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Using the Weyl ordering of operators expansion formula (Hong-Yi Fan, J. Phys. A 25 (1992) 3443) this paper
finds a kind of two-fold integration transformation about the Wigner operator A (¢’,p’) (g-number transform) in phase
space quantum mechanics,

//oo dp'dq’ A (q/,p/) e=2i(r=p")(a=9') = 5(p— P)s (¢ — Q),

™

and its inverse -
// dgdps (p — P)6 (q — Q) e*(r=?)a=4) = A (¢',1'),
— 00
where @, P are the coordinate and momentum operators, respectively. We apply it to study mutual converting formulae
among Q—P ordering, P—Q ordering and Weyl ordering of operators. In this way, the contents of phase space quantum
mechanics can be enriched. The formula of the Weyl ordering of operators expansion and the technique of integration

within the Weyl ordered product of operators are used in this discussion.
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1. Introduction

Phase space quantum mechanics (PSQM) pio-
neered by Wigner!" and Weyl[?! has received more and
more attention since the foundation of quantum me-
chanics, because it has wide applications in quantum
statistics, quantum optics, and quantum chemistry.
In PSQM observables and states are replaced by func-
tions on classical phase space so that expected values
are calculated, as in classical statistical physics, by
averaging over the phase space. The phase-space ap-
proach provides valuable physical insight and allows
us to describe similar classical and quantum processes
using similar language. Development of PSQMIB3—?!
is always accompanied by solving operator ordering
problems. Weyl proposed a scheme for quantizing
classical coordinate and momentum quantity ¢"p™ (c-

number) as the quantum operators (g-number) in the

following way

m 1\ = (M - l

qbp”—>(2) ;(Z)Q PrQl, (1)
where @), P are the coordinate and momentum oper-
ators, respectively, [@Q, P] = ih. (Later in this work we
set i = 1). The @’s eigenvector |¢) and P’s eigenvec-
tor |p) satisfy the relation |¢) (¢| = (¢ — Q) , |p) (p| =
0 (p — P), respectively. The right-hand side of Eq. (1)
is in Weyl ordering, so we introduce the symbol : : to

characterize it,[%7 and

=0
O e
=0

=:iQ"P", (2)

where in the second step we have used the property

that Bose operators are commutative within : :. This
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is like the fact that Bose operators are commutative
within the normal ordering symbol : :. The Weyl quan-
tization rule between an operator H (P,Q) and its

classical correspondence is

mrQ - [f T dgdph (. )) Algp). (3)

where A(q,p) is the Wigner operator.?~%8 Using
i we have invented an integration technique within
the Weyl ordered product of operators with which we
have constructed a Weyl ordering of operators expan-
sion formula (see Eq. (21) below, which is the same
as Eq. (53) in Ref. [7]).
this formula to find a kind of two-fold g-number in-

In this work we shall use

tegration transformation about the Wigner operator
A(q,p) in PSQM (see Egs. (33) and (34) below),
which helps to convert P-@Q) ordering and —P or-
dering to Weyl ordering, and wvice versa. The ordering
rules of the Heisenberg—Weyl (HW) algebra generators
have been subjects of interest for decades, and have a
huge literature devoted to them. Cohen introduced a
(“Cohen”) function which provides all possible order-
ing schemes for the HW algebra generators;®! Cahill
and Glauber!% described all different orderings by a
single complex parameter, called the ordering param-
eter. The quantizations of ¢"'p" and ¢—p exponentials
in all orderings, for example, can be found in Wolf’s
book.!'1:12] In the present work we shall adopt another
different approach for tackling three ordering schemes:
Weyl, P-Q and Q—P, and will present a well-ordered
The work is
arranged as follows: In Section 2 we briefly review

compendium of formulae of this type.

the Weyl ordered form of the Wigner operator. In
Section 3 we discuss the transition from the density
operator p’s Weyl ordering expansion to p’s Weyl cor-
respondence. In Section 4 we derive the Weyl ordering
forms of 6 (p—P)d(¢g—Q) and §(¢—Q)d(p— P),
their transformation to the Wigner operator is shown
in Section 5. Sections 6 and 7 are devoted to deriv-
ing mutual converting formulae among Q—P ordering,
P-@Q ordering and Weyl ordering of operators. In this
way, the contents of PSQM can be enriched.

