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The analytical transfer matrix method
for quantum reflection®
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In this paper, the analytical transfer matrix method (ATMM) is applied to study the properties of quantum

reflection in three systems: a sech? barrier, a ramp potential and an inverse harmonic oscillator. Our results agree
with those obtained by Landau and Lifshitz [Landau L D and Lifshitz E M 1977 Quantum Mechanics (Non-relativistic
Theory) (New York: Pergamon)], which proves that ATMM is a simple and effective method for quantum reflection.

Keywords: analytical transfer matrix method, quantum reflection, reflection coefficient, transmis-

sion coefficient, reflection time

PACC: 03658, 0365G

1. Introduction

With the development of experiments, we can
obtain accurate velocities of atoms by advanced
cooling 3! and launching!® techniques. The atoms
can be described by the adjustable potential that
drives us to consider the quantum nature of the dy-
namics. Quantum reflection is an important effect
which happens to an atom moving through a classi-
cally allowed region without reaching a classical turn-

ing point. !

This effect is sometimes caused by the
long range part of an atom-surface interaction. So
it avoids the incident atom interacting with shorter-
range forces and being scattered or adsorbed.!6!

The analytical transfer matrix method (ATMM)
has taken into account the phase contribution of the
sub-waves, and is used to prove that the phase shift
at the classical turning point is exactly equal to 7 in
Ref. [7]. Here we apply the ATMM to two situations:
1) E < Viax, 2) E > Viax. Corresponding to the
classical reflection, the former is always considered as
a good approximation. The latter belongs to the cate-
gory of quantum reflection. The WKB approximation
is helpless in such a situation, but the ATMM makes
us solve the problems of quantum reflection easily. In
Section 2, we introduce the theory of the ATMM. In
Section 3, the ATMM is applied to a sech? barrier, a
ramp potential and the inverse harmonic oscillator re-

spectively. Then, we define a quantum reflection time

tr which is calculated in the above two instances. Fi-
nally, the conclusion and discussion are presented.

2. Analytical transfer matrix

method

Now we introduce ATMM,["~12] which will be ap-
plied in the next section.
In the one-dimensional potential V(x), the wave
function ¢(z) satisfies the Schrodinger equation
d*y(e) | 2u
da? h?

[E = V(2)](x) =0, (1)

where p is the mass of a particle. In Fig. 1, ¢¥(x) is
in the region of [z, 2,,]. Now we divide this region
[0, ] into m layers with the width d. The transfer

matrix in each layer can be written as!”

1
cos(k;d) —-—sin(k;d
ap, — | cotid —psna) |
kjsin(k;d)  cos(k;d)
j = 17 2’ A 7m7 (2)
the matrix equation is
¥(xo) - V(@)
S =1 (3)
Y’ (20) j=1 V' (Tm)

The wave number k; = /2u(E — V;)/h. We assume
that zo = 0 and the particle is incident on the poten-

tial from the left, then the wave function for x < xg
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and x > x,, can be written as

Agethor L Bye~tkor 2 <,
Y(z) = (4)

A7n+1elkm+lma T > T

where i is in imaginary units. Depending on the
boundary condition at zy and z,,, we can change

Eq. (3) into

m 1
Y'(z
{_ 1/J((x(§)))’1 14| w@w) | =0 )
g=1 qwb(an)
Defining
V' (x;)
—p; = : 6)
= ) (
and applying Eq. (4) into Eq. (5), then we obtain
. Ay — By } i 1
—iko———=, 1| [ M; =0, (7)
[ AO + By i} *Pm—i—l
., Ay— By
Pl = 71k0m7 (8)
—Im41 — ikm-{-la (9)
-1 Pj+1
P; = k;tan |tan . —k;d| ,
j
i=1,2,...,m. (10)

Let ¢; = tan™!(P;/k;) and P; is replaced by Eq. (10),

P:
¢; = l;m + tan~! (J“> — k;d,
kj
J=1,2,...,m—1,1; =0,41,42,.... (11)

Sorting Eq. (11), we get

_1 [ kjr1tan ¢,
kjd+ |:¢j+1 — tan 1 <W>:|

= ;T + (¢j41 — ¢5)- (12)

