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This paper presents the finding of a novel chaotic system with one source and two saddle-foci in a simple three-

dimensional (3D) autonomous continuous time Hopfield neural network. In particular, the system with one source

and two saddle-foci has a chaotic attractor and a periodic attractor with different initial points, which has rarely been

reported in 3D autonomous systems. The complex dynamical behaviours of the system are further investigated by

means of a Lyapunov exponent spectrum, phase portraits and bifurcation analysis. By virtue of a result of horseshoe

theory in dynamical systems, this paper presents rigorous computer-assisted verifications for the existence of a horseshoe

in the system for a certain parameter.
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1. Introduction

Since the first remarkable autonomous chaotic

system[1] was found by Lorenz in 1963, more and more

chaotic phenomena have been found in many research

fields. More and more researchers have paid great at-

tention to generating chaos and analysing the dynam-

ics of chaotic systems, such as the Chen system,[2]

the Lü system,[3] and so on.[4−11] Moreover, practi-

cal applications have given rise to many new and at-

tractive research topics, such as chaos control, chaos

synchronization and circuit realization.[12−19] Chaos

has been observed in many neural networks, such as

discrete time neural networks, time delay neural net-

works, and continuous neural networks. A Hopfield

neural network,[20] abstracted from brain dynamics, is

a significant artificial neural network which is able to

store certain memories or patterns in a manner rather

similar to the brain. Chaos and hyperchaos have been

found in autonomous continuous time Hopfield neural

networks.[21−26] However, it is not easy to find chaos in

three-dimensional (3D) autonomous continuous time

Hopfield neural networks.

In this paper we show chaos in the following sim-

plified low dimensional autonomous continuous time

Hopfield neural networks:

Ci
dxi

dt
= − xi

Ri
+

n∑
j=1

wijvj + Ii,

i = 1, 2, . . . , n,

vi = fi(xi), (1)

where fi is a monotone differentiable function

bounded above and below. W = wij is an n × n

matrix, called a weight matrix or connection matrix

describing the strength of connections between neu-

rons.

The organization of the paper is as follows. In

Section 2, we present the model of the novel 3D au-

tonomous system and analyse its basic properties.

The evolution process analysis, by means of the Lya-

punov exponent spectrum, phase portraits and bifur-

cation analysis, is investigated in Section 3, where de-

tailed numerical simulation studies are given. Further-

more, in Section 4, we give rigorous computer-assisted

verifications for the existence of a horseshoe embed-

ded in the chaotic attractor of the system for a certain

parameter. Finally, we briefly summarize the results

and give a conclusion in Section 5.
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2. System description and its ba-

sic properties

In this section, we will study a simplified Hopfield

neural network. The dynamic of this system can be

described by the following ordinary differential equa-

tions:

ẋi = −xi +

3∑
j=1

wijvj ,

i = 1, 2, 3,

vi = tanh(xi) =
exi − e−xi

exi + e−xi
, (2)

where W = (wij) is a 3× 3 matrix, which is

W =


w11 w12 w13

w21 w22 w23

w31 w32 w33

 , (3)

The topological connection of the weight matrix

W is illustrated in Fig. 1.

Fig. 1. The topological connection.

It is symmetrical with respect to the origin of

coordinate, and S1 = (0, 0, 0) is obviously an equi-

librium point. Specifically, we consider the following

connection matrix:

W =


1 −6 4

p 3.5 −1

−1 4 1.5

 , (4)

where p is an adjustable parameter. In this paper,

we investigate the dynamics of system (2) with the

connection matrix (4), and consider the case that the

parameter p varies in the range [1.9, 2.4].

Linearizing system (2) at the zero equilibrium

point S1 yields the Jacobian matrix:

J =


0 −6 4

p 2.5 −1

−1 4 0.5

 (5)

and its characteristic equation is

f(λ) = λ3 − 3λ2 + (9.25 + 6p)λ− (4 + 19p)

= 0. (6)

According to the relationship between roots and

coefficients of a polynomial, we can prove that all of

the roots of Eq. (6) have positive real parts for

p ∈ (−4/19, 95/4).

That is, the equilibrium S1 is a source.

The stabilities of the two nonzero equilibria which

can be calculated via numerical computation for a cer-

tain parameter p will be discussed in the next section.

3. The evolution processes of the

new system and bifurcation

analysis

In this section, we use the numerical computa-

tion and basic bifurcation analysis to investigate the

dynamical behaviours of system (2) with the connec-

tion matrix (4). As will be shown in the following,

the dynamic behaviour of the system is very rich for

p ∈ [1.9, 2.4].