2. The Weyl ordered form of the

Wigner operator

According to Eq. (3) we can rewrite Eq. (2) as

QTP = //OO dgdpg™p"A(g,p),  (4)

— 00

which implies that the integration kernel (the Wigner

operator) is67]

Alg,p)=10(¢—Q)o(p—P)
=i0(p-P)i(g-Q) . (5)
Substituting Eq. (5) into Eq. (3) yields H (P,Q) =
‘h(P,Q) i, where :h(P,Q) : is just the result of re-

placing p — P,q — @ in h(p,q) and then putting
i i, Further, using Q = (a +af)/V2, P =

(a—a")/V2i, a = (¢ +ip)/V?2, [a,a*] = 1, we can
express

it within

A(gp) = Ao, )
5 (a—a)d(a* —al) . (6)

N |

It then follows

‘K (af,a) §:/d2aK(a*,a) S(a—a)d(a* —al) i
- 2/d2aK (0*,0) A(a,a"). (7

Thus the neat expression of A (g,p) in Dirac’s delta

function form is very useful; one of its uses is that the

marginal distributions of the Wigner operator can be

clearly shown, since the coordinate and momentum

projectors are respectively

l9) (g =d0(¢—Q)=10(¢—Q) 1, (8)
Ip) (pl=d(p—P)=1d(p—-P)1, 9)

we immediately know that the following marginal in-

tegration

/°° qu<q,p>=/°° dgi6(g— Q)3 (p—P):

— 00 —0oQ

=i(p-P)i=Ip) ol (10)

similarly,

/OO dpA(gp) = 16(a-Q) i =l . (1)

— 00

It then follows the completeness of A (q,p),

//Z dgdpA (¢,p) = 1, (12)

so the Weyl rule for H (P, Q) in Eq. (3) can also be
viewed as H’s expansion in terms of A (g,p). When
H (P,Q) is Weyl ordered, which means H (P,Q) =
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H (P,Q) :, then using the completeness Eq. (12) we
see
HPQ = PQ ! [[ s

—00

_ /[o dqdpH (g,p) A(g,p), (13)

as if A (g, p) was the “eigenvector” of : H (P,Q) :. On

the other hand, due to the normally ordered forms of

lq) (q| and |p) (p|®!
o (1—Q)%. , (14)

o~ (p=P)?

1
lg) (q| = 7
1

Ip) (p| = H (15)

we know the normally ordered form of A (g, p)!?]

2 2
Alg,p) = e~ (@=Q)*=(p—P)".
‘e 2(a —a )(a a)

(@, 07), (16)

1
7 ¢
1
T
=A

where a = (Q +iP) /v2, [a,a'] =1, and

Tr[A (o, ") A(a/, )]
1

= 0@ —a)d(a” —a"). (17)

3. From the density operator p’s

Weyl ordering expansion to p’s

Weyl correspondence

In Refs. [6] and [7] we have presented a Weyl or-

dering of operators expansion formula

2
p=2 [ Lislpls) e 2(5a—dlp+ala)] i

(18)
where |3) = exp[—|B|?/2 + Ba']|0) is the coherent

[14,15]

state, its completeness relation is

2
/dﬁww| L algy=p18).  (19)

For the pure coherent state density operator |a) (o],

using Eq. (18) and the overlap

(Jef®> +[8%) + B, (20)

N

mw»:mpj—

we derive

2
) el =25 [ 2 -8l a) (el 9

x exp[2 (B*a — a' B+ a*a)]
=2:exp [72 (e —a) (oz* - aT)}

=2tew [~0- PP - (-7 (@)

thus the Weyl ordered form of pure coherent state
|a) (o] is a Gaussian in p—¢g space. Combining Egs. (7),
(17) and (18) yields

27Ty [pA (o, ™))
—1 [ 6 (=51p13) Tr {2 A e,

— 1 [@s-plpls) ]2 [ @A) Adaa)
x exp [2 (B*a’ — B+ o« ')]}

- 2/ dQTﬁ (=BlplB) /dza/e2(ﬁ*0/7a’*ﬁ+a/*a)
xd(a—a)é(a” —a”)
2
- 2/ L0 (51 p|g) 25 ama"srara), (22)

which is just an alternate expression of the Wigner
function of p, comparing Eq. (18) with Eq. (22) we see
that the latter is just the result of replacing a — «,
al — a*, in the former; this is because the right-
hand side of Eq. (18) is in Weyl ordering, the classical
Weyl correspondence 27Tr [pA (o, a*)] of the right-
hand side of Eq. (18) is just the right-hand side of

Eq. (22).

