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The synchronization of hyperchaotic Chen systems is considered. An adaptive synchronization approach and a

cascade adaptive synchronization approach are presented to synchronize a drive system and a response system. By

utilizing an adaptive controller based on the dynamic compensation mechanism, exact knowledge of the systems is not

necessarily required, and the synchronous speed is controllable by tuning the controller parameters. Sufficient conditions

for the asymptotic stability of the two synchronization schemes are derived. Numerical simulation results demonstrate

that the adaptive synchronization scheme with four control inputs and the cascade adaptive synchronization scheme

with only one control signal are effective and feasible in chaos synchronization of hyperchaotic systems.
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1. Introduction

Chaotic systems, a special kind of nonlinear sys-
tem, exhibit complex and unpredictable dynamic be-
haviours such as high sensitivity to initial conditions,
boundedness in the phase space, and existence of
at least one positive Lyapunov exponent. Chaos, a
nonlinear phenomenon, has been receiving a great
deal of attention from various fields during the past
decades. Hyperchaotic systems, compared with or-
dinary chaotic systems, have more than one posi-
tive Lyapunov exponent and clearly possess much
more complicated dynamics. Because of their high
complexity and pseudo randomness, hyperchaotic sys-
tems have been increasingly receiving much attention
in secure communication, information processing, bi-
ological engineering, chemical processing and other
areas.1 =4

In secure communication, hyperchaos is a power-
ful tool. In fact, messages can be carried by hyper-
chaotic signals in a highly secure way. To recover the
message injected into the hyperchaotic signals in the
transmitter, synchronization of the drive system and
the response system is necessary.

Since Pecora and Carrolll® introduced a way
to synchronize two identical chaotic systems, many

methods have been proposed to realize the syn-

chronization of chaotic systems, such as the feed-
back method,[5=9 the adaptive method,1014 the

(15]

neural network method,!** impulsive synchronization

(16] otc. However, broadly speaking, the

technology,
number of controllers equals the number of system
variables, if we realize chaos synchronization by the
ways aforementioned. Furthermore, some of the ways
are feasible under the hypothesis that all parameters
of the drive system and the response system are known
as prior knowledge. The parameters of the systems
are also the parameters of the controllers. In prac-
tice, the value of system parameters cannot be exactly
known. The existing uncertainties may destroy the
synchronization. In addition, in most cases the con-
trol parameters are not directly related to the system
response speed. More often than not, synchronization
is achieved but the speed of synchronization is not
perfect. In other words, the synchronous speed is not
controllable.

Therefore, a model free synchronization approach,
which makes the synchronous speed controllable, is
valuable.

In this paper, an adaptive controller based on the
dynamic compensation mechanism is utilized for the
synchronization between two identical hyperchaotic
Chen systems. First, four control inputs are applied
to synchronize the drive system and the response sys-
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tem, and then only one control signal is added to the
response system; synchronization between the drive
system and the response system is also realized. Nu-
merical simulations are presented to illustrate the fea-
sibility and the effectiveness of the two approaches.

The rest of this paper is organized as follows.
The synchronization of hyperchaotic Chen systems is
stated and the adaptive synchronization scheme is de-
signed in Section 2. In Section 3, a cascade synchro-
nization scheme with only one control input is pro-
posed, and simulation results are given to demonstrate
the scheme presented. Finally, conclusions are drawn
in Section 4.

2. Adaptive synchronization of

hyperchaotic Chen systems

2.1. Problem statement
The hyperchaotic Chen system!*” is given by
1 = a(xg — x1) + 24,
T9 = dx1 — X123 + CTa,
j?3 = T1T2 — ba:‘3,
Ty = ToTy + TT4, (1)
where x1, T2, r3 and x4 are the state variables; a, b, ¢, d
and r are the real constants.
When a = 35, b = 3, ¢ = 12, d = 7, and
r € (0.085,0.798], system (1) is hyperchaotic. Here
we assume that system (1) is the drive system, and
the response system is given below
U1 = a(y2 — y1) + ya + u1,
Y2 = dy1 — y1ys + cy2 + ug,
Ys = y1y2 — bys + us,
Ya = Y2y + rya + u4, (2)

where U = [uy,uz,u3, us)T is such a control input that

the two hyperchaotic systems are synchronous. Sub-
tracting system (1) from system (2), we have an error
dynamical system between systems (1) and (2), i.e.

