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Bilinear Backlund transformation and explicit
solutions for a nonlinear evolution equation*
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The bilinear form of two nonlinear evolution equations are derived by using Hirota derivative. The Backlund trans-

formation based on the Hirota bilinear method for these two equations are presented, respectively. As an application,

the explicit solutions including soliton and stationary rational solutions for these two equations are obtained.
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1. Introduction

The explicit expression of solutions to the non-
linear evolution equation (NEE) plays an important
role in nonlinear science. In the past decades, much
effort has been made for the construction of exact so-
lutions of the NEEs, and there are some systematic
approaches to obtain them, such as the inverse scat-
tering transformation (IST) method, the Bécklund
Hirota’s bi-
linear method, the algebra-geometric method, and

and Darboux transformation methods,

so on.'=71 Recently, the nonlinearization method of
Lax pairs (or constrained flow),8=13 the homoge-
neous balance method,'*=17) the hyperbolic function
method,"8-22 and the Jacobian elliptic function ex-

dl23.24]

pansion metho have been applied to construct

exact solutions of NEEs. Therefore, it is interesting
to find a new type of solution to an NEE. In this
paper, we consider the bilinear Backlund transforma-
tion for NEEs resorting to Hirota’s bilinear transfor-
mation method. The Backlund transformation has
been proven to be one of the most powerful tools to
obtain explicit solutions of NEEs. In order to state
how this method works, the (2+41)-dimensional Bo-
goyavlenskii’s breaking soliton equation

Ut + Ugyy + duny + 4um3;1uy =0, (1)

and the (3+1)-dimensional Kadomtsev—Petviashvili
equation

Uyt + Gui + 6UUpy — Upgpe — Uyy — Uzz =0,  (2)

are provided as two illustrative examples.

2. Bilinear Backlund transforma-
tion and explicit solutions for
equation (1)

Equation (1) is a typical “breaking soliton” equa-
tion and was studied by Bogoyavlenskii, where over-
lapping solutions were generated.!?! Radha and Lak-
shmanan showed that equation (1) possesses the
Painlevé property and dromion-like structures.2¢
Ikeda and Takasaki presented a Bogoyavlenskii’s hier-
archy and its breaking soliton solutions.?”) In recent
years, many papers have been focusing their topics on
various exact solutions of Eq. (1).25=34 In the follow-
ing, we shall derive the bilinear Bécklund transforma-
tion and then give the explicit solutions for Eq. (1).

The Hirota bilinear operator (D-operators) is de-
fined as!”

Di"Dngn ( ,y,t)'b(l’,y,t)
= (0 = 0,)"(8y — 8, )™(0 — Oy )"
( Y /7 /)‘x’—w y'=y,t'=t- (3)

The bilinear form of the (2+1)-dimensional Bogoy-

x a(z,y,t)

avlenskii equation (1) reads
F(Dy, Dy, Dy)f - f = (DiDy +DyD3)f - f=0 (4)

with the property of the D-operators and the depen-

dent variable transformation[26-32]

u(,y,t) = S02In f(2,4.1). o)

We know that the Bécklund transformation is a trans-
formation that is related to a pair of solutions of
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NEEs. In order to derive the bilinear Bécklund trans-
formation for the (2+1)-dimensional Bogoyavlenskii
equation (1), we consider the pair of solutions f and
f' of the bilinear equation (4), that is
(DD + Dy DY) f - f =0, (6)
(DiDy + Dy D) [+ ' =0, (7)

and we start from

P

[(D:Dy + Dy D) f' - f'1f°
— [(DsDy + DyD3) f - 117
— 0. (8)

Obviously, if P = 0, f satisfies Eq. (6), then f also
satisfies the same equation. Therefore, equation (8)

can be regarded as a relation that connects the solu-
tions f and f’.
P = 0 the bilinear form of equations

Furthermore, if we can obtain from

Fl(Dt7D3??Dy)f/'f:07
FQ(DtvauDy)f/'f:()v
Fk(Dt7DmaDy)f/'f:0a

where F‘l,F‘Q7 ey
they provide a bilinear Backlund transformation for

F}, are undetermined functions, then

the (241)-dimensional Bogoyavlenskii equation (1).
In order to gain concrete results, the following four
formulae are very useful.

