invented by Dirac.[!l Dirac emphasizes
that choosing appropriate representations for tackling
definite dynamic problems could save labour as much
as possible. In Ref. [2] following Einstein—Podolsky—
Rosen’s idea of quantum entanglement,® Fan et al.
have constructed the bipartite entangled state repre-
sentations, which have many applications in quantum
optics (see the review article Ref. [4]). In this work we
demonstrate how to use the entangled state represen-
tations to solve the dynamic problem of two moving
charged particles governed by the Hamiltonian, which
includes not only the kinetic coupling xP; P> but also
the Coulomb potential F(Q1 — Q2), @1 — Q2 > 0 be-

tween two charged particles

P2 P2 1
H=-—L1Y 4+ -2 +wyPPBb+F——. (1
2my 2m2+f€1 2t Q1 — Q2 (1)

According to our knowledge, such a Hamiltonian has
not been solved in the literature before because the
introduction of the term F/(Q; — Q2) increases the

complication of solving the corresponding Schrodinger

equation. Here we intend to employ the entangled
state representations to search for its energy level for-
mula. In Section 2 we briefly introduce two mutu-
ally conjugate bipartite entangled state representa-
tions. In Section 3 we give an equivalent form of the
Hamiltonian in Eq. (1) by using the entangled state
(n] representation. Then in Section 4 we obtain the
energy level formula for H by virtue of the entangled

state (£| representation.

2. Two mutually conjugate en-

tangled state representations

Let Q. be two particles’ relative position
Qr = Q1 — Q2, (2)
and P be the total momentum of two particles
P=P+ P, (3)

where Q;, P; (i=1, 2) are related to Bose creation and

annihilation operators by
Qi = (ai + aj) /Y2,
P = (ai —aI) /(V21), [azaﬂ =6bij.  (4)

Due to the fact that the operators @),- and P are com-

mutative, i.e., [Q,,P] = 0, they have the common
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eigenvector |n). At this point we recall that it was
Einstein—Podolsky—Rosen who firstly noticed the fact
that [Q,, P

In two-mode Fock space the state |n) is ex-

] = 0 was related to quantum entangle-
ment.

pressed asl?!

In|”

n) = exp Ty + 77“1 nag + a1a2 00),  (5)

where |00) is the two-mode vacuum state and 7 is com-
plex, 7 = m1 +ine2. By using Egs. (2)—(5), we can prove

Qrln)y=V2ni|n), Pln)=V2n2ln).  (6)

Using the technique of integration within an ordered
product (IWOP) of operators,®=7 we can prove the

orthonormal and complete relations
(nln)y =md(n—n")om —n"),
d2
[l =1 = andn. @

Since the centre-of-mass coordinate of two particles
Qem = 1Q1 + p2Q2 and the mass-weighted relative
momentum P, = ps Py — puy Py are respectively conju-
gate to P and @, and the operators Q. and P, are
also commutative, they have the common eigenvector
|€) conjugated to |n). The state |€) of course satisfies

the eigenvector equations

Qcm ‘€> = \/551 |§> , B ‘§> = \/552 |§> ) (8)

in two-mode Fock space the explicit form of |¢) isl?!
_ Lz L PP
© —exp{ 516+ 6+ G - )]l

1

[5 — (u1 — p2) € ab

%\

+

>
—

(k2 = ) af? = o) = apaalad] | 00).
(9)
where ¢ is complex, £ = & +i& and A\ = 2(p? + u3).
The state |€) obeys the orthonormal and complete re-
lations

(€ &)=mno(-¢)o( —¢),
/d2§ 2
- 16) (€l =1, d°¢ = d&dés. (10)

Thus the overlap between states (n| and |£) can be
calculated by using Egs. (6), (7), (9) and (10),

(&) = \/EEXP{i[(/il — p2) (mmn2 — &162)
+ VA (mé — m&1)]}, (11)

note that we have taken h = 1.

3. The equivalent form of the
Hamiltonian in Eq. (1)

For the two-body interacting system governed by

H, the total momentum P is conservative, i.e.,
[H,P] =0, (12)

thus we can introduce the common eigenstate of H
and P,

H |p7 En> =E, \p, En> 5 P |p7

E.) =plp, Ey). (13)

To obtain the energy level formula, we rewrite the
Hamiltonian H in Eq. (1) as

1 1
H=|(-— P4 ——k|P?
(G e+ (g =0)1

+ 6 (p2 — 1) PP+ F (14)

2l

where p = (mimg)/M is the reduced mass.
Egs. (6) and (13) we see that, in the entangled state

(n] representation, the energy eigenfunction equation

Using

becomes the following form:

1
<77| H |pa En> = [(M + 25#1#2)”% <77 |pa En>

1
— P?p, E,
+ (g5 =) 01 P21,

+ 5 (2 — p1) V202 (| Py |p, En)

1
Pt p.By) ] . (15)

Using Egs. (8)—(11) we obtain the explicit form of P,

in the (n| representation, i.e.,

2
P =l [ vzl €

— \F[laalJr(uluz)??Q (nl,

substituting Eq. (16) into Eq. (15) we obtain a new

(16)

differential equation for (n |p, E,)
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1 1 B 2 B
En<77|P7En>:{2(“—> [877—1(#1—#2)772] —imzk (2 — p1) 87771_1(”1_“2)772

1 1
+—+2x 2+F} JE,),
( i M1M2) 75 om (n |p, En)

which is the differential equation with respect to 7;, while 72 appears as a parameter.
Making use of an ansatz
(0 |p, En) = Wy expli (p1 — pi2) mng],

and the transformation

exp[—1 (1 — p2) M [8 —i(m — uz)nz} expli (u1 — p2) mue] = o

om om
we obtain the equation for ¥,
2

{_; (21/1 - "‘1> (giﬁ —imek (p2 — p1) 88771 + <J\14 + 2/‘?#1#2) 77% + F\/%Ul} Vn = EnWn.