If j = m in Eq. (12), we can obtain

P,
Epyd = Ly + tan ™! ( 3 +1> — Om.- (13)

Integrating Eq. (12) with Eq. (13) and summing j, we
obtain

m m—1
Z kjd + Z [¢j+1 — tan—? <k].;_1t2n¢3+1>}
=1 =1 J

= Im +tan~" <PZ“> — ¢1. (14)

m

Equation (14) can be written as

exp(—i2¢1)

m—1

= exp (12{ kjd + |:¢j+1
j=1 j=1

~ tan! (’WH%H)]
kj

P,
_ —1 m+1
tan ( o )})

(12]

(15)

For an arbitrary potential

Tm
0

ikjd:/ k(z)da, (16)

m—1
> [¢'+1 —tan™! <kj+1 tan d)j“ﬂ
J .
j=1 h
o P dk
= ———d 17
/0 Prrk2dg " (17)

exp [—i2 tan~! <Pm+1>}
km
exp [12 tan~* <_1Zm+1ﬂ

km - karl
km + km—i—l
= "m,m+1, (18)

SO

exp(—i2¢1)

N e P dk
= Tm,m+1 * €XP |:12/O (k+_P2—|—k2d;L') d$:|

(19)
Multiplying 1/k; at both sides of Eq. (8), we get

iPl kvo—BO
— == 20
k1 k1 Ag + By (20)

then acquire the reflection coefficient easily

RarvMm
By
Ao
ro1 + exp(712¢)1)
14+7rp exp(—i2¢1)

Tm
701 + T'm,m+1 €Xp [12/ H(x)dx]
= 0 Tm Y (21)
1+ 7017m,m+1 €xp [12 H(m)dx}

0

where
ro1 = (ko — K1)/ (ko + k1), (22)
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and the total wave vector

P dk

H@ =kt pri e

(23)

where the first term in the above equation is the wave
vector of the dominant scattering wave and the sec-
ond one is the contribution of the scattering sub-wave
between the neighbouring layers in Fig. 1.

A V)

E__ —_

>
zo| z1 @2 ¥3 T4 @5 Tn-3m-2m-1Tm

Fig. 1. Arbitrary potential V(z), o, are truncation
points.

The  reflection  coefficient  Rarnvm =
|Raravm| €' ?P) | in which 6(E) is the phase of Ratyim.
|RaTay|? is the reflection probability.

3. Application

In this part, we apply Eq. (5) to two simple ex-
amples at first.

A sech? barrier: V(x) = Vpsech?(azx).

A ramp potential: V(z) = Vy/(1 + e *).

We obtain the corresponding potentials for the
above two systems in Figs. 2 and 3 respectively. Fig-
ures 2 and 3 show that Vj = Vi,.x, where Vi is
the height of the potentials. For simplicity, we let
h = m = 1. Reflection coeflicients can be obtained
easily by Egs. (21)—(23). Given some values of Vj, we
get the results in Figs. 4 and 5. In general, reflection
coefficients become smaller when E gets larger and
E < Vinax- When V) gets larger and FE is near or above
Vinax, the shape of reflection probability |Ratam|?
does not change. Thus quantum reflection occurs.

0.05 +
0.04 |

0.03 +

Vi(z)

0.02 -
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0

Fig. 2. Potential for the sech? barrier as a function of the
coordinate x when Vy = 0.05 and a = 1.
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Fig. 3. Plot of the ramp potential as a function of the
coordinate x when Vy = 0.01 and a = 1.
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Fig. 4. Reflection coefficients for the sech? barrier: (a)
Vo = 0.05 and a = 1; (b) Vo = 045 and a = 1; (¢)
Vo =1.65and a =1.
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Fig. 5. Reflection coefficients for the ramp potentials: (a)
Vo = 0.05 and a = 1; (b) Vo = 045 and a = 1; (c)
Vo = 0.65 and a = 1.