é1 =alea —e1) +eq + uq,

€2 = dey + cez — y1e3 — w3ey + ug,

é3 = —bes + x2€1 + y1€2 + ug,

€4 =Treq + T3e2 + Ya2e3 + Uy, (3)
where e; = y; — x;,1 = 1,2,3,4. We aim to achieve
synchronization between two hyperchaotic Chen sys-

tems, i.e., tlim e; = 0 with the help of control inputs
—00
Us, i =1-4.

2.2. Adaptive synchronization scheme
design

In this paper, an adaptive controller based on the
dynamic compensation mechanism (proposed by Tor-
nambe, see Ref. [18] for details) is adopted. For error
dynamical system (3), u; —uy4 are adaptive controllers.

When the relative degree is one, the adaptive con-
trol law is

u=—ho(y —yr) — d,
§ + ko(y - yT‘)a

d=
€ = ko€ — k3 (y — yr) — kou, (4)
in which, d is the extended state observer, which es-
timates and compensates the uncertainties; y is the
output of the system; y, is the desired trajectory; hg
determines the response speed of the system; hg is
chosen to be such a value that the root of s + hg is
in the open left half-plane; £ is the intermediate vari-
able; kg is the tunable parameter, which determines
the stability of the system.!'920 u;, i = 1-4, are given

below
u; = —hoie; — d;,
Ji =& + koses,
& = —koi&i — k&ei — koiui. (5)

After identical transformation, u;, i = 1-4, are
given below

u; = cine; — &,
éi = Ci2€4, (6)
in which ¢;; = —(h()i + ]fol‘), and c¢;o = hgikos, 1 = 1-4.

Substituting Eq. (6) into system (3), we derive
closed-loop error dynamics as follows:

é1 = (—a + 611)61 + aeg + €4 — fl,
ég = d€1 + (C+ 021)62 — 52 — Yi1€e3 — I3€q,
é3 = (=b+ca1)es — &3 + yiez + x2e1,

éq = (r+ car)es — E4 + y2e3 + w360,

51 = (C12€71,
5'2 = C22€2,
53 = C32€3,
€4 = cazes. (7)

System (7) can be written in the following compact
form:

¢ = A§+O(§’t)7 (8)
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where S = (61’ €2, €3, e4a€17£27§3a£4)T7

A
—a + c11 a 0 1
d c+ C21 0 O
*I4><4
= 0 0 —b+031 0
0 0 0 T+ Ccq41
diag(ci2, €22, €32, C42) Osxa /o

O(s,t) = (0, —y1e3 — x3€1, Y162 + T2€1, Y23
+ 23€2,0,0,0,0)T.
Here, in matrix A, I4«4 is a fourth order identity ma-
trix.

Lemmal®! Consider a nonlinear system

&= A(t)z + O(a, 1), 9)

,2,)T € R™, O(z,t) denotes a
nonlinear term, which satisfies O(0,t) = 0. The zero

where v = (21,29, ...

solution of system (9) is uniformly asymptotically sta-
ble, if the following conditions hold:

2) Vt > 0, A(t) is bounded;

3) The zero solution of the linear system &

A(t)z is uniformly asymptotically stable.

According to the Lemma, we have the following
theorem.

Theorem 1 For response system (2), the con-
troller parameters are chosen such that the linear sys-
tem & = Ag is uniformly asymptotically stable, i.e.
equation (14) is satisfied, the error dynamical system
(8) is uniformly asymptotically stable, and thus re-
sponse system (2) is synchronized with drive system
(1).

Proof For closed-loop error dynamical system

(8), O(s,t)|c=0 = 0 is satisfied for any ¢, and we have

106 )l

el > 0. (10)

Regardless of their initial conditions, the states of a
chaotic system are bounded, i.e., there exists a posi-
tive constant M such that |z;(¢)| < M, |y;(¢)| < M for

initial conditions.
) ||O($,t)|| N any initia
1) vt >0, \|i1|\m—>0 x| 0; Furthermore, we have
|
10(s, )l _ (—y1e3 — x3€1)? + (y1€2 + z2e1)? + (y2e3 + T3€2)°
<]l el testes el +E+HE+E+E

\/(M€3+M61)2+

(M@g + M61)2 + (M€3 + M62)2

From Egs. (10) and (11) we have

(11)

le1]

; (12)

(13)

. 10(s,t)]] < V(Mes + Mey)2 + (Mea + Meq)2? + (Mes + Mes)?
- sl T le1]
and
lim \/(M€3+M61)2—|—(M62+M81)2+(M63+M€2)2 —0.
[HE lea

According to the Squeeze theorem we have | lim [|O(s,t)||/||s]| = 0, which means that condition 1) is satisfied.

