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Geometric phases and quantum phase transitions in
inhomogeneous XY spin-chains: Effect of the
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We study geometric phases of the ground states of inhomogeneous XY spin chains in transverse fields with

Dzyaloshinski–Moriya (DM) interaction, and investigate the effect of the DM interaction on the quantum phase tran-

sition (QPT) of such spin chains. The results show that the DM interaction could influence the distribution of the

regions of QPTs but could not produce new critical points for the spin-chain. This study extends the relation between

geometric phases and QPTs.
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1. Introduction

Quantum phase transitions (QPTs), originating

from quantum fluctuations at zero temperature in

many-body systems, have been one of the most in-

teresting topics of strongly correlated systems in re-

cent years, and have drawn considerable interest in

various fields of physics.[1] QPTs are characterized by

dramatic changes in the ground-state properties of a

many-body system. The traditional order parameter

and symmetry breaking within the Landau–Ginzburg

paradigm cannot describe completely the properties of

the ground state of many-body system. Recently, the

approaches to QPTs based on the concept of quantum

information have been put forward, especially by the

structure of the system’s ground state.

The phase factor of a wave function is the source

of all interference phenomena and one of the most fun-

damental concepts in quantum physics. Since Berry

discovered that a system may gain a pure phase re-

lated to the geometric backgrounds of the parameters

of the Hamiltonian,[2] geometric phases in quantum

mechanics have been an important subject of theoret-

ical and experimental investigations.[3−11] Recently,

geometric phases have been used in quantum infor-

mation theory, and have been suggested as an impor-

tant tool to detect regions of criticality without hav-

ing to undergo a QPT.[12−15] The fidelity, which de-

scribes a distance between two given quantum states

with slightly different values of parameters, can also

be used to characterize drastic changes in quantum

states when systems undergo QPTs.[16,17] The fidelity

of two states vanishes due to irrelevant local informa-

tion in the same phase or relevant long distance in-

formation in different phases.[18] Actually, the above

two approaches of fidelity and geometric phase have

been pointed out to share the same origin and can

be unified.[19] Progress based on the ground state fi-

delity has also been put forward, such as differen-

tial geometric theory[20] and fidelity susceptibility.[21]

Other progress of QPTs has also been put forward

consequently, such as the relation between QPTs and

entanglement,[22−27] as well as the properties of aux-

iliary particles,[28−32] etc.

In these studies, the exactly solvable one-

dimensional XY spin chains have attracted much at-

tention; however, the one-dimensional spin chain with

Dzyaloshinski–Moriya (DM) anisotropic antisymmet-

ric interaction has rarely been considered.[33−35] The

DM coupling describes an extended superexchange

mechanism interaction by considering a term arising

naturally in the perturbation theory due to the spin–

orbit coupling,[36−39] which will arise from the weak

intermolecular interactions. Nevertheless, DM inter-

action has been considered in studying the bipartite

system and three-particle entanglements,[40−43] which

shows that DM coupling may play an important role

in the system’s property. Since the DM anisotropic
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antisymmetric interaction may make the spin-chain’s

antisymmetric states and change their critical prop-

erties, it is useful to discuss this model. However,

in the homogeneous Ising spin chain or the XY spin-

chain, the DM anisotropic antisymmetric interaction

can only change the energy level and could not af-

fect the critical structure of the system. This result

motivates us to consider the case of an inhomogeneous

spin chain.[15] The inhomogeneous spin-chain has been

studied in many ways, but the DM interaction has not

been considered yet.

In this paper, we shall consider the inhomoge-

neous XY spin-chain in transverse fields with the

Dzyaloshinski–Moriya (DM) anisotropic antisymmet-

ric interaction, and establish the relation between the

geometric phases of the ground state and the QPTs of

this spin-chain. The effect of the DM interaction on

the QPTs of the spin-chain will be obtained by this

study.

