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Comparative analysis of phase extraction methods
based on phase-stepping and shifting curve
in grating interferometry*
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Two phase extraction methods which are based separately on phase-stepping and shifting curve are mainly used in

phase-sensitive imaging in gating interferometry to determine the x-ray phase shift induced by an object in the beam.

In this paper, the authors perform a full comparative analysis and present the main virtues and limitations of these two

methods according to the theoretical analysis of the grating interferometry.
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1. Introduction

Hard x-ray phase sensitive imaging using a
grating interferometer has been developed in re-
shows some excellent
results.[*13:15=17 This technique is based on Talbot

self-imaging and can be used together with a broad

cent years,'~ ' and it

bandwidth x-ray radiation generated by a conven-
tional x-ray source.[>713:15.18:19] Dye to its compact
setup and high sensitivity to weak-absorption materi-
als such as soft tissue, polymer and so on, this tech-
nique has a potential biomedical application.

There are two main methods in grating interfer-
ometry to reveal the phase shift of an x-ray wave when
it penetrates through an object. Omne is based on
phase-stepping (PS) and the other on shifting curve
(SC). The PS method,?~5! which was first used in vis-
ible light interferometric imaging,/?%! has widely been
used in hard x-ray interferometry in these years. This
method needs more than three images, from which

three different signals can be extracted, namely the
absorption image, the phase image and the dark-
field image. The demand requirements of the PS
method on alignment of the gratings and stability of
the system are very low. On the other hand, the SC
method!™ presented in 2008 needs only two images,
and two kinds of signals, i.e. absorption image and
phase image can be derived, and its requirements on
alignment of the gratings and stability of the system
are relatively high. In the present paper, the authors
perform a full comparative analysis of these two meth-
ods, and present their main virtues and limitations.

2. Theory of grating interferome-

try

The grating interferometer, which is shown in
Fig. 1, consists of two gratings with their lines par-
allel to each other. The first one is a phase grating
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with a period of p; which is typically on the order
of several micrometers, acting as a beam splitter that
divides the incident coherent x-ray wave into beams
of different diffraction orders. These diffracted beams
would interfere with each other and form interference
fringes with the period p at certain distances down-
stream of the phase grating, leading to a phenomenon
known as the “fractional Talbot self-image effect”.[!]
The second one is an absorption grating with the same
orientation and period as those of the fringes, acting as
an analyzer and transforming the information about
fringe shift into that of intensity varying on the detec-
tor plane. An area detector with a pixel size ranging
from a few micrometers to a few tens of micrometers
is located immediately at a distance downstream of
the absorption grating.

When an object is arranged directly at a distance
upstream of the phase grating, the incident x-ray will
be deflected from the original direction due to re-
fraction, and the refraction angle is proportional to
the gradient of the phase shift of the x-ray wave in-
duced by the object, which will cause a lateral dis-
placement of the interference fringes in the self-image
Thus the intensity in the detector plane will
A theoretical

plane.
change with the fringe displacement.
analysis will be given below.

_detector
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Fig. 1. Grating interferometer. (1 is phase grating and
G2 is absorption grating. The object to be imaged is
placed at a distance upstream of GG; and the detector is
at a distance downstream of Gs.

As shown in Fig. 1, the direction of the z-axis is
parallel to the optical axis, and the x- and y-axes are
both orthogonal to the z-axis, and the grating lines are
parallel to the y-axis. In this work, the coordinate of

y would be omitted because this technique requires no
coherence of x-ray along the y-axis direction, and we
take only one dimension of x into account for conve-
nience. ¢, ' and z are used to denote the coordinates
of x-ray source, phase grating and self-image plane,
respectively. The intensity distribution function of an
extended x-ray source with the width w is I5(s), and
an object is set at the distance z; away from the x-ray
source immediately followed by a phase grating. The
complex transmission functions of the object and the
phase grating are described by the following Eq. (1)
and Eq. (2), respectively:

q (@) = f (@) expi® ()], (1)

where f(z') denotes the amplitude modulation and
& (2') the phase modulation of the object, and

2
= Z Qy, €XP <i7rnx') . (2)
" b1

According to the theory of partial coherence, the

intensity at the distance downstream of the phase

grating, z», can be given by[2?l

I(x )*/—I dg// wu(zh, z5)q (2]) ¢* (x5) t (x])

Xt (xQ)eXp|: = (1 —rg)} / )\deldzc;)

where

exp (i¥) [ I () exp 2”§(a:’ —xb)| ds
:u(xlvx/Q) f fIs [ ! 2 ] ’

(4)

is the mutual coherence factor between the points

and z in the object plane, and 7, = /22 + (z — })*

and 7o = \/ 23 + (v — x’2)2 are the distances between

x and ) and between z and z/, respectively, with
U= (:17’? - m’g)/)\z being the quadratic phase fac-
tor.