The matrix A in Eq. (8) is a constant matrix, so condition 2) is also satisfied. The characteristic polynomial of

matrix A in Eq. (8) is

) = AT A
A — (—a + 011)
—d
= 0
0

[s[|—0

—a 0 -1
A — (C + 021) 0
Iyyy
0 A—(=b+c31) 0
0 0 A — (7“ + C41)
—diag(c12, c22, €32, C42) Maxa |y
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= N 4 e A+ e6A0 + s\ + e Nt + 2303 + 2N F e\ + 20,

where
ki =—-a+ci1, ke =-b+c31, ks=c+co1, ks=r1+ca1,
01 = c32 + coo + k1ks + c12 — ad + kika + koks,
Oy = —c3a(k1 + k3) — (caok1 + ci2ks3) — ka(coo + kiks + c12 — ad),
03 = c32(ca2 + k1ks + c12 — ad) + c1aca2 + ka(ca2ky + c12k3),
04 = —c3a(ca2ky + c12k3) — caaciks,
g7 = —(ki + ko +ks+ka), e6=rhka(ki + ko +ks)+cao+ 61, e5=0o—ksO1 — cas(kr + ko + k3),
€4 = 03 — kabz + ca201, €3 =04 — kal3 + ca202, €2 = c3ac22c12 — kaby + 4203,
€1 = 20y — kaczacaacia, €0 = C42C32C22C12.
\
Ife; >0, (: =0,1...,7), according to the Hurwitz e1 & 0 0 0 O

criterion, f(A) is of Hurwitz type if and only if the
following conditions are satisfied (where €, = 0, when

s<0ors>8),ie.

€1 €0 0
3 135} €1 o 0
Hi =
€2i—3 €2i—4 €2i{—5 €2i—6 €2i—7 ' Ei-2
€2i—1 €2i—2 €2i-3 €2i—4 €2i—5 *** &;
i=1,2,...,8,
that is,
€1 €0
u1=€1>0, H2 = >0,
3 €2
g1 € O
Hs=1_,¢e3 e €& |>0,
€5 €4 €3
€1 €o 0 0
€3 D] €1 €0
Mg = > 0,
€5 €4 €3 2
Er €6 s Eq
&1 €o 0 0 0
€3 €2 €1 €0 0
s = | €5 €4 €3 &9 & |>0,
E7 €6 €5 €4 €3
0 1 g7 €6 €5

€3 €2 €1 € 0 0

€5 €4 €3 €2 €1 &
He = > 07
€7 €6 &5 €4 £&3 &2

>0, e1 € 0 0 0 0 O
63525150000

€5 &4 €3 &2 &1 & 0

and

€1 ¢ 0 O O O O
€3 €2 € € 0 0 O
€5 €4 €3 €3 €1 €9 O
€7 €6 €5 €4 €3 €2 €1 €0
Hg = > 0.
1 e7 € €5 €4 €3 €2
0 0 1 e7 €6 €5 €4
0O 0 0 0 1 e7 e€¢
0

0
0
0
0 0 0 0 0 0 1

Hence, by choosing proper controller parameters con-
dition 3) is satisfied. For system (8), conditions 1), 2)
and 3) are all satisfied. According to the lemma, the
zero solution of system (8) is uniformly asymptotically
stable.

This implies that response system (2) is synchro-
nized with drive system (1). By this we conclude the
proof of the theorem 1.
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2.3. Numerical simulations

In the numerical simulations, the fourth order
Runge-Kutta method is used to solve the systems in
time steps of 0.001. The parameters of hyperchaotic
systems are chosen tobea=350=3,c=12,d =7,
r = 0.5 and the initial conditions are (z1(0), x2(0),
23(0), £4(0))T = (-0.1,0.2, -0.6,0.4)™, (y1(0), y=2(0),
y3(0), y4(0))T = (=1,0.4,-0.2,1)T (as in Ref. [8]).

The simulation time is 10 s, control inputs are
added at the beginning of the simulation. Controller
parameters are chosen to be ko1 = 2, hgy = 0.01;
ko2 = 26, hge = 0.01; ko3 = 18, hos = 0.01; kos = 10,
and h04 = 0.01.