4. Weyl ordering of §(p— P) 6(q—
Q) and 6(q — Q)dé(p — P)

Now we examine what the Weyl ordering of
§(p—P)6(q—Q) is.

tion of |¢), the coordinate eigenstate, and the com-

Using the completeness rela-

pleteness relation of the momentum eigenstate |p),
{q |p) = (1/v/27)elP, we have

d(p—P)o(qg—-Q)
:/dp’ Ip") <p’|5(p*P)5(qu)/dq’|q/> (|

_/dp’
2

Ner ) /dQ’ (d6(p—p)o(qg—q)e P
_ 1 —1pq
= E Ip) (gl e

(23)
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The overlap between (g| and the coherent state is Similarly, we can derive
—1/4 ¢ Lo 1o Sa—NS(p—-P
(q| By =m exp —?—i-\/iqﬁ—iﬂ —§|ﬁ| ) (q—Q)d(p )
2
@) =2 [ SR gl tplem ) Hreel sl
and 1 T
2 = —iexpl2i(¢—Q)(p— P)]i. (27)
(-8 I = exp{ - 2 - VEips "
) ) Equations (26) and (27) have been derived in another
+ 55*2 2|ﬂ|2} (25)  approach in Ref. [16].
Substituting Eq. (23) into Eq. (18) and using Eqs. (24) .
and (25) lead to 5. New transformation of the
Wigner operator
5(p—P)é(a—Q) sher op
‘[ / dgﬁ (—B| p) (q| e 7 |B) By noticing Eq. (5) we see
. 1. . )
x exp [2 (8%a—a'B+ala)] : ;5 exp[—2i(q — Q) (p — P)]:
_ V2 iy, / B 18122 vEps" / dpdg'e =) =) 15 (' — Q)6 (o — P)
T T
. N i 52 | g*2 1 ’ g //—21(—)(—’)
x (B a=a'B+ala)—Lrt B =— [ [ dp'dd'A(q,p")e” TP NI (28)
. T
1. .
= _iexp [\f?q (a— aT) +V/2ip (a+ aT)} It then follows from Egs. (28) and (26) that
X exp [—Zipq + at2 42 = aTa] l/ dp’dq'A (q/’p/) e—2i(p—p/)(q—q/)
1, . : T
= —texp[-2i(¢ - Q) (p— P (26) =06(p—P)d(g—Q). (29)
|
Similarly, we can derive
l VA 1o 2i(p7p')(q7q') _ o o
— || WddA(d p)e =0(q-Q)s(p—P), (30)

o eﬂi(p_p,)(q_q/)/w can be considered as the classical Weyl correspondence of 6 (¢ — Q) 6 (p — P) and § (p — P)
d (¢ — Q) , respectively. Moreover, the inverse transform of Eq. (28) is

/] s expl-2i (g - Q) (p — P lrr)(a=0)

B //@//dp”quA(q//7p’/)e_Qi(P—P”)(q—q”)+2i(p_p/)(q_q/)

//dp”dq”A 7p ) —21( ”q”—pq)(s(q/ —q")5(p’—p”)

=A(d,p), (31)

which means
/ / dgdps (p — P) 6 (q — Q) 2 (—7)(1=0) = A(¢' ), (32)
/ dgdpd (g — Q)6 (p— P) e 2(r=7)a=0) — A (¢, p'). (33)

Equations (29)—(33) are new transformations of the Wigner operator in ¢—p phase space.
Further, multiplying both sides of Eq. (31) from the left by [[ d¢’dp’h (p’,q’) we obtain
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/ dq'dp'h (p',q') A(d',p')
=//dq'dp’h(p'7Q’) // @e%(l’*p')(qw’)

x iexp[—2i(q— Q) (p— P)]:

gy

where we have introduced

G(p,q) = %// dg'dp'h (p',¢') (=) (a=0) | (35)

e HUmQE=R G (p, g), (34)

this is a new interesting transformation, because when
h(p'.q) =1,

l/ dq/dp/e2i(p—p’)(q—q')
T

- / T ags(g—g)errd) =1 (30)

— 00

The inverse of Eq. (35) is
// L 2i()0-)G (. ) =

™

h(p',d'). (37)
This transformation’s Parsval-like theorem is[!7]

// dqdp :// dqullG(p’,q’)P. (38)

6. P-() ordering and Q—P order-
ing to Weyl ordering

We now use the above transformation to discuss
some operator ordering problems. For instance, from

the integration formula we have

d
-

_ (ﬁ)+ (1) Hy (V301V3S) (39)

5) (x —1)]

where H,,, is the two-variable

[18,19]

Hermite poly-

nomials,

min(m,r)

mlr!(—1)! el
> l'(m—l()'(r)—l)'t Lsr=t. (40)

