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Some dynamical property of the Tsallis
distribution from a Fokker Planck equation∗
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This paper studies the possible dynamical property of the Tsallis distribution from a Fokker–Planck equation. For

the Langevin dynamical system with an arbitrary potential function, Markovian friction and Gaussian white noise, it

shows that the current form of Tsallis distribution cannot describe any nonequilibrium dynamics of the system, and

it only stands for a simple isothermal situation of the system governed by a potential field. So the form of Tsallis

distribution and many existing applications using the Tsallis distribution need to be reconsidered.
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Since it started in 1988, nonextensive statis-

tical mechanics has obtained very wide applica-

tions in many interesting scientific fields. In prin-

ciple, almost all the formulae and theory using

Boltzmann–Gibbs statistics so far could be gener-

alized under this framework[1−4] (for more details,

see http://tsallis.cat.cbpf.br/biblio.htm). However,

there are long-standing questions,[5−10] such as un-

der what circumstances, e.g. which class of nonex-

tensive systems and under what physical situation,

should the nonextensive statistical mechanics be used

for their statistical description. The physical mean-

ing of the nonextensive parameter has been investi-

gated in, for example, some astrophysical systems (see

Refs. [11] and [12] and references therein), plasma

systems[13] and the applications.[14−16] The purpose

of this work is to investigate the dynamical prop-

erty of the current form of Tsallis distribution, f ∼
[1− (1− q)βH] 1/(1−q), in nonextensive statistical me-

chanics from a Fokker–Planck equation.

Tsallis proposed the entropy in 1988 as a general-

ization of the Boltzmann–Gibbs entropy,[17] given by

Sq = −k
∑
i

pqi lnq pi, (1)

where k is the Boltzmann constant, the set {pi} are

the probabilities of the microscopic configurations of

the system under investigation, the parameter q is a

real number, the q-logarithm is defined as

lnq x ≡ x1−q − 1

1− q
(x > 0; ln1 = lnx), (2)

the inverse function, the q-exponential, is

expq x ≡ [1 + (1− q)x]
1/(1−q)

(exp1x = exp x), (3)

if 1 + (1− q)x > 0 and expq x = 0 otherwise. The en-

tropy Sq (q ̸= 1) is nonextensive; namely, if a system

composed of two probabilistically independent parts

A and B, i.e., pA⊕B
ij = pAi p

B
j ∀(ij), then the Tsallis

entropy of the system is

Sq(A⊕B)

= Sq(A) + Sq(B) + (1− q)k−1Sq(A)Sq(B). (4)

Under this framework, one leads to the basic form of

the Tsallis distribution, f ∼ [1− (1− q)βH] 1/(1−q),

with the Lagrange parameter, β = 1/kT , and the

Hamiltonian H, in nonextensive statistical mechanics.

Clearly, only if taking q = 1 does the Tsallis distribu-

tion have a Boltzmann distribution, f ∼ exp(−βH).

To investigate the dynamical property of the

Tsallis distribution, we begin with a quite general

Langevin equation for the dynamics of a set of vari-

ables a = {ai}. The abbreviated form is

da

dt
= V (a) + F (t), (5)

where V (a)={Vi({aj})} is a set of some given func-

tions of the variables a. One may require that the

noise-free part Vi of the dynamics is Markovian and

that the noise F (t) = {Fi} is a set of white noises

and has a Gaussian distribution, with zero mean and

delta-correlated second moment matrices,

⟨F (t)F (t′)⟩ = 2Bδ(t− t′); ⟨F (t)⟩ = 0, (6)
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where the quantity is B = {Bij}; i, j = 1, 2, . . . , n.

The question we want to study here is whether

or not there is a dynamics of the Langevin equations

(5) and (6) which can be described by the Tsallis dis-

tribution f ∼ [1− (1− q)βH] 1/(1−q). Rather than

looking for a general solution of these equations, we

usually ask for the probability distribution f(a, t) of

the values of a at time t. What we want is the av-

erage of this probability distribution over the noise.

