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Perturbation theory of von Neumann entropy*
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In quantum information theory, von Neumann entropy plays an important role; it is related to quantum channel

capacities. Only for a few states can one obtain their entropies. In a continuous variable system, numeric evaluation of

entropy is not easy due to infinite dimensions. We develop the perturbation theory for systematically calculating von

Neumann entropy of a non-degenerate system as well as a degenerate system.
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1. Introduction

In quantum information theory, von Neumann
entropy of a state appears in many basic theorems
such as quantum source coding,!’) quantum channel
coding of classical information,?3! quantum channel
coding of quantum information.*®! The latter two
are problems of channel capacities, which are max-
ima of Holevo quantity and coherent information, re-
spectively (usually the regulation procedure should be
taken). The problems can be reduced to the calcula-
tions of von Neumann entropy.

The basic method to obtain the von Neumann
entropy of a state is to calculate its spectrum. The
spectrum can seldom be obtained for a given state.
Meanwhile numeric calculation of the spectrum may
encounter problems for a continuous variable sys-
tem which has an infinite dimensional Hilbert space.
Hence a perturbation theory for the von Neumann en-
tropy of a state is needed. While quantum mechanics
provides us with the theory of lower order perturba-
tion to the energy levels, here we will develop a sys-
tematical theory of the entropy perturbation up to
any order of precision. The method of von Neumann
entropy also appears in many other quantum informa-

tion problems.!6:7]

2. Perturbation to the entropy of

a non-degenerate system

2.1. Perturbation of entropy via eigen-
values

A non-degenerate quantum system is a density
matrix pg with its eigenvalues E,, # E,, for all n # m,
where n (or m) is the number (or vector number) spec-
ifying the quantum eigenstate. The usual quantum
perturbation theory for the non-degenerate systems

gives the first and second order eigenvalue perturba-

tions
Ey(Ll) - Hnna (]-)
Hpm |
p@ _ N _Hom|™ 5
" 7nz7é:n En - lam7 ( )

when the perturbation to the density matrix is the
matrix H, where Hyp,, = (¥p| H |¢,) , with |¢,) the
eigenvector of the density operator py corresponding
to the eigenvalue F,. As usual, the perturbed den-
sity matrix can be written as p = pg + €H. Since p
and po are density matrices, we have Hf = H, and
TrH = 0. Thus we have ) Er(Ll) =0, and it is clear
that Zn E,(Lz) = 0. The total eigenvalue up to the sec-
ond order is B = E, + eEVY + 2E® The entropy
of the state up to the second order perturbation is
S(p)=—Trplogp=—-3%", EP10g BY + o(c2). Let

_ 4"S(p)
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we have S(p) =
with

S(po)+eSM (po)+ %525(2) (po)+o(e?)

S(l (pO ZHnn 1Og Ena (3)

n

H2
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2.2. The expansion formula of the en-
tropy

For a > 0, we have

1oga:/
0

Similarly, for a positive operator A, we have

1ogA:/
0

at —1 dt
a+t 1412

At—1 dt gy
A+t 1412

Thus

logA —log B=— lim

Mo 1
)t
M—co Jy A+t DB+t

for positive operators A and B.

1
SW(po) = — lim = Tr[plog p — po log po]
e—0 ¢
1
= — lim = Tr[po(log p — log po)]
— Tr{H log po). (5)
Note that
e} A k
k(=
>t(%)
k—
we have
lim — (logp log po)
e—0
de¢
- M—>1<1>£n5—>0 € / [(po + eH)" = o] tht1”

(6)

We only need the terms that are proportional to € in
the further expansion of (py + eH)*, all higher order
€ terms will be nullified when € tends to 0. So up to
the first order of ¢, we have

(po+eH)* = pb + eHpy ™ + pocHpg 2 + -+

ke H + o(e?), (7)

and

log po)
k—

dt
k l k—Il—1
/0 (-1) E poHpo T

=0

> °° °° dt
41l
/ -n" pOHanthJrz

0 lOmO

hm (log p—

:—/Ooo(poth)lH(poH)ldt (8)
So

SM () = /0°° Tr{po(po +t) " H(po +t)~'}dt
— Tr[H log po]. (9)

Evaluating in the eigenbasis of pg, it reads

S (p0) Z /

— Z H,,log E,

Y 2H,,,dt

=~ HpplogEy, (10)

where Tr H =
Eq. (3), the result derived from the perturbation of

0 has been used. It coincides with

the eigenvalues.
The second derivative of the entropy at pg is

.1

— lim — Tr[p4 log p4 + p—log p—
e—=0¢

— 2po log po), (11)

where py = po = €H. The derivative can be rewritten

5(2)(P0) =

as P; + P,, the two parts are
o1
Py =—lim — Trpo(log p+ + log p— — 2log po)
e—0 €

