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A mathematical model of a P53 oscillation network
triggered by DNA damage∗
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Taking the interaction between a DNA damage repair module, an ATM module, and a P53–MDM2 oscillation

module into account, this paper presents a mathematical model of a P53 oscillation network triggered by a DNA damage

signal in individual cells. The effects of the DNA damage signal and the delay time of P53-induced MDM2 expression

on the behaviours of the P53 oscillation network are studied. In the oscillatory state of the P53–MDM2 oscillator,

it is found that the pulse number of P53–P oscillation increases with the increase of the initial DNA damage signal,

whereas the amplitude and the period of P53–P oscillation are fixed for different initial DNA damage signals, and the

period numbers of P53–P oscillations decrease with the increase of time delay of MDM2 expression induced by P53.

These theoretical predictions are consistent with previous experimental results. The combined negative feedback of

P53–MDM2 with the time delay of P53-induced MDM2 expression causes oscillation behaviour in the P53 network.
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P53 is well known as a tumor-suppressor protein.

In normal unstressed cells, the level of active P53

is kept low[1] through the P53–MDM2 negative feed-

back loop.[2] However, in stressed cells, the active P53

as a transcription factor can transcribe some down-

stream genes.[3,4] Ionizing radiation (IR) can cause

DNA damage that triggers[5] the kinase activity of

ataxia telangiectasia mutated (ATM). The primary

function of ATM is to act as a kinase detecting[6] and

transmitting the DNA damage signal.[7] Phosphory-

lated ATM (ATM–P) can phosphorylate P53 into ac-

tive P53–P[8] which turns on the P53 network of tran-

scription. When DNA damage is repaired, ATM acti-

vation disappears, and cannot phosphorylate the P53,

then the network of transcription is shut down. ATM

shows switch characteristics for the P53 network.

Recent experimental results have showed that in

response to DNA damage, the P53 and MDM2 pro-

teins levels exhibit damped oscillatory behaviour[9] in

a population of cells and undamped behaviour[10] in

individual cells. In individual cells, the fluorescence

measurements revealed that in response to IR, P53

and MDM2 proteins exhibit a digital response (i.e.

discrete pulses of these two proteins), and the aver-

age height and duration of P53 and MDM2 proteins

are fixed, whereas the mean pulse number of P53 and

MDM2 increases with the strength of the DNA dam-

age signal.[10]

Some mathematical models[9,11−20] of the P53

network have been presented to describe the oscil-

latory behaviour of P53 and MDM2 proteins, and

the theoretical results consist partly with the exper-

imental data. In order to generate oscillations, dif-

ferent mechanisms have been proposed. The model in

Ref. [9] based on ordinary differential equations has to

include a hypothetical intermediate component. The

models in Refs. [13] and [18]–[20] are based on dual-

feedback mechanisms which combine a negative feed-

back loop and a positive one. The models in Refs. [11],

[12] and [14]–[17] are based on delayed differential

equations including explicit time delay. In particular,

a unified theoretical model of the P53–MDM2 neg-

ative feedback loop with the aim of describing the

dynamical behaviours of protein levels both in indi-

viduals and populations of cells in a self-consistent

and unified way was proposed in Ref. [16]. It can be

found that most of these models[9,11,13−17] focus on

the research of the P53–MDM2 module; however, the

production, detection, and control of DNA damage

have not been simultaneously considered and studied

in previous models. Although the DNA damage repair

module, the ATM module, and the P53–MDM2 core
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oscillation module have been simultaneously consid-

ered in Refs. [12], [18] and [19], in which the models

involve the production, detection, and control of DNA

damage, these models are too complicated.

Based on the DNA damage repair module, the

ATM module, and the P53–MDM2 core oscillation

module,[12,18,20] in this paper, we have proposed a

simple mathematical model to describe the dynam-

ical behaviour of an undamped oscillation P53 and

MDM2 network triggered by DNA damage in individ-

ual cells, and the effects of the DNA damage signal

and the delay time of P53-induced MDM2 expression

on the behaviours of the P53 oscillation network are

discussed.