The Fokker–Planck equation, corresponding to the dy-

namics governed by the above Langevin equations, for

the noise-averaged distribution function f(a, t), can

be written[18] as

∂

∂t
f(a, t)

= − ∂

∂a
· V (a)f(a, t) +

∂

∂a
·B · ∂

∂a
f(a, t). (7)

The first term on the right-hand side is what one has

in the absence of noise; the second term accounts for

the averaged effects of the noise. At this point, B can

be any function of a.

So far nothing has been said about requiring that

f(a, t) must approach an equilibrium distribution at

long times. In fact, not much is known in general

about the long-time stationary-state solution of an

arbitrary Fokker–Planck equation. But we can usu-

ally guess at a stationary-state solution, put it into

the equation, and then search for it if the guess is

compatible with V (a) and B. If it is so, then the

stationary-state solution can describe the long-time

dynamics governed by the above Langevin equation.

Our question therefore becomes finding whether there

are possible V (a) and B that have a full physical

property compatible with the Tsallis distribution.

One assumes the Tsallis distribution function f ∼
[1− (1− q)βH] 1/(1−q) to satisfy the stationary-state

Fokker–Planck equation,

− ∂

∂a
· V (a)f(a) +

∂

∂a
·B · ∂

∂a
f(a) = 0. (8)

Equivalently, it can be written as the following partial

differential equation:

−
n∑

i=1

∂

∂ai
(Vif) +

n∑
i,j=1

∂

∂ai

(
Bij

∂f

∂aj

)
= 0, (9)

or, furthermore, it is

−
n∑

i=1

∂

∂ai
(Vif) +

n∑
i,j=1

[
Bij

∂2f

∂ai∂aj

+

(
∂Bij

∂ai

)(
∂f

∂aj

)]
= 0. (10)

The Tsallis distribution function as given in nonex-

tensive statistical mechanics so far is

f ∼ [1− (1− q)βH] 1/(1−q) ≡ R1/(1−q), (11)

where the Hamiltonian isH = H(a) and the Lagrange

parameter β = β(a). Put into Eq. (10), the equation

becomes

−f
n∑

i=1

∂Vi

∂ai
+ f−1

n∑
i=1

Vi
∂(βH)

∂ai

− f−1
n∑

i,j=1

∂(βH)

∂ai

∂Bij

∂ai

−
n∑

i,j=1

Bij
∂

∂ai

[
f−1 ∂(βH)

∂aj

]
= 0, (12)

or it can be written in terms of R as

−R
n∑

i=1

∂Vi

∂ai
+

n∑
i=1

Vi
∂(βH)

∂ai
−

n∑
i,j=1

∂Bij

∂ai

∂(βH)

∂ai

−
n∑

i,j=1

Bij
∂2(βH)

∂ai∂aj

+ qR−1
n∑

i,j=1

∂(βH)

∂ai
Bij

∂(βH)

∂aj
= 0. (13)

If this equation can determine a relation with full

physical property between V (a) andB(a), which may

be called a generalized fluctuation–dissipation theo-

rem, then the dynamics of the Langevin equations that

can be described by the Tsallis distribution is found.

We consider the dynamics of the two-variable

Brownian motion of a particle, with mass m, in an

arbitrary potential φ(x) (whether long-range or short-

range force); the Langevin equations about the coor-

dinate x and the momentum p are

dx

dt
=

p

m
,

dp

dt
= − dφ

dx
− ζ

p

m
+ Fp(t), (14)

where ζ is the frictional coefficient. The noise is Gaus-

sian and it is a correlated delta-function,

⟨Fp(t)Fp(t
′)⟩ = 2Bδ(t− t′). (15)

The quantities that go into the Fokker–Planck equa-

tion are

a =

 x

p

 , V (a) =

 p/m

−dφ/dx− ζp/m

 ,

F (t) =

 0

Fp(t)

 , B =

 0 0

0 B

 . (16)
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Then the Fokker–Planck equation (7) becomes

∂f

∂t
= − ∂

∂x

p

m
f +

∂

∂p

(
dφ

dx
+ ζ

p

m

)
f +B

∂2f

∂p2
, (17)

and the stationary-state equation (13) for the Tsallis

distribution becomes

p

m

(
d(βφ)

dx
+

p2

2m

dβ

dx

)
− βp

m

(
dφ

dx
+

ζp

m

)
+

ζ

m
R

− βB

m

(
1− q

βp2

m
R−1

)
= 0, (18)

or it can be written as

ζ

m
R2 +

(
1

2m2

dβ

dx
p3 − ζβ

m2
p2 +

φ

m

dβ

dx
p− Bβ

m

)
R

+ q
Bβ2

m2
p2 = 0. (19)