:2/ Tr po(po +t) " H(po +t) " H(po +t)'dt,
0 (12)

and
Py = — lim ~ Tr H(1 1
2 = — lim = Tr H (log p4 — log p—)
:—2/ Tr H(po +t) " H(po +t)'dt. (13)
0

With the eigenbasis of pg, we have
t |Hnm|

S (pg)=—2 / dt

(po) Z (En +1)2 m+t)
= — 1 —_—
_ ‘Hﬂn|2 |Hnm|2
= Z B, 2 Z E _E. log E,.
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Note that equations (4) and (14) are strictly the same,
and the non-degenerate condition is used.
The n'" derivative of the entropy can also be car-

ried out. From the definition of the derivative, we

have

S0 o) =~ lim =S (o0 + 1210 () (-1

—0 gh
=0

— P+ P, (15)

with

L n
P; = — lim —;Tfpo 10g(P0 +15H)(l>(_1)l

e—0 g™

= 1t [T Tl + 07 (o + 0 T
’ (16)

for n > 0,

Py = —lim L Z Tr[elH log(po + le)] (7) (—1)!
1=0

e—0 gn
— (1)) /OO Te[H (po + )~ ']"dt (17)
0

for n > 1 (see Appendix A). Thus we have

Spw) = ~(-1"nt [ Te{t(om + )

x [H(po +1)~1]" }dt. (18)

The Taylor expansion formula for the entropy of a
state p = pg + eH will be

N
S(0) =" 515 (p0)

n=0
= S(po) — € Tr[H log po]
e | ettt 0

« [H(po + 1) " }d. (19)

We calculate the third and the fourth order per-
turbation for the case of H,, = 0, the entropy up to

the fourth order perturbation is

Hy|” :
S(p) = S(po) — € Z ﬁ log E,, + Q3
n,m#n n m
— e (Qu1 + Qa2 + Qu3) + o(e"), (20)

where Q3, Q41, Q42, and Q43 are given in Appendix
B.

2.3. Perturbation to the one-mode ther-
mal state

Assuming that a one-mode thermal state is per-

turbed, the perturbed characteristic function is*"!

x() = xr (W1 +ela”n —ap™)], (21)

where xr(p) = exp[—(N + 3) ||’ is the characteris-
tic function of the one-mode thermal state, with N
the average photon number of the state, and « is
the complex parameter. The density operator can be
obtained with p = fdzT“Xm)D(—u), where D(p) =
exp[pa’ — p*a) is the displacement operator, af and
a are the creation and annihilation operators of the
system, respectively. By the method of integration
within ordered product operator, the perturbed den-

sity operator is
p=pr+e(l —v)(aa'pr + a*pra), (22)

where pr = (1—v) >_7 ,v" |n) (n| is the unperturbed
one-mode thermal state with v = N/(N+1). It is clear
that in the eigenbasis of pr the diagonal elements of
the perturbation H = (1 — v)(aa'pt + a*pra) are
null, thus in the evaluation of Eq. (19) we only need
to consider the off-diagonal elements of H. Evaluating
Eq. (19) in the basis of pr, up to £, for a null-diagonal
H, the entropy will be

H 2
| nm| IOgEn +53Q3

Sp) = Slpr) =& >, 55—

n,m#n

— 4 (Qu1 + Q2 + Qu3) + o(eh). (23)

In our case, Hppm = (1 — v)(avnE,_10p me1 +
a*Epy/n+ 16, m—1). Thus Q3 = Q41 = 0 due to the
structure of H, and

1 21
Qu =lal* |55+ 1

2v 1—w

1 2
Quz = —2af* |1+ tv logv]|.
1—w2
The entropy of the perturbed state is

1
S(p) = S(pr) — 26* [ log

{(1—1})2 1—w
7
2 14w

1
—&t|al* log ] + o(e?).