2. Solution of the inhomoge-

neous XY spin chains with the

Dzyaloshinski Moriya interac-

tion

We consider a one-dimensional inhomogeneous

spin-1/2 XY chain with the DM interaction in an ex-

ternal magnetic transverse field, and this spin-chain

consists of N cells with two sites in each cell (see

Fig. 1). Such a spin chain can be described by

H = HXY +HD,

HXY = −
N∑
l=1

{Ja(1 + γa)σ
x
l,aσ

x
l,b + Ja(1− γa)σ

y
l,aσ

y
l,b

+ Jb(1 + γb)σ
x
l,bσ

x
l+1,a + Jb(1− γb)σ

y
l,bσ

y
l+1,a

+ λ(σz
l,a + σz

l,b)},

HD = −
N∑
l=1

[Da · (σl,a × σl,b)

+Db · (σl,b × σl+1,a)], (1)

where HXY is the Hamiltonian of the inhomogeneous

XY spin-chain, σx
l , σ

y
l and σz

l are the Pauli operators

act on the l-th site. Ja and Jb are coupling strengths of

the spin coupling, while γa and γb are anisotropic pa-

rameters of the spin coupling in the cell and between

the cells respectively. λ is the strength of the trans-

verse magnetic field. The Hamiltonian HXY encom-

passes several other Hamiltonians of spin-chain mod-

els, such as the Ising model in a transverse field in

the case of Ja = Jb and γa = γb = 1, the XY model

in the case of Ja = Jb and 0 ≤ γa = γb ≤ 1, etc.

HD describes the DM interaction in the spin chain,

and in the case of the vector D along the z axis, i.e.,

D = Dz, the DM interaction term can be simplified

as

HD = −
N∑
l=1

[Da(σ
x
l,aσ

y
l,b − σy

l,aσ
x
l,b)

+Db(σ
x
l,bσ

y
l+1,a − σy

l,bσ
x
l+1,a)]. (2)

The periodic boundary condition of the spin chain

is assumed in the following study, σi
N+1,m = σi

1,m

(i = x, y, z;m = a, b), and the lattice parameter is

2a.

Fig. 1. The period-two inhomogeneous chain.

The Hamiltonian (1) of the system may be diag-

onalized by means of Jordan–Wigner transformation,

i.e., σz
l,a = 1− 2c†l,acl,a,

σ+
l,a =

[∏
l<l′

∏
m′=a,b

(1− 2c†l′,m′cl′,m′)
]
cl,a,

σ+
l,b =

[∏
l<l′

∏
m′=a,b

(1− 2c†l′,m′cl′,m′)
]
(1− 2c†l,acl,a)cl,b,

(3)

which maps spins to one-dimensional spinless

fermions. In the above expression, σ±
j = (σx

j ± iσ
y
j )/2.

After Jordan–Wigner transformation, the Hamilto-

nian will be transformed to

H = −
∑
l

[−2(Ja + iDa)cl,ac
†
l,b + 2(Ja − iDa)c

†
l,acl,b + 2Jaγa(c

†
l,ac

†
l,b − cl,acl,b) + λ(1− 2c†l,acl,a)

− 2(Jb + iDb)cl,bc
†
l+1,a + 2(Jb − iDb)c

†
l,bcl+1,a + 2Jbγb(c

†
l,bc

†
l+1,a − cl,bcl+1,a) + λ(1− 2c†l,bcl,b)]. (4)

Then, using the Fourier transformation,
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cl,a =
1√
N

M∑
k=−M

ei kRlaak, cl,b =
1√
N

M∑
k=−M

ei k(Rla+a)bk (5)

with M = (N − 1)/2, in momentum space, the Hamiltonian can be written as

H = −
∑
k

[
2(Ja + iDa)e

− i kab†kak + 2(Ja − iDa)e
i kaa†kbk

− 2Jaγa(e
i kaa−kbk + e− i kab†ka

†
−k) + λ(1− 2a†kak)