For this selection, ¢g = 0.0001, e; = 0.1981,
ey = 43.7261, e3 = 3026.3867, €4 = 55278.1052,
€5 = 18578.1313, g¢ = 2031.0056, 7 = 81.54.

w1 = 1 = 0.1981, po = 8.3779, uz = 2.32 x 104,
|

x1(t)/y1(t)

s = 1.27 x 10%, pg = 2.35 x 10'3, pg = 4.21 x 106,
and pr7 = pg = 2.99 x 10'8.

Obviously, conditions given in Eq. (14) are satis-
fied, i.e. p; >0, i =1-8.

According to Theorem 1, response system (2) is
synchronized with the drive system (1).

The synchronization trajectories between the
drive system and the response system are given in
Figs. 1(a)-1(d). Synchronization errors are shown in
Figs. 2(a)-2(d).
namical system is driven to the origin immediately, the

It is clearly seen that the error dy-

states of drive and response systems overlap with each
other. Figure 3 shows the control inputs of four adap-
tive controllers. The TAE values of e;—e4 are shown
below, respectively:

TAEe; = 0.0202, TAEes = 0.0048,
TAEes = 0.0201, TAEe4 = 0.0702,
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Fig. 1. Synchronization trajectories of the adaptive synchronization scheme.
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show the synchronization errors given in Ref. [8] (un-
der the same conditions). Active control inputs are
presented in Fig. 5. Similarly, the IAE values of e;—ey4
in Ref. [8] are given below, respectively:

IAEe; = 0.0257, IAEes = 0.1994,
TIAEe3; = 0.1333, IAEe4 = 0.6001.

Under the same conditions, the synchronization
errors of active control adopted in Ref. [8] and control

signals are shown below, respectively.
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Fig. 4. Synchronization errors of active control in Ref. [8].
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Fig. 5. Active control inputs in Ref. [8].

From the figures, it can be seen that the synchro-
nization errors converge to zero and two hyperchaotic
systems have indeed achieved chaos synchronization.
From the rate of convergence, the IAE values and the
control inputs we may safely arrive at a conclusion
that under the same conditions and with the same
number of control inputs the adaptive synchronization
scheme is superior to the active control scheme used in
Ref. [8]. (To exhibit the error dynamics more clearly,
the Y-coordinates of Figs. 4(b)-4(d) start from —0.05
and —0.1.)

3. Cascade adaptive synchroniza-
tion of hyperchaotic Chen sys-

tems

3.1. Cascade synchronization scheme

The use of four control inputs does achieve chaos
synchronization, but whether less control signals or
even one control signals can also work is a meaning-
ful problem in terms of the control theory. In other
words, it is of significance to realize synchronization
with least control cost.

In this section, a cascade scheme is employed
With the cascade
scheme, only one control input is needed.

to achieve the synchronization.

Here, system (1) is the drive system, and the re-
sponse system is defined below

1 = a(y2 — y1) + ya,

Yo = dy1 — y1y3 + cy2 + u,

Ys = y1y2 — bys,

Ya = Y2ys + 1y, (15)

where u is the control input such that the two hyper-
chaotic systems can be synchronized.

Accordingly, the error dynamical system between
systems (1) and (15) is given below

é1 = alex —e1) + ey,
€2 = dey + cey — y1e3 — x3€1 + U,
€3 = —bes + xae1 + Y162,

€4 = re4 + r3eg + yoes, (16)

where e; = y; — x;, i =1,2,3,4. The control input u
is designed such that the drive and response systems
are synchronous.

For error dynamical system (16), the dynamics of
e1 and ez, when ey and e4 are zero, is stable. Let ey
be the output, i.e. y = e4 and rewrite system (16) as

follows:

€4 = req + T3es + Y2€3,

€2 = dey + ces — y1e3 — x3€1 + U,

é1 =alex —e1) + ey,
€3 = —bes + xae1 + y1e2,
Yy =eq. (17)

For system (17), the cascade synchronization
scheme is employed, and the control block diagram
is given in Fig. 6 (C; and Cy are both adaptive con-
trollers utilized in Section 2).

Aq Ui  Ag U error >y = €4
dynamicall
system » €2

Fig. 6. Cascade adaptive synchronization scheme.