(24)
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3. Perturbation to the entropy of

a degenerate system

3.1. Entropy perturbation up to second
order

Note that equation (19) is an overall result regard-
less of the eigenvalue structure of the state pg. The
difference between the degenerate system and non-
degenerate system comes when we evaluate the en-
tropy. We now classify the eigenvectors according to
the eigenvalues of py. Suppose the eigenvalue F,, cor-
nd },
these eigenvectors span the subspace of dimension nq

responds to the eigenvector set {|n,n;),[i =1,...

for E,,. Define nq X mq matrix H,,, with its entries
being

= (n,n;| H |m,m;) . (25)

H77.7L7j ,m.mj

Considering the first order derivative to the entropy,
we have

SM(pg) = Z/ (B 4 1) 72 Tr Hydt
— Z TrH,,log E,
=— Z Tr H,,,, log E,,. (26)

Since Tr Hy,, = Y12, (n,n;| H |n,n;) is an invariant
in the subspace, the first order perturbation to the en-
tropy can be written as — ", Hyy log Ej;, where k is
the unified label for all the distinct eigenvectors (for
Thus the

degenerate of the eigenvalues will not affect the ex-

some k' # k, we may have Ey = Ey).

pression of the first order perturbation of the entropy.
With the notation of H,,,, it follows the second order
derivative to the entropy

Tr[H,, H}
(2) — _ P nnTonnl
Tr| Han
—2 Z - ] log By, (27)
n,m#n
where
TI‘[HnnHE ] Tr HnnH* Z |Hnnl nn;

is the summation of the absolute square of all entries
of the matrix H,,,, not the summation of the absolute
square of diagonal entries of the matrix H,,,.

3.2. Perturbation to the two-mode ther-
mal state

Let -
pr=(1-0)3 0" n)(n
n=0

be a single-mode thermal state, the direct prod-
uct of pr with itself will result in a two-mode
p2 = pr @ pr. The characteristic function of py is
2 2

X2(p1, p2) = exp[=(N + 3)(|pa]” + |u2|")]. We con-
sider the perturbed characteristic function x(p1, p2) =
X2 (p1, po)[1+e(ap pota* pius)]. The perturbed den-
sity operator is p = ps + eH, with

H=(1- v)z(a*alagpg + apgayaz), (28)

where aZT and a; are the creation and annihilation op-
erators for the two modes, respectively. The state is

(o] n
pa=(1—=0)*Y > 0" [j,n—j) Gn—il.
n=0 j=0

For any given n > 0, the state is (n + 1)-fold degen-

erate. In the eigenbasis of ps, the entries of matrix

H,,, are

(Jyn—j| H |k,m — k)
= (1 - U)Q[a*5j7k+15n,m+2En—2 J(” - J)
+ a8 k10 m—2En/(G+ )=+ 1), (29)

where FE,,
Clearly, H,,, now is a zero matrix, so that Tr H,,,, =
Tr[H,,H} ] = 0. We only need to evaluate the sec-
ond term of Eq. (27). We have

= (1 — v)%v" is the eigenvalue of ps.

E,—FE,
n,m#n
M 227
E? = )
mZ(J+1)(n_]+l)] logv
2o
= log —. 30
ito ogv (30)

Thus the entropy of the perturbed state will be

e?|al?

14w

S() = 25(o) — T log T +o=). (31)

4. Density operator expansion

In the calculation of the coherent information,
even if we assume that the input state undergoes

040308-4



Chin. Phys. B Vol. 19, No. 4 (2010) 040308

a simple form perturbation p = py + €H, the out-
put state E(p) and the combined output state (Z ®
E) |¥) (¥| may have a more complicated perturbation
structure by the application of channel map £ and the

purification from p to |¥). So we need to consider a

l

S(p) = S(po) = Y_ " Te[H™ log po] =} _ "
n=1 n=2

Sy Y

=2 ey

more generic form of perturbation
p:po+5H(1)+52H(2)_|_53H(3)_|_.... (32)

It is reasonable to require that Tr H(™ = 0 is true for
each n. The entropy perturbation can be obtained in
due course, which is

(oo}

t(po + )" H" (po + 1)~
0

x HO) (pg + )™+« HUD (po + 1) 7165y gttty - (33)

We may express the second and the third order derivatives of the entropy in more explicit forms

1 o0
515 (po) = —Tx / t(po+1)THM (po + )T HW (pg + t) " dt — Te[H® log po], (34)
: 0

3!

1 oo
5@ (pg) = x / t(po + 1) HD (po + 1)t
0

oo
— 2Tr/ t(po + 1)L HW (po + ) "LHP (pg + t)~1dt — Te[H® log po). (35)
0

It is known that the von Neumann entropy is
invariant under unitary transformation of the state.
Let us consider the displacement of thermal state
pa = D(ea)prDT(ea). Since the displacement op-
erator is unitary, the entropy will not be changed by
the displacement operation. Thus S(p4) = S(pT), the
entropy S(pq) is not a function of €. If we expand the
entropy of pg with respect to e, then the perturbation
up to any order should be zero. The characteristic

function of the displaced state is

Xa (1) = Tr[pa D(p)]
= Tr[pr D (ea) D(1) D(ca)]

= xt(p) exple(a’n — ap®)].
Expanding with respect to e, the characteristic func-
tion is

xd (1) = x1(p) |1 +ela*n—ap®)