+ 2(Jb + iDb)e
− i kaa†kbk + 2(Jb − iDb)e

i kab†kak

− 2Jbγb(e
i kab−kak + e− i kaa†kb

†
−k) + λ(1− 2b†kbk)

]
. (6)

The above Hamiltonian has a quadratic form in

fermion operators and can be exactly diagonalized by

the following procedure. Obviously, the above Hamil-

tonian can be expressed as H =
∑

k Γ
†
kMkΓk, where

Γ †
k = (a†k, a−k, b

†
k, b−k) and Mk is a Hermitian matrix,

i.e.,

M =


λ 0 −Ak

1
2Bk

0 −λ 1
2Bk 0

−A∗
k − 1

2B
∗
k λ 0

−1
2B

∗
k 0 0 −λ

 , (7)

where Ak and Bk are defined as Ak = 2(Ja −
iDa)ei

ka + 2(Jb + iDb)2e
− i ka, Bk = −2Jaγaei

ka +

2Jbγbe
− i ka. Then, we can use a unitary transforma-

tion Uk and insert I = U†
kUk in the Hamiltonian which

may transform the matrix Mk into a diagonal one,

M ′
k = UkMkU

†
k . Then the Hamiltonian can be ex-

pressed as

H =
∑
k

Γ †
kU

†
kUkMkU

†
kUkΓk =

∑
k

Γ
′†
k M ′

kΓ
′
k, (8)

and non-zero diagonal terms of M ′
k are also the eigen-

values of the matrix Mk, which can be worked out

as

ξk,1 = −1

2
|Ak| −

1

2

√
(2λ− |Ak|)2 + |Bk|2,

ξk,2 = −1

2
|Ak|+

1

2

√
(2λ− |Ak|)2 + |Bk|2,

ξk,3 = +
1

2
|Ak| −

1

2

√
(2λ+ |Ak|)2 + |Bk|2,

ξk,4 = +
1

2
|Ak|+

1

2

√
(2λ+ |Ak|)2 + |Bk|2, (9)

where we have defined

|Ak| = 2(J2
a + J2

b + 2JaJb cos 2ka

+D2
a +D2

b + 2DaDb cos 2ka

+ 2JaDb sin 2ka− 2DaJb sin 2ka)
1/2,

|Bk| = 2
√
J2
aγ

2
a + J2

b γ
2
b − 2JaJbγaγb cos 2ka.

(10)

The element of the new vector Γ
′†
k =

(γ†
1,k, γ

†
2,k, γ

†
3,k, γ

†
4,k) can be described by the trans-

formation Γ ′
k = UkΓk. This transformation can be

looked at as a generalization of Bogoliubov transfor-

mation,


γk,1

γk,2

γk,3

γk,4

 =
1√
2


eiφ

A
k sin αk

2 eiφ
B
k cos αk

2 sin αk

2 −ei(φ
A
k −φB

k ) cos αk

2

cos αk

2 −e− i(φ
A
k −φB

k ) sin αk

2 e− iφ
A
k cos αk

2 e− iφ
B
k sin αk

2

−eiφ
A
k sin βk

2 eiφ
B
k cos βk

2 sin βk

2 ei(φ
A
k −φB

k ) cos βk

2

− cos βk

2 −e− i(φ
A
k −φB

k ) sin βk

2 e− iφ
A
k cos βk

2 −e− iφ
B
k sin βk

2




ak

a†−k

bk

b†−k

 . (11)

In the above expressions, we have defined

cosαk =
2λ− |Ak|√

(2λ− |Ak|)2 + |Bk|2
, cosβk =

2λ+ |Ak|√
(2λ+ |Ak|)2 + |Bk|2

, (12)

and φA
k = argAk, φ

B
k = argBk.