=0

Hy, - (t,s) =

Equation (39) can be proved as follows:

L.H.S. of Eq (39)
_eZist g // dl’dy 21a:y 2iyt—2isx
s
‘ a\™
2ist - 2isx
=e ( ) (85) / dze ™% (x —t)
_ n2ist g 2 " 7215t
ot ds
= R.H.S. of Eq. (39). (41)

Using Egs. (27) and (39) we know

QmPr _ // dpdqqmpr(s (q - Q) d (p - P)
_ // d};dqqmpr fexp[2i(p— P) (¢ — Q)]

1 m—+r
=\ —F= (_i)r éHm,'r \/§Qa1\/§P
B

this is a simpler way to put Q™ P" into its Weyl order-
ing. Similarly, using Eq. (26) and the complex conju-
gate of Eq. (39) we see that the Weyl ordered form of
PrQ™ is

PQ™ = / 0; dpdgp"q™é (p — P)d (¢ — Q)
e

1\ . :
= (ﬂ) (1)" iHp, (\/iQ, —1\/§P) (43)

e 2(¢—Q)(p—P) : LqMp”

7. Weyl ordering to P-(Q) ordering and QQ—P ordering

According to Egs. (35) and (37) we know that the inverse transform of Eq. (39) is

1 m-—+r X
JIEE () 0 B (Varivas) oot — gy (44)

which is a new integration formula. Then from Egs. (26) and (44) we have

V2

m—+r
(1) (—i)r Hm,r (\/5@, 1\/§P) |P before Q
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_ (\}E)M (=)’ // dpdad (p— P) (g~ Q) Hy (V30,1v3p)

S () f) e () e <o
Due to Eq. (40) we see
(\}i)mw (—i)" Hyp.r (\/iQ, i\/iP) |P before @ = Z (;)l /! (;) (”;) prigm-t (16)

1=0
so equations (45) and (46) lead to
N
TOMpT — i "I“ mPr—l m—l 4
QTP ;(Q)l.l ;)P (47)

Equation (45) or equation (47) is the fundamental formula of converting the Weyl ordered operator to its P—Q
ordering.

Similarly, from Eq. (27) and the Hermite conjugate of Eq. (44) we have

<1>m+r (i) Hypr (\@Q, —i\/ip) ’

NG Q before P
= // dpdgd (¢ — Q) (p— P) <\}§> - ()" Hpn,r (\/iq, —i\/ip)
= QMPTi=iPTQM, (48)

SO

e @) o) (e

1=0
this is the fundamental formula of converting the Weyl ordered operator to its Q—P ordering, which is in contrast
with Eq. (47).

8. Q—P ordering to P-() ordering and wvice versa

Combining Egs. (42) and (47) together we derive
mlr! i
mpr _ - : m—lPr—l :
@ ;l!(ml)!(rl)!<2> Q :

B () B 0 ()

k=0
mlr! i I+k P
:;kz:o“(m—l—k)!(r—l—k)!k! <2) P
_ mlr! ke
- kZ:O B — i e )

which puts Q™ P" to its P-@ ordering. It then follows the commutator

@) =3 e O P 1)

k=1
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On the other hand, from Eqs. (43), (40) and (49) we have

Pron = (ji)m ) o, (V2Q.-1V3P)
mlr! —i\ L. el o
~X () 19

S () <SG (L) (e

mlr! . ke T —
=2 o me QT

(52)

which puts P"Q™ to its Q—P ordering. Thus equation (51) is also equal to

m!r!

@™, =2 (m—k)(r — k:)!k!(

k=1

—i)ka_kPr_k. (53)

9. P—Q ordering or Q-P ordering expansion of (P + Q)"

Due to

n_ 4" et 4 A(P+Q):’
(P+Q)" =g © ‘)\:O T © :

substituting Eq. (47) into Eq. (54) we derive

o SORO O

or using Eq. (49) we have

(P+Q)" = ; <’Z) kZ:O (21>k k! </i) <”k l) Q-kprik, (56)

In sum, by virtue of the formula of the Weyl ordering of operators expansion and the technique of integration

A=0

i =Y (7). o0

within the Weyl ordered product of operators we have found a two-fold integration transformation about the

Wigner operator A (¢’,p’) in PSQM, which provides us with a new approach for deriving mutual converting

formulae among Q—P ordering, P—(Q) ordering and Weyl ordering of operators. In this way, the contents of
PSQMI[1=6:19.20.21] ¢an he enriched.
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