Now let us assume that ¥, is taken as
W, = exp [2imnzr (1 — p2) o/ (1 = 2pk)] oy = ™ Py,
where
p =22k (1 — p2) p/ (1 — 2uk),
the former two terms of left-hand side in Eq. (20) are converted into

1/1 0 0 u inip
- ( _K)am [37114_1—2#/41772&(%_“1)6 v

1/1 ) .
— = _ A > ¥ 1110
2 <2u K) om [é’m 214 e

Furthermore, by using the following transformation
. o . 0
eﬂmp el771P:7+ip
om om ’

equation (23) becomes

_ ﬁ) eimpe—impieimpe—imp {8 _ Qip] einlp¢n
8771 8771

1 : 0 0

_ 1M1P R

o)) ()

1 . 9?

- imp [ 2 2

2 H>e (fﬁﬁ o )z/)n-

Substituting Eq. (25) into Eq. (20) leads to a new differential equation for v,

1/1 o? 1—r2uM 1
—a a. 7"‘7 +F n:En n-
{ 2 <2u H) o7 " M(1—2um) ™ \/im}w v

Since in the (7| representation there exist the following corresponding relations:

1 0
P — — \/;[8 (/ll—l&)nz}, Qr_>\/§7717 P—>\/§7727

Uit
then using the transformation in Eq. (19), we can convert the relations in Eq. (27) into

1/1
2\ 2u

1l
4t

P - — . Qr > V2, P — 2,
\[81 Q m 2

so we rewrite the Hamiltonian H in Eq. (26) as follows:

1 1— k2uM 1
H:<2—H)P3+MP2+F,
n

which is also the equivalent presentation of the Hamiltonian in Eq. (1) in (1| representation.
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4. Energy level formula for H obtained via the entangled state ({|

representation

To obtain the energy level formula of H, we first divide H into the following two parts

1—r*uM
H=H 4+ ——"——
2M(1 — 2uK) (30)
where )
Ho=(——-r|P*+ P 31
<2u ) Qr 1)

Now we consider the energy levels of H, via the entangled state (£| representation. Operating 1/Q,. on the state

g =t [ Tmuig [T

d2 /d2
- M/ er exp{i (p1 — p2) (&1&2 — &)

(€| we obtain

VA (€ — &) — (51%1)]}%@1,55\. (32)

Performing the integration in Eq. (32) over 72 and & leads to

g =55 ) Bewltn-ma@-41 [ an-on[iVine-g)@s. 6

1 o d 1, >0,
0(r) = lim —.) / eﬂ'“*’iw. = ’ (34)
=07+ 2ri) J_ o w+ie 0, 7 <0,

then integrating over 7;, we obtain

dip— exp [ivomn (6 — &)] = 1 d
[m Wlm exp [nfm (&2 52)} i, [m mm—hs

Using the function!®!

exp {i Vi (& — &)

_ 27‘_1 ]-a 62 > gév (35)
07 62 < gé
So equation (33) becomes
&2
f| R \/>/ A&y exp [i (1 — p2) &1 (§2 — €3)] (&1, &3] - (36)

The eigenstate of Qem is 1/ A/2 & in the entangled state |£) and there is no operator Q¢ in H,., so under these
conditions we can take (§| = (& = 0, &, thus

&2
=06l 5 \f / agh (61 = 0,6, (37)

in the (£ = 0, &s| representation the Schrodlnger equation for H, can be written as

@ =06l 1) = (5 - #) 5E00.6) + F\f/E A4 (0,€) = B(0,6). (39)
Considering the binding energy E < 0 and letting f? = 4uE/(2ux — 1)\, we obtain
0(0,6)  _ Fu/(1—2pk) \/§
[Goagpog) @+ VX .
its solution is
/  EL0(0.6)) = exp ( ; \/f F“/“fQ“k) arctan 5;) el (40)
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where C is an integration constant. From Eq. (40) we
find that the function arctan(£s/f) is equal to multi-
ple values for a given value of &/ f, so we only take
f=2/XFu/(1 —2uk)n) (n is an integer) in order
to assure the uniqueness of the wave function ¢ (0, &).
Thus the energy levels of H, are found to be

2uk — 1 F?
4 2n?(2uk — 1)
so the energy level formula of H is given as
1—r2uM
E,=E+ ——————n5, 42
+ M 72ﬁm)772 (42)

where the second term of the right-hand side of
Eq. (42) stands for the kinetic energy of the centre-of-
mass because /27, is the eigenvalue of P. Through
analysing Eq. (42) we clearly see how the kinetic po-

tential and Coulomb coupling potential affect the total
energy E,.

In summary, in this work on the basis of the
entangled state (n| and (£| representations we have
obtained the energy level formula for the Hamilto-
nian describing two moving charged particles with
Coulomb coupling, so the entangled state represen-
tations seem to be a good candidate for studying the
dynamic problem for a two-body system with mutual
interaction. Regarding other applications of the en-
tangled state representations we refer to Refs. [9]-[11].
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