Proposition 1147 For arbitrary derivable func-
tions f and g, we have

[DaDif - flg* = [DeDig - g1f* = 2Do(Dif - 9) - 9, 9)
[D}f - flg° —[Dg - glf*> = 2Dy(Dyf - g) - f, (10)
[D2f - f9° = [Dyg - g1f* =2Do(D3f - 9) - gf +6D.(D3f - g) - (Dag - f), (11)
2(D3D, f - flg> = 2[D3iDyg - g1f* = D.[(3D2Dy f - g) - gf + (3D2f - g) - (Dyg - f)

+(6D.Dyf - g) - (Dag- )]+ Dy[(D3f -g)-gf +(BD2f - g) - (Dag - f)]. (12)

Using the properties (9) and (12

), equation (8) can be written as

2P = Do[(4Dy +3D2D,)f' - f1- ff' + Da[(3DZ)f" - f1- (Dy f - f)
+ Do (6D Dy f' - ) - (Duff') + Dy(Daf' - ) - ff' + Dy[(3DI)f" - f1- (Duf - f') = 0. (13)

Thus, we have

2P = D,[(4D; +3D2D, +vDy, +a)f' - f]- ff + D, (D2 + (D, + B)f - f1- ff

D,[(3D7

_VDx_5)f/'f]'(Dxf'f,)

"‘Dm[(?’Di"‘)‘Dy_V_C"‘(S)f/'ﬁ'(Dyf'f/)

D,[(6D,D,

where eight arbitrary parameters «, 3,7, A, i, v, §, and
¢ have been introduced. Equation (14) is equivalent
to Eq. (13) because the coefficients of «, 8, 7, A, u, v,
0, and ¢ in Eq. (14) are all zeros, which can be easily
proved. Equation (14) is satisfied provided that the
following equations hold

(4D; +3D2D, +vD, +a)f - f =0, (15)
(D3+<D +B8)f - f=0, (16)
(3D% =D, =) f" - f =0, (17)
(3D2—|—)\D —v—C(+8)f - f=0, (18)
(D Dy)f"- f=0. (19)

—6pDa)f" - f]-(Def - ') =0, (14)

These constitute the Backlund transformation of the
(241)-dimensional Bogoyavlenskii equation (1) in bi-
linear formalism. In what follows, as an application of
the bilinear Backlund transformations (15)—(19), we
shall derive explicit solutions including soliton solu-
tions and rational solution for the (2+1)-dimensional
Bogoyavlenskii equation (1). To illustrate the process
of generating these solutions starting from a known

solution, we shall take the simplest case

f=1 (20)
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which is transformed into the original variable u as
3
u(z,y,t) = 533 In f(2,y,t) =0, (21)

so that equation (20) can be regarded as a vacuum
solution. Substitution of Eq. (20) into Egs. (15)—(19)
yields the following several cases.

Case 1.1 By setting a = g =6 = 0,\ =
—3k,u = k,v = 3k,v = k2, = —k?, and choosing
the function f’ in the bilinear Backlund transforma-
tion (15)—(19) to be

f' =1+ ekathv=k*t+6 ¢ — const., (22)

then a soliton solution is engendered

u(z,y,t) = 3—k2 sech? ko + ky — K7t + EO.
8 2
Case 1.2 Bysettinga=8=d=0,A=-3,u=
k2, v = 3k,v = k%, ( = —k?, it is easy to see that the
function

(23)

Fr=14 ekrthu-ktbo g0 = const., (24)

satisfies the compatibility condition of the Bécklund
transformation (15)—(19). With the help of Eq. (5),
we obtain the one-soliton solution for Eq. (1),

u(x,y,t) = g sech? hu + Ky — k' + 50.
8 2
Case 1.3 By considering a = 8 =0 = 0,A =
—3k,pu =K,y =3k%v =k = —k* it is easy to
see that the function f’ in the Backlund transforma-
tion (15)—(19) can be chosen as

(25)

fl =1+ R etk u=kTt6 e = const, (26)

which together with Eq. (5) yields another soliton so-
lution for the (2+1)-dimensional Bogoyavlenskii equa-
tion (1)

k4 k2 K3y — k7t
u(z,y,t) = 3—sechQ rrEY +€O. (27)
8 2
Case 1.4 Let a = —4, others = 0, then the

function

f'=e'(cix+cay+c3), c1,c,03 = const., (28)

satisfies the compatibility condition of the Béacklund
transformation (15)—(19). We arrive at a stationary
rational solution for the (241)-dimensional Bogoy-
avlenskii equation (1)

i

3
t)=—= . 29
u(@,y,1) 2 (c1z + coy + ¢3)? (29)

3. Bilinear Backlund transforma-
tion and explicit solutions for
equation (2)

Equation (2) is introduced to describe the dy-
namics of solitons and nonlinear waves in the fields
of plasma physics, fluid dynamics, etc.,!3®) which has
been studied by many authors. Chen et al. obtained
some new exact solutions for Eq. (2) by using a new
generalized transformation in the homogeneous bal-
ance method.l*®l El-Sayed et al. studied Eq. (2) by
considering the decomposition scheme and obtained

s.137 Hu obtained some travelling

(38]

some exact solution
wave solutions by applying the algebraic method.
Recently, Liu et al. derived the similarity solutions by
using the compatibility method.% In the following,
we shall derive the bilinear Backlund transformation
and give new explicit solutions for Eq. (2).