The scheme considered here includes three ba-

sic module structures; the integrated model is shown

in Fig. 1. In the first module, IR can lead the ini-

tial DNA damage signal, which inhibits the process

of dephosphorylation of ATM–P. In the second mod-

ule, ATM activation (i.e. ATM–P) is autocatalytic

with positive feedback rapidly activating the pool of

ATM. In the third module, there is a well-known P53

and MDM2 negative feedback loop, that is, MDM2-

dependent degradation of P53. Active P53 (P53–P) is

activated by ATM–P, and able to transcribe (after a

time delay) MDM2, and activates the repair of DNA

damage in the meanwhile.

Fig. 1. Scheme of the P53 core regulatory network which

is composed of three modules (A represents DNA damage

repair module, B represents ATM module, C represents

P53–MDM2 core oscillation module).

According to the scheme of Fig. 1, we assume

that the concentrations of the DNA damage signal

([SD]), active ATM ([ATM–P]), P53 ([P53]), active

P53 ([P53–P]), and MDM2 ([MDM2]) proteins obey

the following dimensionless kinetic equations

d[SD](t)

dt
= −αD[P53− P][SD], (1)

d[ATM− P](t)

dt
= [ATM− P]

[ATM]

[ATM] + h1
−
(

α0

[SD] + h0

)(
[ATM− P]

[ATM− P] + h2

)
+ α, (2)

d[P53](t)

dt
= ν1 − k1[P53]− k2[MDM2][P53]− k3[ATM− P][P53] + k4[P53− P]− β, (3)

d[P53− P](t)

dt
= k5[ATM− P][P53]− k6[P53− P]− k7[MDM2][P53− P] + β, (4)

d[MDM2](t)

dt
= ν2 + ν3

[P53− P]n(t− τ)

[P53− P]n(t− τ) +Kn
− k8[MDM2], (5)

where τ is the P53-induced transcriptional-

translational time delay of the MDM2 pro-

tein, and there exists a conservation relationship

[ATM]+[ATM–P]=1. On the right-hand side of

Eq. (1), the first term describes P53–P-dependent

repair of SD. In Eq. (2), the first term represents

the autocatalytic mechanism of ATM–P, the second

term describes SD-dependent dephosphorylation of

ATM–P, and the last term describes the basal rate

of phosphorylation due to stochastic fluctuations in

ATM. In Eq. (3), the first term represents the basal

synthesis rate of P53, the second term describes

MDM2-independent degradation of P53, the third

term describes MDM2-dependent degradation of P53,

the fourth term describes ATM–P-dependent phos-

phorylation of P53, the fifth term describes dephos-

phorylation of P53–P, and the last term describes the

basal rate of phosphorylation due to stochastic fluc-

tuations in P53. In Eq. (4), the second term describes

dephosphorylation of P53–P and MDM2-independent

degradation of P53–P, and the third term describes

MDM2-dependent degradation of P53–P. In Eq. (5),

040506-2



Chin. Phys. B Vol. 19, No. 4 (2010) 040506

the first term represents the basal synthesis rate of

P53–P-independent MDM2 transcription and trans-

lation, the second term describes P53–P-dependent

synthesis of MDM2, and the last term describes degra-

dation of MDM2. Descriptions and values of the other

parameters in Eqs. (1)–(5) are listed in Table 1. In

the following computation, equations (1)–(5) are inte-

grated by using an Euler forward scheme. Our results

which can be drawn from the computations of the

integrated model Eqs. (1)–(5) are as follows.

The role of ATM is to act as a kinase detecting

DNA damage. The experimental results show that

ATM is ultra-sensitive as a DNA damage detector.[12]

In Fig. 2, we plot the steady-state value of ATM–P

versus the parameter DNA damage signal [SD] accord-

ing to Eq. (2). With the increase of [SD], it can be

seen that ATM–P transits from 0 (OFF) to 1 (ON)

at the threshold [SD] ≈ 0.27. That is, ATM–P shows

a switch-like behaviour and relays the DNA damage

signal.

Fig. 2. Steady-state value of ATM–P as a function of

DNA damage signal [SD].

