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Using the unsymmetrical one-range addition theorems introduced by one of the authors with the help of complete

orthonormal sets of Ψα-exponential type orbitals (α = 1, 0,−1,−2, ...), this paper presents the sets of series expansion

relations for multicentre nuclear attraction integrals over Slater-type orbitals arising in Hartree–Fock–Roothaan equa-

tions for molecules. The final results are expressed through multicentre charge density expansion coefficients and basic

integrals. The convergence of the series is tested by calculating concrete cases for arbitrary values of parameters of

orbitals.
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1. Introduction

It is well known that the vast majority of all the

molecular electronic structure calculations are nowa-

days performed on the basis of the Hartree–Fock–

Roothaan (HFR) equations.[1,2] These equations con-

tain the so-called one- and two-electron multicentre in-

tegrals whose numerical values are needed in the sub-

sequent iterative solution of the HFR equations. The

efficient and reliable evaluation of these integrals has

been a major bottleneck since the early days of compu-

tational quantum chemistry. The only truly demand-

ing one-electron integral is the so-called three-centre

nuclear attraction integral, whose evaluation is much

more difficult than the evaluation of the one-electron

two-centre integrals. Compared with one-electron in-

tegrals, the computation of the two-electron integrals

is usually more difficult by some orders of magnitude.

Even today and in spite of the recent progress in math-

ematical techniques and in computer hard- and soft-

ware, this integral problem of computational quantum

chemistry is not yet solved in a completely satisfactory

way.[3]

The computational problems which have to be

overcome depend strongly on the basis functions be-

ing used. The Gaussian basis functions, as proposed

by Boys,[4] are used on a large scale in molecular cal-

culations. These functions have many obvious disad-

vantages. In particular, they are nonphysical in the

sense that they are not able to describe correctly the

asymptotic behaviour of exact molecular wave func-

tions either in the vicinity of the nuclei[5] or at large

distances away from the nuclei.[6] The only, but nev-

ertheless decisive, advantage of Gaussian functions is

that their molecular multicentre integrals can be com-

puted comparatively easily. So, it would be desirable

to use the physically better motivated exponentially

decaying basis functions in electronic structure calcu-

lations. The multicentre integrals can be computed

both efficiently and reliably if the integrals are calcu-

lated by the use of addition theorems for Slater-type

orbitals (STO)[7] established with the help of complete

orthonormal sets of Ψα-exponential type orbitals (Ψα-

ETO, α = 1, 0,−1,−2, ...).[8]

In the context of atomic and molecular elec-

tronic structure calculations, two fundamentally dif-

ferent types of addition theorems occur in the litera-

ture. The addition theorems of the first type all have

the typical two-range form of the Laplace expansion

of the Coulomb potential. There is a second class of

addition theorems, namely, unsymmetrical and sym-

metrical one-range addition theorems,[7] which can be

constructed by expanding a function located at a cen-
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tre a in terms of a complete orthonormal set located

at a centre b. The use of unsymmetrical and sym-

metrical one-range addition theorems in molecular ab

initio calculations would be highly desirable since they

are capable of producing much better approximations

than the two-range addition theorems. The aim of

this work is to calculate the multicentre nuclear at-

traction integrals appearing in the HFR equations

for molecules using unsymmetrical one-range addition

theorems of STO.

2. Definition

The multicentre nuclear attraction integrals ex-

amined in this work are defined as

Iac,bp1p′
1
(ζ1, ζ

′
1)

=

∫
χ∗
p1

(ζ1, ra1)χp′
1
(ζ ′1, rc1)

1

rb1
dv1, (1)

where p1 ≡ n1l1m1, p
′
1 ≡ n′

1l
′
1m

′
1 and

χnlm (ζ, r)

= [(2n)!]
−1/2

(2ζ)
n+1/2

rn−1e−ζrSlm (θ, φ) . (2)

