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In this paper, a new lattice hydrodynamic model based on Nagatani’s model [Nagatani T 1998 Physica A 261 599]

is presented by introducing the flow difference effect. The stability condition for the new model is obtained by using the

linear stability theory. The result shows that considering the flow difference effect leads to stabilization of the system

compared with the original lattice hydrodynamic model. The jamming transitions among the freely moving phase, the

coexisting phase, and the uniform congested phase are studied by nonlinear analysis. The modified KdV equation near

the critical point is derived to describe the traffic jam, and kink–antikink soliton solutions related to the traffic density

waves are obtained. The simulation results are consistent with the theoretical analysis for the new model.
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1. Introduction

In recent years, traffic problems have attracted

considerable attention.[1−6] Many traffic models have

been proposed by scientists, such as car following

models, cellular automata models, gas kinetic mod-

els, and hydrodynamic models.[7−29] The transitions

from freely moving traffic to jammed traffic have been

described in these models. Moreover, the hydrody-

namic models and the car following models have been

investigated by using linear stability theory and the

nonlinear analysis method.[30,31] Also, the lattice hy-

drodynamic models as a type of hydrodynamic model

are convenient for analysing the density waves in traf-

fic flow.

In 1998, Nagatani[22,23] proposed the first lattice

hydrodynamic model, which was derived by discretiz-

ing the following continuum model:

∂tρ+ ∂x(ρv) = 0, (1)

∂t(ρv) = aρ0V (ρ(x+ δ))− aρv, (2)

where ρ0 is the average density, and a is the sensi-

tivity of the driver, δ represents the average headway,

δ = 1/ρ0. The ρ(x+ δ) is the local density at position

x+δ at time t, which is related to the inverse of head-

way h(x, t), i.e. ρ(x + δ) = 1/h(x, t). V (ρ(x + δ)) is

the optimal velocity. The idea is that a driver adjusts

the vehicle velocity according to the observed headway

h(x, t) or density ahead ρ(x + δ). This is similar to

the idea in the car following models with the optimal

velocity V (h(x, t)).

Then, for dimensionless space x (let x̃ = x/δ, and

x̃ is indicated as x hereafter), the lattice model is ex-

pressed as

∂tρj + ρ0(ρjvj − ρj−1vj−1) = 0, (3)

∂t(ρjvj) = aρ0V (ρj+1)− aρjvj , (4)

where j denotes the site on the one-dimensional lat-

tice, and ρj and vj denote the local density and the

local average velocity on site j at time t, respectively.

The modified KdV equation has been derived and the

kink–antikink soliton solution obtained near the crit-

ical point in this model.

In 2004, Xue[24] improved Nagatani’s lattice

model by taking the next-nearest-neighbour lattice

site into account. In 2005, Ge[25] proposed an ex-

tended lattice model by considering an arbitrary num-

ber of front lattice sites. Later, Ge[26] proposed an-

other extended lattice model by incorporating the

backward looking effect, and the KdV equation near

the neutral stability line is derived. Furthermore, the
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lattice models were applied by Nagatani to a two-lane

highway and in high-dimensional traffic flow.[27,28]

In this paper, a new model is proposed by con-

sidering the flow difference between the leading and

following lattices. The linear stability theory is given

and the neutral stability condition is obtained. Result

shows that the new model could also stabilize the traf-

fic flow. Moreover, we carry out a nonlinear analysis

near the neutral stability line. The mKdV equation is

derived and the kink–antikink soliton is obtained near

the critical point.

This paper is organized as follows: In the follow-

ing section, the new model is presented. In Section

3, the linear stability analysis is given. In Section 4,

the mKdV equation around the critical point is de-

rived by applying the reductive perturbation method.

In Section 5, we carry out a simulation to prove our

analytical results. Finally, the conclusions are given

in Section 6.