In order to use the ATMM in more general prob-
lems, we compute the nonclassical transmission in the
inverse harmonic oscillator, when F is near or above
Vinax- Here the tunneling coefficient is similar to the
reflection coefficient, where Tatay = |Tarvm|e'”
and 7 is the phase of Taryy. The reflection and the
transmission probability, i.e., | Raramv|? and |Taram|?
satisfy | Tarvm |*= 1— | Ratmu |- So

| Tataim |2

= 1— | Rarmu |?

Zon 2
701 + T'm,m+1 €XP {12/ H(m)dx}
0

=1—-

1+ T01"m,m+1 €XP |:12/ H(x)dx]
0

(24)

Figure 6 shows the potential of the inverse har-
monic oscillator V(z) = Vo — 0.522. Figure 7 is the
transmission probability through the inverse harmonic
oscillator for different V. The transmission probabil-
ity gets larger when the incident energy increases. If
FE is larger to an extent, the transmission probability
converges to 1 gradually. In contrast, the reflection
probability is convergent to 0 by degrees. These re-
sults show that quantum reflection occurs in the ‘turn-
ing point’ at which the particle reverses its direction
of motion. The ‘turning point’ is in the complex co-
ordinate, that is, the complex root of the equation
V(z) =E.
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Fig. 6. Plot of the inverse harmonic oscillator as a func-
tion of the coordinate x when Vy = 1.0.
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Fig. 7. Transmission coefficients for the inverse harmonic
oscillator: (a) Vo = 1.0; (b) Vo = 1.5; (¢) Vo = 2.0.

We define another parameter tg as quantum re-
flection time, where ¢y is the time for the occurrence
of quantum reflection when E > V... Here,

tr = h|R|? (jg) . (25)

Equation (25) is applied to the sech? barrier and
the ramp potential. The corresponding results are
shown in Figs. 8 and 9. The quantum reflection time
tr decreases with the increase of the incident energy
E. For the sech? barrier, tg gets larger when a de-
creases in Fig. 8, whereas it is very interesting that
tr increases with the enhancement of a for the ramp
potential. In Fig. 9, the separations between ty for
different a are small when £ < 0.05 or £ > 0.15.
However, the separation is large when E is small for
the sech? barrier in Fig. 8. If E increases to an extent,
we can obtain tg — 0 easily from Figs. 8 and 9.
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Fig. 8. Plot of quantum reflection time as a function of
the coordinate E for the sech? barrier with different a:
a=1;a=15;a=2;a=25.

o a=15
T a=1.0
——————— a=25
50 4 -a = 2.0
o 1 E
230 7
H
] N 0061 0068 0072
10 4 :
—10 T T T T
0.05 0.10 0.15 0.20

E

Fig. 9. Plot of quantum reflection time as a function of
the coordinate E for the ramp potential with different a:
a=1;a=15a=2;a=2.5.

4. Conclusions

In this work, we have extended the ATMM to
compute the quantum reflection coefficient and reflec-
tion time for the sech? barrier and the ramp poten-
tial. In addition, the ATMM is successfully applied
to calculate the transmission probability in the in-
verse harmonic oscillator. As E increases and is larger
than Vi,ax, the reflection coefficient decreases gradu-
ally until it converges to zero. In contrast, the tun-
neling coefficient increases to 1 by degrees. No mat-
ter how the parameter V[ changes, the shapes of the
reflection probability or transmission probability are
similar when E < Vyax or E is larger than V..
When E changes near or above Vi.x, the change
of reflection probability or transmission probability
is continuous. During the changes, quantum reflec-
tion happens. In the sech’? barrier, there is an in-
equality among quantum reflection times: tg,_, >
tRycr s > MRy_o > tR,_,5. However, in the ramp
potential, there is a contrasting relation: that is,
Since 2001, the
ATMM has been used as a powerful tool for atomic

tRoct < TRocis < tRezs < tRocos-

physics to calculate the energies and the problem of
scattering phase shift in the interaction between par-
ticles. This is the first attempt for us to apply the
ATMM to investigate the properties of quantum re-
flection. However, the WKB approximation cannot
be used in this situation. We look forward to find-
ing more properties in the context of this field by this
method.
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