Substituting into R = 1−(1−q)βH, where the Hamil-

tonian is H = p2/2m+ φ(x), one finds

− (1− q)β

4m3

dβ

dx
p5 +

(1− q)(3− q)

4m3
ζβ2p4 +

1

2m2

dβ

dx
[1− 2(1− q)βφ] p3

+
β

m2

[
1 + q

2
Bβ − (2− q)ζ (1− (1− q)βφ)

]
p2 +

φ

m

dβ

dx
[1− (1− q)βφ] p− [1− (1− q)βφ]

Bβ

m

+ [1− (1− q)βφ]
2 ζ

m
= 0. (20)

Very clearly, from this equation one can

obtain the following three identities to be

satisfied for the Tsallis distribution f ∼[
1− (1− q)β

(
p2/2m+ φ(x)

)]1/(1−q)
. Namely, if the

Tsallis distribution is a stationary-state solution of

the Fokker–Planck equation, then it must fulfil the

three identities,

dβ

dx
= 0, (21)

ζ = 0, (22)

B = 0. (23)

The three identities can determine possible dynam-

ics compatible with the Tsallis distribution function.

Equations (21)–(23) imply the dynamics of an isother-

mal process, or a thermal equilibrium system, with no

friction and no noise. In this case, the corresponding

dynamical equation becomes

dp

dt
= − dφ

dx
+ Fp(t), (24)

and the noise is irrelated, ⟨Fp(t)Fp(t
′)⟩ = 0. Equa-

tion (24) is the dynamical evolution equation of the

system governed only by the potential field. When we

regard the potential function φ as a gravitational one,

equation (24) characterizes the dynamical evolution

of the particle in a self-gravitating system, e.g. dark

matter is such a case. There has been quite a lot of

work on the applications of nonextensive statistics to

self-gravitating systems, to many-body systems, and

to others.[1−4] Our results lead to the conclusion that

the current form of the Tsallis distribution cannot de-

scribe any nonequilibrium dynamics of the Langevin

equation (14) of the systems governed by any poten-

tial, except the simple isothermal situation, namely

the dynamical system governed by Eq. (24) when it

reaches a thermal equilibrium state. So some existing

applications using the Tsallis distribution need to be

reconsidered. Examples of the Tsallis distribution be-

having only as an isothermal distribution in the above

dynamics have been reported in the theoretical as-

pects for self-gravitating systems[11] and also recently

in N -body simulations.[19]

Nothing more can be found for the Tsallis dis-

tribution from Eq. (20), except the three properties.

From this point of view, we cannot find that the

Tsallis distribution is necessary for the statistical de-

scription of the dynamical system governed by the

Langevin equations (14), with any potential function

φ(x) because one has not specified whether or not

the potential is a long-range one. In other words,

there is no possible non-equilibrium dynamics of the

Langevin equations (14) that should use the current

form of Tsallis distribution in nonextensive statistical

mechanics for the statistical description.

In conclusion, we have used the Fokker–Planck

equation to study the dynamical property of the Tsal-

lis distribution. We start with a general Langevin

equation of the dynamical system with an arbi-

trary potential function, the noise is Gaussian and

a correlated delta-function, and the noise-free part

is Markovian. We assume the Tsallis distribution

is a stationary-state solution of the Fokker–Planck

equation and then search for whether it is a physi-

cal solution compatible with the dynamical functions

in the Langevin equation. We show that no possi-
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ble nonequilibrium dynamics of the Langevin system

governed by any potential can use the current form

of Tsallis distribution for the statistical description,

among which dark matter is one example of such a

case. The current form of Tsallis distribution only

stands for a simple isothermal or thermal equilibrium

situation of the system governed by a potential field.

We must find a new form of Tsallis distribution func-

tion so as to describe the possible nonequilibrium dy-

namics of systems governed by a potential field.
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