For C; and Cs, the control laws, after identical
transformation, are given below, respectively:

U = ciieq — &1,

&1 = cizey, (18)
u = co1(e2 — Up) — &,
€9 = caalea — Uh), (19)

in which

c11 = —(h()l + k()l)y Cig = h01k017

co1 = —(ho2 + ko2), and ca2 = hookos,

where Uj is the virtual control input such that e4 tends
to zero. Obviously, Uy is the desired trajectory of es,
and w is the real control input, which makes ey track
U;.
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Substituting Egs. (18) and (19) into system (16), & = ciaeq,
we derive a closed-loop error dynamical system as fol- 5’2 = Cogen — Coaciies + Cooki. (20)
lows:
é1 = —aeq + aes + ey, As in Section 2, system (20) can be written in the

és = de1 + (c+ ca1)ea — carcires following compact form:

+ c21&1 — &2 — y1es — x3eq,

. 7= An+0(n, 1), (21)
€3 = —bes + y1ea + :aey,
€4 = Teyq + Y203 + T3€2, where 1 = (e1, €2, €3, €4,&1,82)7,
|

—a a 0 1 0 0 0

d c+cau 0 —ecorein e —1 —y1€3 — T3€1

0 0 —b 0 0 0 es + Toe

A= , O(nyt) _ Yyi€2 2€1

0 0 0 r4+ecp1 0 0 Yoe€s + Tzes — C11€4

0 0 0 C12 C11 0 _Cllfl

0 Co2 0 —cooc11 co2 O 0

Theorem 2 For response system (15), the controller parameters are chosen such that the linear system
7 = An is uniformly asymptotically stable, i.e. equation (22) is satisfied, error dynamical system (21) is
uniformly asymptotically stable, and thus response system (15) is synchronized with drive system (1).

Proof Vt,0(n,t)|,=0 =0, and ||O(n,t)||/|In|]| > 0. As in Section 2, |z;(t)| < M, |y;(t)| < M, we have

10(n, )] _ (—y1e3 — m3e1)? + (yiea + x2e1)? + (yoe3 + x3e2 — cr1€4)* + (c1161)?
[In]] ef+e3+edtef+&i+&3
V(Mes + Meyp)2 + (Mea + Mey)2 + (Meg + Mez — ci1e4)® + (c1161)2

lex]

Therefore,

10(n, 1) < V/(Mes + Mey)? + (Mey + Mey)? + (Mes + Mes — c11e4) + (c111)?

0< <
[l le1]

b

and

lim \/(Meg + M€1)2 + (Meg + M€1)2 + (M€3 + Mesy — 01164)2 + (61151)2
lInll—0 lea

:O7

then HliHm IO, O)|I/|Inll = 0. Condition 1) is satisfied. As matrix A is a constant matrix, condition 2) is also
n||—0

satisfied. The characteristic polynomial of matrix A in Eq. (21) is

) = [M - A

Ata —a 0 -1 0 0
—d A= (c+c2) 0 91011 —co; 1
oo 0 A+b 0 0 0
oo 0 0 A—(r4cu) 0 0
0 0 0 —c12 A—cnn 0
0 —Ca2 0 C22C11 —C22 A

Ata —a 0

= A+b)A=ci)A=(r+ecn)]| —d AX—(c+e) 1

0 —C99 A
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= A0+ ps A% + padt + paA® + p2A? + pr) + po,

where

ps=b—1r—2c11 +a—c—co,

py=coe—ad—ac—acoy + (b—r—2c11)(a—c—ca1) —

p3 = acos + (b—1 —2¢11)(c22 — ad — ac — acey) —

+ cib(r + cnn),

[Cll(b —r— 011) + b(?" + 011)],
[Cll(b - Tr—= 611) + b(’f‘ + 011)]((1 — C — 021)

—[e11(b—7r —c11) + b(r + c11)](co2 — ad — ac — aca1) + acaa (b —r — 2¢11)

+ Cllb(T‘ + 011)(0, — C — 621),
[

= —acga[c11(b—1 —c11) + b(r + ¢11)] + c11b(r + ¢11)(c22 — ad — ac — acay),

po = abcaacrr (1 + c11).

Ifp; >0, (i=0,1...