1
+562(a*/¢—a,u*)2+~~ . (36)

The state is pg = pr+ eH® +e2H? ... with
1
H® = 5(1 —v)?[a?a?pr + prar?a® + 2|af* afpra)

— (1 - ) o pr. (37)

The H® term has been treated in the former section,
which gives rise to the first term of the right-hand side
of Eq. (34), the value 2 |a]* log v. By direct calculation

we have
—Tr[H® log po] = —2|al’ logv. (38)

So we have S (pg) = 0. The first and the third
derivatives of the entropy should be 0, considering the
symmetry of the system. Thus up to the third order
perturbation, S(pq) = S(pr) is verified.

5. Conclusion

We have derived the entropy perturbation formula
for degenerate and non-degenerate systems. Up to any
given order of perturbation of the density operator,
the entropy perturbation can be written in a concise
form via an operator integral, the integral can then be
evaluated in the eigenbasis of the unperturbed density
operator of the system. We can anticipate that the
perturbation formula may be used for calculating the
entropy of some non-Gaussian states that are not far

from Gaussian states in a continuous variable system.
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Appendix A: The n-th order derivative of entropy

S (pg) = P3 + Py, with

n n 0o —dt
_ - _ nfl _ e
Py = g%g ZTrpolog(pot+l€)< )( 1) g% lz: ( )Trpo/0 P
® dt & po+leH
™\ T = _ At
() [ 3 (-2)

m=0

SE ()T e
_Z ( ) n/o Tr po(po + 1) [H(po +)~]"dt

= (=1)"n! /0Oo Tr po(po + 1) [H (po +1) '] dt.

The last equation comes from the identity >, (—=1)" (7)™ = (=1)"n!. In the fourth equation we have used the
fact that >, (—1)' (7)™ = 0 for all m < n. We now prove these two results. Assuming g(z) = (1 — 2)" =

Sio(-1) (7)at, et -
uli) = (23 ) o) = 01 (] )ima

=0

zc o Lole)

where c,(cm) is the coefficient which obeys the recursive relation c(mH) kc (m) + c,(c . We always have cgn m _ 1.

Note that d*g(0)/dz* = 0, for all k < n, and d*g(0)/dz* = (—1)"n!, for k = n. Thus we have }_;" (1)} (})I" =
fa(1) = (=1)"n! and Y7o (=) (PI™ = fim(1) = 0 for all m < n.

P, can be obtained in a very similar way.

then

Appendix B: The third and fourth order off-diagonal perturbations

When the perturbation is off-diagonal in the eigenbasis of the unperturbed state, we have H,, = 0. The

contribution to the third order perturbation should be

Qs = /Ooo Tr{t(po + 1) [H (po + 1)~ }dt.

Evaluating in the basis of pg, we have

= dt
@s = Z/ (En, +t)2(Ep +t)(Eg + 1)

The summation should be taken for the case that n,m and k are all different since H,,,, = 0. After integrating

and considering the permutation symmetry, we have

G- Y 92 Re( Hym Hyts Hion) [log(En/Ek) 1og(En/Em) |

E,, — Ey, (En —Er)  En—En

n<m<k

The contribution to the fourth order perturbation is

/ tHanmlHlkan
E dt
En +t )(El + t)(Ek + t)

n,m,l,k
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When all n,m,, k are different from each other, the integral will be

Q41 = Z 2 Re(HanmlHlkan + HanmlHlkan + HanmlHlkan)

n<m<I<k
% [ log(Em/Ey) + log(E1/En)
(Em - En)(Em - El)(Em - Ek) (El - En)(El - Em)(El - Ek)
+ IOg(Ek/En) :l
(BEx — En)(Bx — En)(Ex — E) |

where permutation symmetry are considered. When two of n,m, [, k are equal, that is (i) n =1 # m # k and
(ii) m = k # n # [, the integral will be

dt dt
Z/ (B 1 03(Em 1 ) (Bn 1+ 0) +Z Bt 02(Ep + 2B+ 1)

n,m,k

which is

Qa2 = Z (|Hannk|2 + |HmnHmk|2 + |Hankm|2)
n<m<k
1 log(Em/Ey) N log(Ex/En)

* [En(En - Em)(En - Ek) (Em - En)z(Em - Ek) (Ek - En)z(Ek - Em) )

When n =1 and m = k, we have the integral

t |Hnm|
_dt,
Z/ Em +t)

n,m

which is

1 11 1 L
_ Hof | (= y =)o e in
Qa3 ZI nm| [2(En—Em)2<En+Em> (En — En)? ®E,,

n<<m
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