Here, Slm (θ, φ) are the complex (for Slm ≡ Ylm) or

real spherical harmonics determined by

Slm (θ, φ) = Pl|m| (cos θ)Φm (φ) , (3)

where Pl|m| are the normalized associated Legendre

functions[9] and for complex spherical harmonics

Φm (φ) =
1√
2π

eimφ, (4)

for real spherical harmonics

Φm (φ) =
1√

π (1 + δm0)

 cos |m|φ for m ≥ 0,

sin |m|φ for m < 0.
(5)

It is easy to show that equations (3) and (5) for

the real spherical functions are obtained with the help

of Y∗
lm (θ, φ) = Yl−m (θ, φ) (see Ref. [10]). Therefore,

our definition of phases for complex spherical harmon-

ics (Y∗
lm = Yl−m) differs from the Condon–Shortley

phases[11] by the sign factor (−1)m.

3. Use of unsymmetrical one-

range addition theorems

With the evaluation of integral (1) we use the fol-

lowing relation for the unsymmetrical one-range addi-

tion theorems established in a previous paper[12] for

the charge density of STO: for three-centre cases

χ∗
p1

(ζ1, ra1)χp′
1
(ζ ′1, rc1) =

1√
4π

lim
N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rca,Rab)χ

∗
p (z, rb1) , (6a)

χ∗
p1

(ζ1, ra1)χp′
1
(ζ ′1, rc1) =

1√
4π

lim
N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rcb,Rab)χ

∗
p (z, rb1) , (6b)

for two-centre cases

χ∗
p1

(ζ1, ra1)χp′
1
(ζ ′1, rc1) =

1√
4π

lim
N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rca, 0)χ

∗
p (z, ra1) (7a)

χ∗
p1

(ζ1, ra1)χp′
1
(ζ ′1, rb1) =

1√
4π

lim
N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

WαN
p1p′

1p
(ζ1, ζ

′
1, z; 0,Rab)χ

∗
p (z, rb1) , (7b)

for one-centre case

χ∗
p1

(ζ1, r1)χp′
1
(ζ ′1, r1) =

1√
4π

l1+l′1∑
ν=|l1−l′1|

ν∑
σ=−ν

Wp1p′
1q
(ζ1, ζ

′
1, z)χ

∗
q (z, r1) , (8)

where p ≡ nlm, q ≡ µνσ, µ = n1 + n′
1 − 1 and z = ζ1 + ζ ′1; the index N is a positive integer number. See

Ref. [12] for the exact definition of multicentre charge density expansion coefficients WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rca,Rab),

WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rca, 0), W

αN
p1p′

1p
(ζ1, ζ

′
1, z; 0,Rab) and Wp1p′

1p
(ζ1, ζ

′
1, z) occurring in these equations. It should be

043101-2



Chin. Phys. B Vol. 19, No. 4 (2010) 043101

noted that equations (6a), (6b), (7a) and (7b) are obtained by making use of unsymmetrical one-range addition

theorems presented in Ref. [7].

Taking into account Eqs. (6a), (6b), (7a), (7b) and (8) in Eq. (1) we obtain for the multicentre nuclear

attraction integrals the following formulae: for three-centre integrals

Iac,bp1p′
1
(ζ1, ζ

′
1) = lim

N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

WαN
p1p′

1p
(ζ1, ζ

′
1, z;Rca, 0)Jp (z,Rab) , (9a)

Iac,bp1p′
1
(ζ1, ζ

′
1) =

(
2

z

)1/2

lim
N→∞

N∑
n=1

WαN
p1p′

1k
(ζ1, ζ

′
1, z;Rca,Rab) 2

nn![(2n)!]−1/2, (9b)

Iac,bp1p′
1
(ζ1, ζ

′
1) =

(
2

z

)1/2

lim
N→∞

N∑
n=1

WαN
p1p′

1k
(ζ1, ζ

′
1, z;Rcb,Rab) 2

nn![(2n)!]−1/2, (9c)

for two-centre integrals

Iaa,bp1p′
1
(ζ1, ζ

′
1) =

l1+l′1∑
ν=|l1−l′1|

ν∑
σ=−ν

Wp1p′
1q
(ζ1, ζ

′
1, z)Jq (z,Rab) , (10a)

Iab,bp1p′
1
(ζ1, ζ

′
1) =

(
2

z

)1/2

lim
N→∞

N∑
n=1

WαN
p1p′

1k
(ζ1, ζ

′
1, z; 0,Rab)2

nn! [(2n)!]
−1/2

, (10b)

for one-centre integrals

Ip1p′
1
(ζ1, ζ

′
1) ≡ Iaa,ap1p′

1
(ζ1, ζ

′
1) = δl1l′1δm1m′

1

(n1 + n′
1 − 1)!