Substituting Eqgs. (1), (2) and (4) into Eq. (3), in
the paraxial approximation one obtains

I(z) = / LQ)u(m)u (@g)ds,  (5)

where

u(z, <) = \/)\%?exp <1§ ) /f )exp [iP (x Zan exp <1nm)
LI 2T _ | a4
Xexp(l/\ZIm )exp( i Zlgx)exp[)\2(x x)}dm, (6)
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is the wave field of the x-ray in the plane z3, produced from an ideal point source at ¢ on the z = 0 plane.
In order to calculate the integral in Eq. (6), in each pixel we take f (2’) as a constant and use the first-

order Taylor expansion of @ (') about the point & (= + %§) (see Appendix) to approximate ¢ (z) since it

changes much more slowly than the complex transmission function ¢ (z'):

21 2o 2w 21 22
P (2)=09 T+ —=¢) |+ 5 |2 - x+§) ) 7
(@) |:Zl+22 ( 21 A 21+ 22 21 v (7)
where
_Aoe .
T or b

is the refraction angle induced by the object. For the hard x-ray grating interferometry, 1/Az5 is a very large
number, so the integral of Eq. (6) within one pixel (about several tens of microns) can be approximated as a

Gaussian integral. Therefore u(z,<) in Eq. (6) can be approximated as

u(z,¢) ~

T 212202 .
x exp | —i— an exp | —im
n

Azl + 29

Substituting Eq. (9) into Eq. (5), one obtains

1 21 29 . z1 Z2 .7T(<—90)2
T+ —¢ || exp1i® T+ —¢ exp |[i————
\/Zl+22f|:21+22< 21 )] p{ {21—1—22( 21 )}} p[A21+22

2129 n2> [ 2 zin < 29 )]
— | exp |[i— T+ —¢—2z . 9
21 + 22 p? p1 21+ 22 21 2% ©)

I(z) = / L)L (x n Zg) d¢ = I(z) = Ii(z), (10)

where

1 21T 2T zn
Ii(x) = 2 by exp |i— Tr—z 11
( ) Zl+22f <21+2’2>zn: pl:plzl+22( 280) ( )

is the intensity in the z, plane, generated by an ideal
x-ray point source at ¢ = 0 on the z = 0 plane;

I(z) = IS( - g) (12)

is the point spread function of this imaging system,
and it is also considered to be the pinhole image of
the x-ray source in the zo plane;

e ¥

ni—nz=nn

Az1zo (nf —nj)
21+ 22 P% .

A, Gy, €XP l—iﬂ'

(13)

When irradiated by a spherical x-ray wave, the

fractional Talbot distances of the phase grating can
be chosen as

w= T (14)
Z1 — RT
where
»i
zT:m2n2)\, m=1,3,..., (15)

are the fractional Talbot distances in the situation of
plane x-ray wave illumination. The period of the in-
terference fringes is

21+ 29
p= p1, (16)
2’11’}

where n = 2 if a 7 phase modulation grating is used
and n = 1 if a 7/2 phase modulation grating is
adopted.[2:3:12]

Equation (10) indicates that the intensity in the
Talbot self-image plane when illuminated by an ex-
tended x-ray source is the convolution of the interfer-
ence intensity created by an ideal point x-ray source
and a pinhole image of the extended x-ray source. If
the width of the pinhole image w, is smaller than
p, there will still be interference fringes in the self-
imaging plane.

The absorption grating whose period is identical
to that of the interference pattern with the intensity

transmission function

T (x) = Xn: Cn €XD (iifnx), (17)

is set to be in the fractional Talbot plane as a transmis-
sion mask. Scanning the lateral position x, of one of
the gratings (here the absorption grating), the trans-
mitted intensity recorded by the detector with a pixel
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size of several tens of micrometers is
z
I(X,z,) = /Is(g)li <X + ;g,xg> dg, (18)
1

where

21
21+ 29

I (X, 2g) = f? ( X) S (vg +220) (19

is the intensity generated by an ideal x-ray source at
¢ = 0 in the detector plane, and

1
Si = b bpc_n
(xg) P [ oCo + ;) c

X exp (12ang> } (20)

is the intensity in the detector plane when illuminated

by x-rays produced from an ideal point source without
the sample in the beam.