The core regulatory circuitry of P53 is a loop

formed by P53 and its principal antagonist, MDM2, a

P53-specific ubiquitous ligase that is transactivated by

P53.[12] On the one hand, ATM–P transits from 0 to 1

with an increasing DNA damage signal [SD] as shown

in Fig.2. On the other hand, in the P53–MDM2 core

oscillation module, the bifurcation diagram of P53–

P as a function of the ATM–P shows that increasing

ATM–P produces an abrupt onset of P53–P oscilla-

tions (see Fig. 3) where the Hopf bifurcation occurs

at [ATM–P]≈ 0.6. It can be seen from Fig. 3 that

P53–P is the steady-state at [ATM–P]=0 (OFF, see

Fig. 2), while P53–P is the oscillatory state at [ATM–

P]=1.0 (ON). Therefore, one can use the DNA dam-

age signal to regulate the oscillation behaviour of the

P53–MDM2 core oscillation module very well by finely

controlling the ATM module.

Fig. 3. Bifurcation diagram of P53–P as a function of the

parameter ATM–P.

In normal unstressed cells, [ATM–P](t =

0)=0, the initial values of [P53](t), [P53–P](t) and

[MDM2](t) can be obtained from a steady-state so-

lution of Eqs. (3)–(5)

[P53](0) =
v1 + k4[P53–P](0)− β

k1 + k2[MDM2](0)
, (6)

[P53–P](0) =
β

k6 + k7[MDM2](0)
, (7)

[MDM2](0) =
ν2
k8

, (8)

where [P53](0), [P53–P](0) and [MDM2](0) repre-

sent initial vaules of P53, P53–P and MDM2, re-

spectively. Inserting the parameter values [see Table

1] into Eqs. (6)–(8), one can obtain [P53](0)=10.45,

[P53–P](0)=0.00048, [MDM2](0)=0.047.

Table 1. Parameters of Eqs.(1)-(5).

parameter value description

αD 0.0002 rate of the decay in damage signal

h0 0.1 Michaelis–Menten constant

h1 0.01 Michaelis–Menten constant

h2 1.0 Michaelis–Menten constant

α0 0.3 scaling parameter

α 0.0001 basal rate of phosphorylation in ATM

β 0.0001 basal rate of phosphorylation in P53

k1 0.0004 degradation rate of P53

k2 1.0 MDM2-dependent degradation rate of P53

k3 1.0 ATM–P-dependent degradation rate of P53

k4 0.2 dephosphorylation rate of P53–P

k5 1.0 ATM–P-dependent synthesis rate of P53–P

k6 0.208 dephosphorylation/degradation rate of P53–P

k7 0.005 MDM2-dependent degradation rate of P53–P

k8 0.05 degradation rate of MDM2

ν1 0.5 basal synthesis rate of P53 from gene

ν2 0.0235 basal synthesis rate of MDM2 from gene

ν3 0.03 P53–P-dependent transcription rate of MDM2

K 25.0 threshold-for-activation constant

n 20 Hill coefficient

For a given initial DNA damage signal

[SD](0) = 10 and a given P53-induced transcriptional-

translational time delay of MDM2 τ = 45 min,

the time-series of the protein concentrations, P53–

P, MDM2, ATM, ATM–P, and the DNA damage
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signal are plotted in Fig. 4. First, IR leads the ini-

tial DNA damage signal which inhibits the process

of dephosphorylation of ATM–P. The ATM–P level

is rapidly increased, and transits from 0 (OFF) to

1 (ON) after a short time interval, then the P53

oscillations occur. Second, the ATM–P phospho-

rylates P53 into active P53–P which turns on the

P53–MDM2 oscillator, meanwhile, the DNA damage

signal is reduced by P53–P through the DNA dam-

age repair. Finally, with a decreasing DNA damage

signal [SD], ATM–P transits from 1 (ON) to 0 (OFF)

at [SD] ≈ 0.27 (the threshold of the DNA damage

signal, see Fig. 2), and then the oscillation of the

P53–MDM2 oscillator is turned off. In the oscillatory

state, it can be found from Fig. 4 that the amplitude

and the period of oscillations of P53–P and MDM2 are

fixed since the ATM–P is always 1 (ON). Moreover,

the first maximum value of P53–P appears earlier

than that of MDM2, which means that there is a

time delay in the P53–MDM2 oscillator.[9,10] Thus,

the DNA damage signal [SD] and the P53-induced

transcriptional-translational time delay τ of MDM2

play a very important role in the oscillation of the

P53–MDM2 oscillator. In what follows the effects of

the DNA damage signal and the delay time of P53-

induced MDM2 expression on the behaviours of the

P53 oscillation network are studied.