When the system evolves with initial point

(1, 1, 1), the Lyapunov exponent spectrum and the

corresponding bifurcation diagram of the variable x1

with respect to p are given in Figs. 2(a) and 2(b) re-

spectively. When the system evolves with initial point

(1, − 1, 1), the corresponding bifurcation diagram of

the variable x1 with respect to p are given in Fig. 2(c).

From Figs. 2(a) and 2(b), it can be observed that

the bifurcation diagram coincides well with the Lya-

punov exponent spectrum. We can find that system

(2) with initial point (1, 1, 1) can be periodic and a

chaotic attractor when varying p. But one can find

that system (2) with initial point (1, −1, 1) only has

a periodic attractor when varying p from Fig. 2(c).

Phase portraits of certain parameters are shown in

Fig. 3.

For p = 1.95, one limit cycle is found with differ-

ent initial points, as illustrated in Fig. 3(a).
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Fig. 2. Lyapunov exponent spectrum and bifurcation diagram vs. p: (a) Lyapunov exponent spectrum with initial point

(1, 1, 1); (b) bifurcation diagram of x1 with initial point (1, 1, 1); (c) bifurcation diagram of x1 with initial point (1, −
1, 1).

Fig. 3. The phase portraits of system (2) with different parameters p.
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For p = 1.99, two chaotic attractors illustrated

in Fig. 3(b) are found with two different initial points

±(1, 1, 1), and one limit cycle is found with initial

point (1, − 1, 1). Now the two nonzero equilibria of

system (2) are ±(−0.2732, 0.8064, 4.4365). Lineariz-

ing system (2) at these two equilibria points yields the

Jacobian matrix:

J =


−0.0711 −3.3260 0.0022

1.8486 0.9402 −0.0006

−0.9289 2.2174 −0.9992

 , (7)

and its characteristic roots are

λ1,2 = 0.4338± 2.4277i, λ3 = −0.9976.

That is, these two equilibria are unstable saddle-foci.

For p = 2.06, two period-four limit cycles illus-

trated in Fig. 3(c) are found with two different initial

points ±(1, 1, 1), and another limit cycle is found

with initial point (1, − 1, 1).

For p = 2.1, two period-two limit cycles illus-

trated in Fig. 3(d) are found with two different initial

points ±(1, 1, 1), and another limit cycle is found

with initial point (1, − 1, 1).

For p = 2.3, only two limit cycles illustrated in

Fig. 3(e) are found with two different initial points

±(1, 1, 1), or with initial points ±(1, − 1, 1).

Observing the bifurcation diagram and phase por-

traits, it can be concluded that there exists a period-

doubling bifurcation process in system (2) with initial

points (1, 1, 1). Also, the bifurcation point which is

just the discontinuity point in Fig. 2(c) is p = 2.2941.

It is very clear that there remains much to be done

from a bifurcation viewpoint.

4. Topological horseshoe

4.1.Review of the topological horseshoe

theorem

In this subsection, we recall a result on horseshoe

theory developed in Ref. [27], which is essential for

the rigorous verification of the existence of chaos in

system (2).

Let X be a metric space, D is a compact subset

of X, and f : D → X is a map satisfying the as-

sumption that there exist m mutually disjoint subsets

D1, . . . , Dm−1 and Dm of D, the restriction of f to

each Di, i.e. f |Di is continuous.

Definition 1 Let γ be a compact subset of D,

such that for each 1 ≤ i ≤ m, γi = γ∩Di is nonempty

and compact, then γ is called a connection with re-

spect to D1, . . . , Dm−1 and Dm. Let F be a family of

connections γ with respect to D1, . . . , Dm−1 and Dm

satisfies the following property:

γ ∈ F ⇒ f(γi) ∈ F.

Then F is said to be an f -connected family with

respect to D1, . . . , Dm−1 and Dm.

Theorem 1[27] Suppose that there exists an f -

connected family F with respect to D1, . . . , Dm−1

and Dm. Then there exists a compact invariant set

K ⊂ D, such that f |K is semi-conjugate to m-shift.

Here the semi-conjugacy is conventionally defined

as follows. If there exists a continuous and onto map

h : K → Σm,

such that h ◦ f = σ ◦ h, then f is said to be semi-

conjugate to σ, where σ is the m shift (map) and Σm

is the metric space of symbolic sequences to be defined

below. Let Sm = {0, 1, . . . ,m − 1} be a set of non-

negative successive integers from 0 to m− 1. Let Σm

be a collection of all bi-infinite sequences with their

elements of Σm, i.e. s ∈ Σm implies

s = {. . . , s−n, . . . , s−1, s0, s1, . . . , sn, . . .},
si ∈ Sm ∀i.