As indicated by Eq. (20), S; (zg) is unrelated to
the detector coordinate X and it reflects the rela-
tionship between the intensity of each pixel and the
scanning position of the absorption grating. There-
fore there will be intensity curves in each pixel when
the absorption grating scans along the lateral direc-
tion with and without the objects in the beam, which
are referred to as “shifting curves” whose expressions
are given by Eq. (18). Equation (19) indicates that
an object in the beam makes a lateral shift zop of the
shifting curve.

Calculating the integral in Eq. (18), the expres-
sion of shifting curve can also be given by trigonomet-

ric series

X Z Br, cos [an (g + 224,0):| ; (21)

where 3, denotes the coefficient of the n-th order in
the case of the extended x-ray source.

The shifting curve without object in the optical
path is given by the following equation:

So (zg) = zn: B cos (27;"%) (22)

3. Methods to extract refraction

angle in grating interferometry

Both the PS method and the SC method are
based on detecting the refraction angle of the x-ray
passing through a phase object.

3.1. Phase-stepping method

The PS method relies on the approximation that
the shifting curve is a sinusoidal curve by keeping only
the first term of the summation of Eq. (21), so that
equation (21) can be rewritten as

I(X,xg)=f2< aX )

21+ 29

x {50 4 By cos [2; (g + zggo)} } o

An object upstream of the phase grating will
cause a lateral displacement of the shifting curve in
each pixel. When the absorption grating scans over
one period along the x direction with and without
objects in the beam, images are taken at each scan-
ning position to determine the lateral shift of the
shifting curves, and therefore the refraction angle in-
duced by the object can be extracted by the following
equation:?]

» M &
— k _ i
Y= 27T22{arg[g 1 exp( 27T1M>:|

k=1

— arg {i I} exp (—2771]@” } (24)

k=1

where M > 3 is the number of scanning positions;
I* and I¥ are the images acquired at the k-th scan-
ning position with and without objects in the beam,

respectively.

3.2. Shifting curve method

From Egs. (21) and (22) it follows that the shift-
ing curve with an object in the beam can be expressed
as

21

I(X,zq) = f? ( X) So (zg + 2200) . (25)

21 + 29

The shifting curve Sy (z,) without an object in
the beam with a profile of a periodic sinusoidal-like
curve as shown in Fig. 2 can be considered to be a
reference shifting curve compared with that with an
object in the beam.

Equation (25) has a similar form to the diffrac-
tion enhanced imaging (DEI) equation in Refs. [23]-
[26]. Therefore, we can develop a similar method to
extract refraction angle based on the shifting curve in

grating interferometric imaging.[m]
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Fig. 2. Shifting curves of Gaussian x-ray with three dif-
ferent coherence lengths, i.e. lc = mpi/n (solid line),
lc = 2mp1/n (dash line), and I = 4mp1/n (dash-dot line)
in the m-th self-image plane. The dot line is the shifting
curve of an ideal point source for which I — 4oc0.

The slopes of the shifting curves are steepest at

the scanning points where the values of the shifting
curves are equal to half the sum of maximum and min-
imum which is referred to as “half slopes”, and small
Z2(p can cause observable change in intensity at these
positions.

In order to acquire the phase signal of an object,
we need to take images at both left and right half
slopes of the reference shifting curve over one period.
As there are large ranges of linearity in the vicinity
of these half slopes, the values of the shifting curve
at —xg/4 + 2o and xg/4 + 22 with ¢ < p/4z, can
be replaced with the corresponding first order Taylor
expansion, and therefore the refraction angle can be
extracted from the left-slope image and the right-slope

image by using the following equation:[**

4 dzg

where I, and Ir denote the intensity of the left- and
right-slope images, respectively.

4. Comparative analysis of these
two methods to extract refrac-

tion angle

4.1. The x-ray doses

The PS method requires collecting three or more
images at different scanning positions of the absorp-
tion grating while the SC method requires only two
images taken at the left and right half-slopes. The x-
ray dose delivered to the object in the PS method is
M /2 times more than that in the SC method.

4.2. Alignment and stability

The issue of alignment concerns the parallelisms
of the planes and the lines of the gratings. The for-
mer is easily solved and not a problem considered in
grating interferometry, and the latter is referred to as
angular alignment.

In the PS method, the angular misalignment 6 of
these two gratings about the optical axis which will
cause the moiré fringe to exert no significant effect on

" (n D)

the extraction of refraction angle with § < 1, since
the effect of moiré fringes in the image will cancel out
in the subtraction of the background image.