To this end, we have obtained the diagonalization of the Hamiltonian as

H =
∑

i=1,2,3,4

∑
k

ξk,i

(
γ†
k,iγk,i −

1

2

)
. (13)
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The energy spectrum ξk,2 ≥ 0, ξk,4 ≥ 0 and ξk,1 ≤ 0, ξk,3 ≤ 0, thus the state which satisfies γk,1|G⟩ = 0,

γ†
k,2|G⟩ = 0, γk,3|G⟩ = 0, γ†

k,4|G⟩ = 0, will correspond to the lowest energy, i.e., the ground state |G⟩, which
consists of occupied fermions ξk,1 and ξk,3 but no ξk,2 and ξk,4 fermions. Thus, the ground state of the system

may be expressed as

|G⟩= 1√
C

∏
k>0

(γ†
−k,1γ

†
k,1γ−k,2γk,2γ

†
−k,3γ

†
k,3γ−k,4γk,4)|0⟩a|0⟩b, (14)

where |0⟩a and |0⟩b are the vacuum states of the

fermion operators a and b, and the corresponding

ground state energy is given by

E0 =
∑
k

(ξk,1 + ξk,3). (15)

It is easy to verify that in the case of Ja = Jb,

γa = γb and Da = Db = 0, the above diagonalization

will be reduced to the usual result of the homogeneous

Ising spin-chain.[1] In the case of no DM interaction,

the spin chain has been studied systematically.[44,45,15]

In Ref. [15], the geometric phase has been used to dis-

cuss the property of QPTs of the inhomogeneous pe-

riodic XY spin chain. In the following study, we will

also use the geometric phase[12,13] approach of QPTs

to study the effect of the DM interaction in the sys-

tem.

3. Geometric phase obtained by a

cyclic rotation

In order to investigate the geometric phase in this

system, we use a new family of Hamiltonians that can

be described by applying a rotation of ϕ around the

z direction to each spin as in the method in Refs. [12]

and [13], i.e.,

Hϕ = gϕHg†ϕ (16)

with gϕ =
∏M

j=−M exp(iϕσz
j /2). The corresponding

ground state of the new Hamiltonian may be obtained

as

|Gϕ⟩ = gϕ|G⟩. (17)

The geometric phase of the ground state accumu-

lated by adiabatically varying the angle ϕ from 0 to

π,

βg = − i

M

∫ π

0

⟨Gϕ|
∂

∂ϕ
|Gϕ⟩dϕ,

can be found to be

βg =
π

M
⟨G|

∑
l

(σz
l,a + σz

l,b)|G⟩

=
π

M
⟨G|

∑
k>0

(2− a†kak − a†−ka−k

− b†kbk − b†−kb−k)|G⟩. (18)

The above expression can be worked out with the help

of the inverse matrix of Uk, Γk = U−1Γ ′
k, and U−1

k can

be expressed as

U−1
k =

1√
2


e− iφ

A
k sin αk

2 cos αk

2 −e− iφ
A
k sin βk

2 − cos βk

2

e− iφ
B
k cos αk

2 −ei(φ
A
k −φB

k ) sin αk

2 e− iφ
B
k cos βk

2 −ei(φ
A
k −φB

k ) sin βk

2

sin αk

2 eiφ
A
k cos αk

2 sin βk

2 eiφ
A
k cos βk

2

−e− i(φ
A
k −φB

k ) cos αk

2 eiφ
B
k sin αk

2 e− i(φ
A
k −φB

k ) cos βk

2 −eiφ
B
k sin βk

2

 . (19)

Substituting the above expression (19) into the geometric phase expression (18) and noting that γk,1|G⟩ =

0, γ†
k,2|G⟩ = 0, γk,3|G⟩ = 0, and γ†

k,4|G⟩ = 0, we finally obtained the geometric phase of the ground state,

βg =
π

M

∑
k>0

(cosαk + cosβk). (20)

By this expression, we can numberically study the effect of the DM interaction on the geometric phase of the

ground state. It has been pointed out in Ref. [13] that the derivative of the geometric phase with respect to the

field strength could reflect the typical features of quantum criticality. In the following numerical studies, we will

focus on the properties of the derivative of the geometric phase ∂βg/∂λ as a function of different parameters in

the Hamiltonian.
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In Fig. 2, we plotted the derivative of the geometric phase as a function of λ and κJ = Jb/Ja = κD = Db/Da,

where we have set N = 501, γa = γb = 1, i.e., the case of the Ising interaction. Comparing figures (a) and