2. The new model

On the basis of the lattice model proposed by Na-

gatani, the flow difference lattice model (FDLM) is

presented:

∂tρj + ρ0(ρjvj − ρj−1vj−1) = 0, (5)

∂t(ρjvj) = aρ0V (ρj+1)− aρjvj

+ λ(ρj+1vj+1 − ρjvj), (6)

where λ is the sensitivity of a driver, and we set a

small value of λ (at least λ <= 1). From the new

model, one can see that adjusting the flow of lattice j

already takes into consideration not only the density

of lattice j + 1, but also the flow of it.

The flow difference in FDLM is similar to the rule

of velocity difference in the FVDM model.[29] By in-

troducing the velocity difference, the stability region

of FVDM is bigger than that of the optimal veloc-

ity model (OVM),[9] and the vehicle’s dynamic be-

haviours of FVDM are more realistic than that of

OVM. In this paper, we will prove that FDLM is also

an improvement of Nagatani’s model in the following

sections. As we know, in real traffic, if the downstream

flow is bigger than the upstream flow, generally, it

means that the traffic condition of the downstream

road is better than that of the upstream road. Thus,

the upstream drivers could accelerate, so the flow from

upstream to downstream becomes larger. In FDLM,

the flow difference could describe this phenomenon to

some extent. Moreover, in the same density, the con-

gested traffic on the road may be in a state of the syn-

chronized flow or the wide moving jams, and the flux

of the synchronized flow is bigger than that of wide

moving jams[3] in the same density. In fact, the flow

difference could help distinguish the traffic conditions

in the front.

By eliminating speed v in Eqs. (5) and (6), one

could obtain the following density equation

∂2
t ρj + aρ20(V (ρj+1)− V (ρj))

+ a∂tρj − λ(∂tρj+1 − ∂tρj) = 0. (7)

Moreover, the optimal velocity is chosen as fol-

lows:

V (ρ) = (vmax/2)[tanh(1/ρ− hc) + tanh(hc)], (8)

where hc is the safety distance, and the critical den-

sity ρc = 1/hc. For simplicity, we set vmax = 2. It

can be seen that the optimal velocity function has the

following properties: it is a monotonically decreasing

function, it has an upper bound (maximal velocity),

and it has a turning point at the safety distance.

3. Linear stability analysis

A linear stability analysis can be conducted for

FDLM. It is obvious that the steady state is the uni-

form traffic flow with a constant density ρ0 and op-

timal velocity V (ρ0). So, the steady-state solution is

given by

ρj(t) = ρ0, vj(t) = V (ρ0). (9)

Suppose that yj(t) is a small deviation from the

steady-state density of the vehicle j: ρj(t) = ρ0+yj(t),

and yj(t) = exp(ikj + zt). Therefore, we obtain

V (ρj) = V (ρ0) + V ′yj(t),

V (ρj+1) = V (ρ0) + V ′yj+1(t), (10)

yj+1(t) = yj(t) exp(ik), ∂tρj = zyj(t),

∂tρj+1 = zyj+1(t), ∂2
t ρj = z2yj(t), (11)

where

V ′ =
dV (ρ)

dρ

∣∣∣
ρ=ρ0

.

Substituting Eqs. (10) and (11) into Eq. (7), we have

z2 + aρ20V
′( e ik − 1) + az − λz( e ik − 1) = 0. (12)

Inserting z = ui into Eq. (12), with u being a real

number, and making its real part and imaginary part

equal zero, we obtain

−u2 + aρ20V
′ cos k − aρ20V

′ − λu sin k = 0, (13)
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−aρ20V
′ sin k + au− λu cos k + λu = 0. (14)

From Eq. (14), one can have

u =
aρ20V

′ sin k

a− λ cos k + λ
. (15)

Letting σ = a− λ cos k + λ and substituting Eq. (15)

into Eq. (13), we obtain

V ′ =
λa/σ − a(cos k − 1)/ sin2 k

−a2ρ20/σ
2

. (16)

When k → 0, we then obtain the stability condition

a > −2V ′ρ20 − 2λ. (17)

When λ = 0, we have the stable condition of Na-

gatani’s model

a > −2V ′ρ20. (18)

From Eqs. (17) and (18), one can see that the stability

condition can be satisfied in FDLM more easily than

in Nagatani’s model.