The bilinear form of the (3+1)-dimensional
Kadomtsev—Petviashvili equation (2) reads

F(DszyaDzaDt)ff
= (DyDy— Dy — D2 —D2)f- f
=0 (30)

with the dependent variable transformation
u(z,y,z,t) = =20°In f(2,y,2,1) /02>, (31)
We start from

P = [(DyDy - Dy — Dy = D2)f" - f']f?
~ [(D2Dy = Dy = Dy = D) f - fIf* =0, (32)
and use the formulae (9)—(11). Adopting a similar

procedure of obtaining the bilinear Bicklund trans-
formation for Eq. (1), we arrive at

P

2
= D,[(D; —aD,)f- - f'f
+3D,[(D? = BD)f - f']- (Do f)
— Do[(Dy — aDy —yDy — 6D = N f - '] f'f
+ Dy[(Dy = ¥De =Dz =) f - f']- 'f
+ D.[(D: = 0Dy +eDy —v)f- f]- f'f = 0.(33)
Thus, the Bécklund transformation for Eq. (2) in bi-
linear form is as follows:

(D} —aD,)f - ' =0, (34)
(D2 —BD,)f - f' =0, (35)
(D¢ — aD, —yD, — 6D, — \)f - f' =0, (36)

w
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(Dy =Dy —eD, —p)f - f’
(D, —0Dy +eDy—v)f - f

0 (37)
0, (38)

where a, 5,7, A\, 4, v,€, and § are eight arbitrary pa-
rameters. Similarly, substituting f = 1 into Eqgs. (34)—
(38) yields the solutions of Eq. (2).

Case 2.1 Bysetting A\=pu=v=0,a =k 3=
k,v=1,e = 0,0 = 1, and choosing the function f’ in
the bilinear Bécklund transformation (34)—(38) to be

ff=1+ hatkythz+ (K +2k)t+€0 & = const., (39)

then a soliton solution is derived

u(z,y, z,t)
chs o kx+ ky+ kz + (K +2k)t + &
2
Case 2.2 By setting \=p=v=0,a=k% 3=
k,v=0,e =1,0 = 2k, it is easy to see that the func-

ech

. (40)

tion
f =14 ek tRyrk®z436% 460 ) = const., (41)

satisfies the compatibility condition of the Bécklund
transformation (34)—(38). With the help of Eq. (31),
we obtain a one-soliton solution for Eq. (2)

U(Z‘7 y7 Z7 t)
k? kx + k?*y + k? k3t
= —?sech2 TRyt 2Z+3 +§O. (42)

Case 2.3 By considering A = y=v = 0, =
k%, 8=k,v =1, =1,6 = 3, it is easy to see that the
function f’ in the Bécklund transformation (34)—(38)
can be chosen as

3
f/ =14 ekm+2ky+kz+(k +5k)t+§07 50 = const.,

(43)
which together with Eq. (31) yields another soli-
ton solution for the (3+1)-dimensional Kadomtsev—
Petviashvili equation (2)

u(x7y7 Z’ t)

k? o kx + 2ky + kz + (k3 + 5k)t + &
—— sech

2 2
Case 2.4 Assuming that A = p =v = 0,a =
k2,8 = k,v = k*, ¢ = 1,6 = 3k?, we can verify that

. (44)

the function f’ in the Bécklund transformation (34)—

(38) can be chosen as

f/ =1 + ek}1+2k3y+k3z+(k3+5k5)t+§o 50 — const.
(45)
thus, another soliton solution for the (3+1)-
dimensional Kadomtsev—Petviashvili equation (2) is

obtained
u(x7 y7 Z’ t)
k2 o kw+ 2Ky + K3z + (K3 + 5K°)t + &
=-3 sech 5 .

(46)

Case 2.5 By setting A, u, v arbitrary, others
=0, then the function

=Nt (ci0 4 ¢y),  c1,co,= const., (47)

satisfies the compatibility condition of the Backlund
transformation (34)—(38), thus we arrive at a sta-
tionary rational solution for the (3+1)-dimensional
Kadomtsev—Petviashvili equation (2)

2
2cf

7(011/ o) (48)

u(z,y, z,t) =

4. Summary

In summary, we have obtained several ex-
plicit solutions for the (2+1)-dimensional Bogoyavlen-
skii’s breaking soliton equation (1) and the (3+1)-
dimensional Kadomtsev—Petviashvili equation (2) by
the bilinear Béacklund transformation. This method
is valid for quite a few nonlinear evolution equations,
and generally speaking, an infinite number of soliton
solutions can be derived in this way. Furthermore, if
the solution derived is taken as a new seed solution,
we can do the Béacklund transformation again and a
new explicit solution can be obtained. This process
can be carried out continuously and will usually yield
a series of explicit solutions. Further discussion will
be given in other work.
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