(b) in Fig. 2, we can find that the DM interaction could change the region of critical points, but it could not

produce new critical points. This result is consistent with the case of a homogeneous chain, where the DM

interaction can only change the energy level of the system but could not change the energy structure.[46,47] The

DM interaction in the homogeneous chain will not change the Bogoliubov transformation parameter and could

not affect the structure of QPTs,[47] while in the inhomogeneous case, the structure of QPTs has been changed.

This effect can also be found in the case of fixed DM interaction Da = Db = 1, which has been shown in Fig. 3,

and we can compare the case of existence of DM interaction with the case of absent DM interaction. The DM

interaction could change the region of the critical point.

Fig. 2. The derivative of the geometric phase ∂βg/∂λ versus the transverse strength λ and the inhomogeneous parameter

κJ of the chain. (a) κJ = Ja/Jb, Da = Db = 0, Ja = 1; (b) κJ = Jb/Ja = κD = Db/Da, Ja = 1, Da = 1. The other

parameters have been set as γa = γb = 1, and N = 501.

Fig. 3. The derivative of geometric phase versus the transverse strength λ and κJ , where N = 501, κJ = Jb/Ja,

γa = γb = 1. (a) Da = Db = 0; (b) Da = Db = 1.

We can find the effect of the DM interaction more clearly from Fig. 4, where we have chosen the case of

fixed Ja and Jb, and plot the geometric phase as a function of κD = Da/Db and the strength of the transverse

field λ with fixed κJ = Ja/Jb = 1 and γa = γb = 1. As the figures show, the peak of the curves of geometric

phase will change with κ. But in all these cases, we can find that the DM interaction cannot introduce new

critical points.

In the case of XY interaction, we can also study the geometric phase and the critical phenomenon with DM

interaction, as was shown in Fig. 5, where we have plotted the case of different anisotropy parameters γa(γb)

and Da(Db). It has been pointed out in Ref. [15] that the inhomogeneous XY spin chain may exist two quantum

phase transition points in some parameter regions, which is quite different from those of the homogeneous Ising

model or XY model. In Fig. 5, the effect of DM interaction on the two QPT points can be shown clearly in

the derivative of the geometric phase. From Figs. 5(a)–5(d), we consider different kinds of DM interactions,
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and it has been clearly shown that, when the DM interaction is added, the transverse field should be stronger

and when the QPTs of the system happen, the distance between the two critical points will be shortened. This

effect tells us that the DM interaction may influence the energy structure of the system. Unlike the case of the

homogeneous spin chain where DM interaction only changes the energy level and does not change the coefficients

of the Bogoliubov transformation,[47] both the energy level and the coefficient of Bogoliubov transformation of

the inhomogeneous spin chain will be affected by DM interaction.

Fig. 4. Geometric phase (a) and its derivative (b) versus the transverse strength λ and κD. The other parameters have

been set as N = 501, Ja = Jb = 1, Da = 0.5, κD = Db/Da, γa = γb = 1.

Fig. 5. The derivative of geometric phase versus λ and γ. (a) Da = Db = 0; (b) Da = 0.5, Db = 0.5; (c) Da =

0.5, Db = 1.0; (d) Da = Db = 1. The other parameters have been set as N = 501, Ja = 1, Jb = 0.5, γ = γa = γb.

4. Conclusion

In summary, we have studied the geometric phases of the ground states of inhomogeneous XY spin chains in

transverse fields with the DM interaction in this paper. By this approach, we have obtained general properties

of QPTs for the model, and have shown that the DM interaction may change the location of the critical region

while it could not introduce any new critical points of the spin chain. This result is also an extension of the

study on the relation between geometric phase and QPTs in one-dimensional spin chains.
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