4. Nonlinear stability analysis

We apply the reduction perturbation method to

Eq. (7). We introduce slow scales for space variable j

and time variable t, and define the slow variables X

and T as

X = ε(j + bt), T = ε3t, (19)

where b is a constant to be determined later. We set

the densities ρj(t) to be

ρj(t) = ρc + εR(X,T ). (20)

Expanding each term in Eq. (7) to the fifth order of

ε, one obtains

∂tρj(t) = ε2b∂XR+ ε4∂TR, (21)

∂2
t ρj(t) = ε3b∂2

XR+ ε52b∂T∂XR, (22)

ρj+1(t) = ρc + εR+ ε2∂XR+
1

2
ε3∂2

XR

+
1

6
ε4∂3

XR+
1

24
ε5∂4

XR, (23)

V (ρj+1) = V (ρc) + V ′(ρc)(ρj+1 − ρc)

+
1

6
V ′′′(ρc)(ρj+1 − ρc)

3, (24)

V (ρj+1)− V (ρj)

= V ′(ρc)ε
2∂XR+

V ′(ρc)

2
ε3∂2

XR

+
V ′(ρc)

6
ε4∂3

XR+
V ′(ρc)

24
ε5∂4

XR

+
V ′′′(ρc)

6
ε4∂XR3 +

V ′′′(ρc)

12
ε5∂2

XR3, (25)

∂tρj+1(t)− ∂tρj(t)

= ε3b∂2
XR+ ε5∂T∂XR+

1

2
ε4b∂3

XR

+
1

6
ε5b∂4

XR. (26)

Substituting Eqs. (21)–(26) into Eq. (7), we obtain the

following expression:

ε2(aρ2cV
′(ρc) + ab)∂XR+ ε3

(
b2 +

aρ2cV
′(ρc)

2
− λb

)
∂2
XR

+ ε4
(
aρ2cV

′(ρc)

6
∂3
XR+

aρ2cV
′′′(ρc)

6
∂XR3 − λb

2
∂3
XR+ a∂TR

)
+ ε5

(
(2b− λ)∂T∂XR+

(
aρ2cV

′(ρc)

24
− λb

6

)
∂4
XR+

aρ2cV
′′′(ρc)

12
∂2
XR3

)
= 0. (27)

Near the critical point, we have (ρc, ac), ac = a(1 + ε2). By taking b = −ρ2cV
′(ρc) and eliminating the second

and third order terms of Eq. (27), we obtain the simplified equation

ε4[∂TR− g1∂
3
XR+ g2∂XR3] + ε5[g3∂

2
XR+ g4∂

4
XR+ g5∂

2
XR3] = 0, (28)

where

g1 =
λb

2ac
− ρ2cV

′(ρc)

6
, g2 =

ρ2cV
′′′(ρc)

6
, g3 =

b(b− λ)

ac
,

g4 =
2b− λ

ac

(
λb

2ac
− ρ2cV

′(ρc)

6

)
+

ρ2cV
′(ρc)

24
− λb

6ac
, g5 =

ρ2cV
′′′(ρc)

12
− (2b− λ)ρ2cV

′′′(ρc)

6ac
.
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In order to derive the standard mKdV equation,

we make the following transformations:

T ′ = g1T, R =

√
g1
g2

R′.

So, equation (28) turns into

∂T ′R′ − ∂3
XR′ + ∂XR′3 + εM [R′] = 0, (29)

where

M [R′] =

√
1

g1

(
g3∂

2
XR′ +

g1g5
g2

∂2
XR′3 + g4∂

4
XR′

)
.