Now consider another sequence s̄ ∈ Σm

s̄ = {. . . , s̄−n, . . . , s̄−1, s̄0, s̄1, . . . , s̄n, . . .}, s̄i ∈ Sm ∀i,

we define the distance between s and s̄, denoted by

d(s, s̄), as follows:

d(s, s̄) =
∞∑
−∞

1

2|i|
|si − s̄i|

1 + |si − s̄i|
. (8)

With the distance defined as Eq. (8), Σm is a

metric space, and the reader can refer to Ref. [28] for

further explanation. The following result stated in

Lemma 1 is an important fact.

Lemma 1 Consider two dynamical systems

(X, f) and (Y, g). If (X, f) is semi-conjugate to (Y, g),

then the topological entropy of f is not less than that

of g, i.e.

ent(f) ≥ ent(g).

In particular, if there exists a compact invariant

set K ⊂ D, such that f |K is semi-conjugate to the

m shift σ, then

ent(f) ≥ ent(σ) = logm.

For the concept of topological entropy, the reader

can refer to Ref. [29].
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4.2.Horseshoe in system (2)

In this subsection, we will give the rigorous com-

puter assisted verification of chaos in system (2).

We let p = 1.99; system (2) has the attractor as

shown in Fig. 4 with initial point (1, 1, 1).

Fig. 4. The attractor of system (2) with parameter p =

1.99 and the cross section M .

Consider the cross section M = {(x1, x2, x3) ∈
R3 : x2 = 1}, as shown in Fig. 4. The corresponding

Poincaré map π is defined as follows:

π : M → M.

For each point x ∈ M , π(x) is the fourth return

intersection point with M under the flow of system

(2) with initial condition x. In this plane M , af-

ter a great many numerical simulations, we choose a

subset of M to be the quadrangle |ABCD| with its

vertices being A(−1.683, 1, 5.15), B(−1.669, 1, 5.1),

C(−1.6695, 1, 4.9) and D(−1.6835, 1, 4.95). Figure

5 is the quadrangle |ABCD| and its image under the

map π.

Fig. 5. The quadrangle |ABCD| and its image under the

map π.

Figures 5 indicates that under the map π, the

quadrangle |ABCD| is stretched and folded, and the

image of |ABCD| crosses the original quadrangle

|ABCD|, which is evidence of the existence of a horse-

shoe.

Now we expect to find two subsets of

|ABCD|, such that a π-connected family with

respect to them exists. By a great deal of

computer simulations, we find two subsets D1

and D2 of |ABCD|. The four vertices of D1

are G(−1.6705, 1, 5.1055), A(−1.683, 1, 5.15),

B(−1.669, 1, 5.1) and H(−1.6709, 1, 4.9050). The

four vertices of D2 are D(−1.6835, 1, 4.95),

E(−1.6805, 1, 5.1410), F (−1.6811, 1, 4.9415) and

C(−1.6695, 1, 4.9).

The subsets D1 and D2 of |ABCD| are shown in

Fig. 6. Under the Poincaré map π, D1 and D2 are

mapped to D′
1 and D′

2. Their vertices are mapped to

A′, B′, C ′, D′, E′, F ′, G′ and H ′ respectively. It is

easy to see from Fig. 6 that D′
1 and D′

2 cross D1 and

D2. That is to say, for every connection l with respect

to D′
1 and D′

2, the images π(l ∩D1) and π(l ∩D2) lie

wholly across the quadrangles D1 and D2. Then the

images π(l ∩ D1) and π(l ∩ D2) are still connections

with respect to D1 and D2. According to Definition 1

and Theorem 1, this means that the Poincaré map π

is semi-conjugate to the 2-shift map. Hence, based on

Lemma 1, we know that the entropy of the Poincaré

map π is not less than log 2, which means system (2)

has positive topological entropy.

Fig. 6. Two disjointed compact subsets D1, D2 and their

image D′
1, D

′
2.

5. Conclusion

In this paper, we have studied a simple 3D au-

tonomous continuous time Hopfield neural network as

described by system (2) with a parameter. In order to

study the complex dynamical behaviours of the sys-

tem, we have studied the Lyapunov exponent spec-

trum, phase portraits and bifurcation analysis. In par-

ticular, the system with one source and two saddle-foci
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has a chaotic attractor and a periodic attractor with

different initial points, which has rarely been reported

in 3D autonomous systems. To confirm the chaos ob-

served in system (2), we present rigorous computer-

assisted verifications for the existence of a horseshoe

in the system for a certain parameter.
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