[(2n1)! (2n′
1)!]

1/2
x
n1+1/2
1 x′

1
n′
1+1/2z, (11)

where k ≡ n00, x1 = 2ζ1/z, x
′
1 = 2ζ ′1/z and z = ζ1 + ζ ′1. In Eqs. (9a) and (10a), the quantities Jp (z,Rab) are

the basic nuclear attraction integrals over STO defined as

Jnlm(z,Rab) =
1√
4π

∫
χ∗
nlm(z, ra1)

1

rb1
dv1. (12)

It is easy to show that the basic nuclear attraction integrals (12) are determined by the following relations:

Jnlm(z,Rab) = 2n

√
2

Fn(2n)z
δl0δm0 for Rab = 0, (13a)

Jnlm(z,Rab) = 2n

√
2

Fn(2n)z
Fn(n+ l + 1)(l + 1)!

× 1

xl+1

[
1− e−x

n+l∑
k=0

γk(n, l)
xk

k!

] √
4π

2l + 1
S∗
lm(Θab, Φab) for Rab ̸= 0, (13b)

where Fm(n) = (n!)/(m!(n−m)!), x = zRab and

γk(n, l) = 1− F2l+1(k)

Fn−l(n+ l + 1)
. (14)

It should be noted that equation (13b) is unsuited for numerical computations for small values of x, because

the function Jnlm(z,Rab) becomes numerically unstable for x → 0. In this case, the infinite-form expression

can be obtained from the following series expansion:[9]

e−x =
∞∑
k=0

(−x)
k

k!
. (15)

Taking into account Eq. (15) in Eq. (13b) we obtain the following series expansion formula:[10]

Jnlm(z,Rab) = 2n

√
2

Fn(2n)z
Fn(n+ l + 1)(l + 1)!

043101-3



Chin. Phys. B Vol. 19, No. 4 (2010) 043101

×

[
1

l!

∞∑
k=0

(−x)k

k!(l + 1 + k)
−e−x

n+l∑
k=l+1

γk(n, l)
xk−(l+1)

k!

] √
4π

2l + 1
S∗
lm(Θab, Φab). (16)

For the derivation of Eq. (16) we have taken into account the relation

1

xn

(
1− e−x

n−1∑
k=0

xk

k!

)
=

1

(n− 1)!

∞∑
k=0

(−x)
k

k!(n+ k)
. (17)

4. Numerical results and discussion

The applicability of unsymmetrical one-range addition theorems is tested by calculating the multicentre

nuclear attraction integrals determined by Eqs. (9a), (9b), (9c), (10a), (10b) and (11). On the basis of these

formulae we constructed the program which is performed in the Mathematica 6.0 language packages.

The results of calculations in atomic units for three-centre nuclear attraction integrals (9a) using basic

integrals, equations (13a) and (13b), are presented in Tables 1, 2 and 3. The numerical results for three-centre

nuclear attraction integrals (9a) for arbitrary values of screening constants, quantum numbers and location of

orbitals are placed in Table 1. This table shows a good rate agreement for α = 1 and α = 0. The convergence

properties of the series expansion relation for the three-centre nuclear attraction integral Iac,b100,100 (4.3, 3.1) are

shown in Table 2 and Figs. 1, 2.