Equation (29) is the mKdV equation with an O(ε)

correction term. We ignore the O(ε) term and obtain

the mKdV equation with the kink–antikink soliton so-

lution

R′
0(X,T ′) =

√
c tanh

[√
c

2
(X − cT ′)

]
. (30)

Supposing R′(X,T ′) = R′
0(X,T ′)+ εR′

1(X,T ′), in or-

der to determine the value of the propagation velocity

for the kink–antikink soliton solution, it is necessary

to satisfy the following condition

(R′
0,M [R′

0]) ≡
∫ +∞

−∞
dXR′

0M [R′
0] = 0 (31)

with M [R′
0] = M [R′]. By solving Eq. (31), we obtain

the selected value c[31]

c =
5g2g3

2g2g4 − 3g1g5
. (32)

Hence, we obtain the kink–antikink soliton solution

(−ρ2cV
′ = 1, ρ6cV

′′′ = 2)

ρj = ρc + ε

√
g1c

g2
tanh

(√
c

2
(X − cg1T )

)
(33)

with ε2 = ac/a− 1. The amplitude A of the solution

is

A =

√
g1
g2

ε2c. (34)

The kink–antikink solution represents the coexisting

phase, which includes both freely moving phase and

jamming phase. The density of the freely moving

phase is given by ∆x = ρc + A. The density of the

jamming phase is given by ∆x = ρc −A.[27] Then, we

obtain the coexisting curve in the headway-sensitivity

space.

Figure 1 shows the coexisting curves and the neu-

tral stability curves in the density-sensitivity space.

For each pair of curves, the space is divided into three

regions, i.e. the stable region, the metastable region

and the unstable region. In the stable region, the traf-

fic flow is stable. In the metastable and unstable re-

gion, a small disturbance will lead to the congested

traffic. It can be seen that with the increase of λ, the

unstable region will reduce. The limit case of λ = 0

corresponds to Nagatani’s model.

Fig. 1. Phase diagram in the density-sensitivity space.

The neutral stability curves are given by Eq. (17). The

space is divided into three regions by the neutral sta-

bility curve and coexisting stability curve: stable region,

metastable region and unstable region (Vmax = 2, hc = 4).

5. Simulation

For the convenience of simulation, we rewrite

Eq. (7) into the difference form

ρj(t+ 2τ)− ρj(t+ τ) + τρ20(V (ρj+1(t))

− V (ρj(t)))− τλ(ρj+1(t+ τ)− ρj+1(t)

− ρj(t+ τ) + ρj(t)) = 0. (35)

The initial conditions of the numerical simulation are

set as follows: There are L = 100 lattices in the sys-

tem, and the periodical boundary condition is ap-

plied. The densities of every lattice are set to be

ρj(0) = 0.25, ρj(1) = 0.25 for j ̸= 49 and 50,

ρj(1) = 0.3 for j = 49, ρj(1) = 0.2 for j = 50;

τ = 1/a = 1, ρ0 = ρc = 0.25. Simulation results

are shown in Fig. 2. Firstly, the kink–antikink soli-

ton solutions are depicted in Fig. 2, because the sta-

bility condition is unsatisfied. Secondly, the ampli-

tudes of the density waves decrease with the increase

of λ. Note that the smaller the amplitude is, the better

the stability of the traffic flow is. Therefore, through

the analytical and simulation results, we can conclude

that a traffic jam can be suppressed more effectively

by taking the flow difference into account.
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Fig. 2. The densities of all lattices for different values of λ.

6. Conclusions

We have proposed a new lattice traffic model in order to suppress traffic jams. We have investigated the

traffic behaviours by the use of linear stability theory and nonlinear wave analysis. We derived the modified

KdV equation to describe the traffic jam near the critical point and obtained the kink–antikink soliton solutions

related to the traffic density waves. Phase diagrams in the density-sensitivity space with the neutral stability

curves and the coexisting curves are given for different values of sensitivity λ. It can be seen that when we

increase the value of λ, the unstable region will reduce. The results show that the flow difference effect plays an

important role in stabilising the traffic flow. The simulation results are consistent with the theoretical analysis

for the new model.
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