Fig. 4. Time-series of P53–P, MDM2, ATM, ATM–P, and

DNA damage signal [SD]. The initial concentrations are

[P53](0)=10.54, [P53–P](0)=0.00048, [MDM2](0)=0.047,

[ATM–P](0)=0, [SD](0) = 10, and τ = 45 min.

To characterize the effects of the DNA damage

signal on the P53–MDM2 oscillator, figure 5 shows

time-series of P53–P under different initial DNA dam-

age signals [SD]. It is shown that the pulse number

(digital) of P53–P oscillation is increased with the in-

crease of initial DNA damage signal; for example, the

pulse number is 7 for [SD](0) = 10, 9 for [SD](0) = 30,

and 10 for [SD](0) = 60. However, the amplitude and

the period of P53–P oscillation are unchanged in each

case. Recent in vivo fluorescence measurements in in-

dividual cells revealed that the average height and du-

ration of P53 and MDM2 proteins are fixed, whereas

the mean pulse number of P53 and MDM2 increases

with the strength of the DNA damage signal.[10,12]

Our theoretical predictions are consistent with the

previous experimental results.

Fig. 5. Time-series of P53–P, ATM–P, and DNA dam-

age signal for different initial DNA damage levels. From

top to bottom: [SD](0) = 10, 30, and 60 (see the vertical

scales on the right). τ = 30 min.

To characterize the effects of the P53-induced

transcriptional-translational time delay of MDM2 on

the P53–MDM2 oscillator, figure 6 shows the time-

series of P53–P and ATM–P under different time

delays τ . It is shown that the period numbers of

P53–P oscillations are decreased with the increase of

τ ; for example, the period number of P53–P oscilla-

tion is 9 for τ = 30, 7 for τ = 50, and 6 for τ = 70.

Fig. 6. Time-series plots of P53–P, ATM–P, and DNA

damage signal for different transcription time delays.

From top to bottom: τ = 0, 30, 50, and 70. Initial DNA

damage level [SD](0) = 30.

However, the amplitude of P53–P is increased with

the increase of τ . It is interesting that P53–P does

not oscillate when τ = 0. Therefore, the oscillation

behaviour of P53–MDM2 is caused by cooperating the
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negative feedback mechanism of P53–MDM2 with the

time delay of P53-induced MDM2 expression, which

is the same as that of Refs.[14]–[16].

In conclusion, taking the interaction between the

DNA damage repair module, ATM module, and P53–

MDM2 oscillation module into account in individ-

ual cells, we have proposed a mathematical model

of the P53 oscillation network triggered by a DNA

damage signal in this paper. By virtue of the nu-

merical computation of the integrated model, it is

found that (i) there is a threshold of DNA damage

signal at which the ATM–P transits from 0 (OFF)

to 1 (ON), ATM–P shows a switch-like behaviour

and relays the DNA damage signal; (ii) the bifurca-

tion diagram of P53–P as a function of the ATM–P

shows that one can regulate the oscillation behaviour

of the P53–MDM2 core oscillation module very well

by controlling the ATM module; (iii) in the oscillatory

state of the P53–MDM2 oscillator, the pulse number

of P53–P oscillation increases with increasing initial

DNA damage signal; however, the amplitude and the

period of P53–P oscillation is fixed for different ini-

tial DNA damage signals; (iv) the period numbers of

P53–P oscillations decrease with increasing time de-

lay of MDM2 expression-induced by P53; the theoret-

ical predictions (iii) and (iv) obtained here are consis-

tent with some previous experimental results;[9,10,12]

(v) the model also shows that the combined nega-

tive feedback of P53–MDM2 with the time delay of

P53-induced MDM2 expression causes oscillation be-

haviour of the P53 network triggered by the DNA

damage signal.

The model discussed here exhibits the strong

switch-like behaviour of ATM–P relaying the DNA

damage signal. Using the switch-like behaviour of the

ATM module, one can use the DNA damage signal to

regulate the oscillation behaviour of the P53–MDM2

core oscillation module. The model may provide a

mechanism for the digital response behaviour of P53

and MDM2 proteins in single cells.
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