The convergence of the series shown in Figs. 1 and 2 is described by 102∆fL = Iac,b100,100 (4.3, 3.1)L −
Iac,b100,100 (4.3, 3.1)L=14 and 103∆fM = Iac,b100,100 (4.3, 3.1)M − Iac,b100,100 (4.3, 3.1)M=14, respectively. In these table

and figures, the partial summations corresponding to progressively increasing upper summation limits in Eq. (9a)

are denoted by N , L, and M . As can be seen from Figs. 1 and 2, equation (9a) displays the most rapid

convergence to the numerical results with six digits which are stable as a function of summation limits for

L = 9, and M = 7, respectively. Therefore, the convergence of the series with respect to l and m is rapid. So,

one can include only a few terms in the summations over indices l and m arising in Eq. (9a). Table 2 shows that

the accuracy of calculations is satisfactory for the different values of summation index N . The dependence of

three-centre nuclear attraction integrals on the internuclear distances for α = 1, α = 0 and N = 15 are shown

in Table 3. The convergence in this case is also satisfactory. We notice that a greater accuracy is attainable by

using more terms in series expansion relations obtained in this work.

Fig. 1. Convergence of the series expansion relation

(9a) for the three-centre nuclear attraction integral

Iac,b100,100 (4.3, 3.1) as a function of summation limit

L (0 ≤ l ≤ L and −l ≤ m ≤ l) for Rca = 0.6, θca =

2π/3, φca = π, Rab = 0.7, θab = π/6, φab = π/4,

N = 15 and α = 1.

Fig. 2. Convergence of the series expansion relation

(9a) for the three-centre nuclear attraction integral

Iac,b100,100 (4.3, 3.1) as a function of summation limit

M (0 ≤ l ≤ N − 1 and −M ≤ m ≤ M) for Rca =

0.6, θca = 2π/3, φca = π, Rab = 0.7, θab = π/6,

φab = π/4, N = 15 and α = 1.
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Table 1. Comparison of methods of computing three-centre nuclear attraction integrals with STO using series

expansion relations for N = 15.

n1 l1 m1 ζ1 n′
1 l′1 m′

1 ζ′1 Rca θca φca Rab θab φab
Eq. (9a)

α = 1 α = 0

1 0 0 4.3 1 0 0 3.1 0.6 120 180 0.7 30 45 0.8665624076078977 0.8666894509976633

2 0 0 3.7 1 0 0 5.4 0.1 120 90 1.2 60 36 0.5445177524181889 0.5445398854228105

2 1 1 9.6 2 1 1 6.3 0.8 30 45 1.8 120 72 0.0214596651207774 0.0214596514070074

3 1 1 8.7 3 1 1 3.5 2.8 120 135 2.1 150 108 –0.0013125604912938 –0.0013110646092757

Table 2. Convergence of the series expansion rela-

tion (9a) for the three-centre nuclear attraction integral

Iac,b100,100 (4.3, 3.1) as a function of summation limit N for

Rca = 0.6, θca = 2π/3, φca = π, Rab = 0.7, θab = π/6,

φab = π/4.

N α = 1

8 0.8688913684407814

9 0.8683541427516125

10 0.8677757313706731

11 0.8672936528887564

12 0.8669816173992039

13 0.8667985739159082

14 0.8666716359201255

15 0.8665624076078977

Table 3. Convergence of the series expansion rela-

tion (9a) for the three-centre nuclear attraction integral

Iac,b100,100 (4.3, 3.1) as a function of Rab (with θab = π/6,

φab = π/4 ) for Rca = 0.6, θca = 2π/3, φca = π and

N = 15.

Rab α = 1 α = 0

0.7 0.8665624076078977 0.8666894509976633

3.0 0.1830014181441383 0.1830014190979357

5.0 0.1071799599052002 0.1071799599049620

7.0 0.0757714455834380 0.0757714455834270

9.0 0.0585974573897790 0.0585974573897624

11.0 0.0477696126540140 0.0477696126539971

13.0 0.0403190908230971 0.0403190908230815

15.0 0.0348789973797444 0.0348789973797303

As can be seen from our tests, the series expansion formulae obtained with the help of unsymmetrical one-

range addition theorems for STO are useful tools for evaluation of the multicentre nuclear attraction integrals

with arbitrary values of quantum numbers, orbital parameters and internuclear distances.
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