,5), according to the Hurwitz criterion, f(\) is of Hurwitz type if and only if the following

conditions are satisfied (where p; = 0, when s < 0 or s > 6), i.e

D Do 0 0
D3 D2 D1 Do 0 0
P = >0, 1=1,2,...,6, (22)
Pb2i—3 P2i—4 P2i-5 P2i—6 P2i-7 Di—2
b2i—1 P2i-2 P2i-3 P2i—4 P2i-5 - Di
that is,
pt po 0 O
p1 po O
P1 Po P3s P2 P11 Po
pr=p1>0, p2= >0, p3=|p3 p2 p1 | >0, pa= >0,
b3 P2 Ps P4 P3 P2
D5 P4 D3
0 1 ps p4
pt po 0 0 0 O
pt po 0O 0 O
p3 p2 p1 po 0 O
ps p2 p1 po O
pPs P4 P3 P2 P1 Po
ps=|ps ps p3 p2 p1 | >0, and pg= > 0.

0 1 €5 &4 €3

By choosing proper cascade controller parame-
ters, condition 3) is satisfied. For system (21), con-
ditions 1), 2) and 3) are all satisfied. According to the
Lemma, the zero solution of system (21) is uniformly

asymptotically stable.

This implies that response system (15) is synchro-
nized with drive system (1). By this we conclude the

proof of Theorem 2.

1 ps ps p3 po
0 0 1 p5s pa

3.2. Numerical simulations

Simulations are performed under the same condi-
tions as those in Section 2.

Simulation time is 10 s, control inputs are added
at the beginning of the simulation. Controller param-
eters are chosen to be ko1 = 0.5, hg; = 0.001, kg = 46
and hgo = 0.01.

For this selection, pg = 0.0242, p; = 25.68,
po = 1481.35, p3 = 3432.29, py = 1188.99, p5 = 72.51.
p1 = p1 = 25.68, pa = 3.7952 x 104, p3 = 1.2948 x 108,
ps = 1.4987 x 10!, and ps = pg = 1.0423 x 103,
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Therefore, the conditions given in Eq. (22) are  trol signal of the cascade synchronization scheme.

satisfied, i.e., p; > 0, i = 1-6. According to Theo- The IAE values of e;—e4 are shown below, respec-
rem 2, response system (15) and drive system (1) are  tively:
synchronous.
State response and synchronization errors are TAEe; = 0.1758, IAEe; = 0.1685,
shown in Figs. 7 and 8. Figure 9 displays the con- TAEes = 0.1467, IAEe, = 0.2315.

z1(t)/y1(t)
w2(t)/y2(t)

100 -
50
— —~ 0
= 201 %
ag]
2 = —50¢
= 10r 1 =
g g —100
or — a3(t) | ~150
----- ys(t)
~10L : : ' : -2
0 2 4 6 8 10 0o 0
Time/s Time/s
Fig. 7. Synchronization trajectories of the cascade adaptive synchronization scheme.
0.4 0.6
i (a) | sl ) |
0r L
s 0
© _04rf 5 L
L 70.4 L
—0.8 1 r
—-1.0% : ; : : —-0.8" ‘ ; : :
0 2 4 6 8 10 0 2 4 6 8 10
Time/s Time/s
0.4 w : : " 0.8
_ () | v ()
or r/ 0.4t
—04+ N or (—
—0.8 —04r
-1.0L : : : : —0.6- : : : :
0 2 4 6 8 10 0 2 4 6 8 10
Time/s Time/s

Fig. 8. Synchronization errors of the cascade adaptive synchronization
scheme.
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Fig. 9. Cascade adaptive synchronization control signal.

The simulation results demonstrate that the re-
sponse system (15) synchronizes drive system (1) by
only one control signal, if the cascade adaptive syn-
chronization scheme is adopted. To display the initial
dynamics more clearly, the Y-coordinates of all figures
have been shifted backward by 0.2.

For the cascade synchronization, the response
speed of the inner loop should be faster than that of
the outer loop. In general, hg is 10 times greater than
ho1 which can guarantee the excellent synchronization
performance.

4. Conclusion

In this paper, synchronization between two hy-
perchaotic Chen systems is investigated. An adaptive
synchronization scheme with four control inputs and
a cascade adaptive synchronization scheme with only
one control input are designed for synchronizing the
drive system and the response system. The advan-
tages of the two synchronization approaches are sum-
marized as follows.

(i) Perfect knowledge of the systems is not re-
quired. Controller parameters are ky and hy. By tun-
ing the parameters, the systems can be synchronized.
This is of crucial importance in practice, since it is not
practical or economical to obtain an exact model.

(ii) The synchronous speed of the closed-loop sys-
tem is controllable. Parameter hy determines the re-
sponse speed of the system. To change the value of
hg, the synchronous speed is tunable.

Simulation results are given for the purposes of

illustration and demonstration.
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