The mechanical stability of one grating relative to
the other is required to be reduced down to a length-
scale of approximately one-tenth of the period p, and
the same length-scale is also required for the accu-
racy of the transverse grating motion used in the PS
method. %]

Nonetheless, for the SC method, the two grat-
ings must be well aligned since it requires collecting
images with the absorption grating tuned to two posi-
tions which correspond to the half slopes of the shift-
ing curves of all the object pixels, and the angular
misalignment 6 must not exceed p/4Y’, where Y is the
width of the field of view in the direction along the
grating lines.

4.3. Qualities of refraction image

The PS method, which calculates the refraction
angle by measuring the displacement of the shifting
curves, is not sensitive to the refraction angle ¢ that is
much smaller than p/4z5 because the shifting curve is
determined from the M images over one scanning pe-
riod by sine curve fitting. The refractive angle within
a range of (—p/2z2, p/2z2) can be directly extracted
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from Eq. (24), while the angle out of (—p/2z2, p/2z3)
can be obtained through an additional phase unwrap-
ping algorithm.

On the other hand, as the images are always taken
at half slopes of the reference shifting curves in the SC
method, even a small refraction angle can cause ob-
servable intensity change because of the steep slopes,
which makes the SC method very sensitive to the an-
gle within the linearity range in the vicinity of the
half slopes. If the refractive angle is out of the lin-
earity range but within a range of (—p/4za, p/422),
equation (26) may give a result with some tolerable
error due to the first Taylor approximation of the shift-
ing curve. If the refraction angle is out of the range
(—p/4z2, p/4z2), however, equation (26) may give a
qualitative result.

4.4. Requirement for coherence

To ensure a considerable visibility of the interfer-
ence fringes in the m-th self-image plane, the width of
the pinhole image of the extended source in the m-th
self-image plane wy, must not be larger than p/2, i.e.
the lateral coherence length of the incident x-ray I
must satisfy the condition

le> Zpy. (27)
n

In the PS method the shifting curve is assumed

to be sinusoidal, so other terms (higher orders) ex-
cept the first one of the summation in Eq. (21) may
induce errors in the result. The higher orders except
those corresponding to n = 1+ gM, where ¢ is a non-
zero integer, will not contribute to the result since the
summation in Eq. (24) of each of these terms returns
to zero.[* Also, the effects of the terms corresponding
to n = 14 ¢M can be cancelled when the coherence

Appendix

The summation of

Za ex 1217132’ exp (i——2'%) ex —i2—ﬂga:' ex ii(aj—x’)Q
" n OXP P1 P )\21 P )\Zl P )\22

in Eq. (6) can be rewritten as

2r [ 2? 2122 G2
expyl— |m———F——— | =
P A 222 2 (21 + 22) Z%

1

length [, of the incident x-ray is limited by
le < ——p1- (28)

The SC method relies mainly on the magnitude
of the slope at and the linearity range in the vicinity
of the half slopes of the shifting curve, which are de-
termined by the coherence length of the incident x-ray
wave.

Figure 2 shows the shifting curves for incident x-
rays with different coherence lengths. As shown in
Fig. 2, the larger the coherence length of the incident
x-ray is, the larger the magnitude of the slope and the
linearity range will be, which means that it is more
sensitive to refraction angle. However, when the co-
herence length is larger than 4mp; /7, the increase in
coherence length does not result in significant change
in the slope and the mentioned linearity range.

5. Conclusion

A complete comparative analysis of two methods
to extract the refraction angle in grating interfero-
metric imaging, namely the PS method and the SC
method, is given in this paper. The former requires
the collection of three or more images at different scan-
ning positions of the absorption grating and can work
with a poorly aligned setup and an unstable system
but insensitively to angles much smaller than p/4zs.
On the other hand, the latter requires only two im-
ages and thus reduces the dose delivered to the sample
which is a key advantage for biomedical application
even though it strongly requires the perfection and
strict alignment of the two gratings and the stability
of the imaging system. Meanwhile, it is sensitive to
even a very small angle and it is thus able to reveal
fine structures.

(A1)

X

2
ST
z5 Z1%72

2
2T, .Tz1+22 |, 2129 x S
XE A, €X 1—nx ) ex 1— xr — — 4 — .
- " p(l’ ) p{)\ 2122 z1+ 22 \22 21
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The first term in expression (A2) does not contain z’, so it can be moved out of the integral sign in Eq. (6),

meanwhile the third term explicates the Fresnel integral of Eq. (6), suggesting that @ (z’) can be expanded in
the vicinity of [21/(z1 + 22)][z + (22/21)s].
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