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Conformal invariance and conserved quantities of a
general holonomic system with variable mass*
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Conformal invariance and conserved quantities of a general holonomic system with variable mass are studied.

The definition and the determining equation of conformal invariance for a general holonomic system with variable

mass are provided. The conformal factor expression is deduced from conformal invariance and Lie symmetry. The

relationship between the conformal invariance and the Lie symmetry is discussed, and the necessary and sufficient

condition under which the conformal invariance would be the Lie symmetry of the system under an infinitesimal one-

parameter transformation group is deduced. The conserved quantities of the system are given. An example is given to

illustrate the application of the result.
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1. Introduction

In 1918, Noether published the Noether theo-
rem which established a potential relationship be-
tween symmetries and conserved quantities of dynam-
ical mechanical systems,!) and gave a simpler method
to solve the problems of dynamical mechanical sys-
tems. Since then the theory of the symmetries and
conserved quantities has developed rapidly and deeply.
There are three main kinds of symmetries: Noether
symmetry,) Lie symmetry®? and Mei symmetry.[*!
Correspondingly one has obtained three kinds of con-
served quantities (i.e. the Noether conserved quantity,
the Hojman conserved quantity and a new type of
conserved quantity) from these symmetries directly
or indirectly.[*~17 For a mechanical system, there ex-
ists a close relation between its integrability and the
variations in its symmetries and conserved quantities;
even though differential equations of motion of a sys-
tem cannot be integrated, the existence of some con-
served quantities can enable us to obtain some knowl-
edge about the local physical state. So the symmetries
and the conserved quantities of a dynamical mechan-
ical system play an important role in mechanics and
physics.

Galiulin et al.'® studied conformal invariance
(or conformal symmetry) for a Birkhoff system un-

der special infinitesimal transformations and obtained
the Noether conserved quantity in 1997. Cai studied
the conformal invariance of Hamilton systems!*®! and
the conformal invariance and conserved quantities of
Mei symmetry for a general holonomic system, 2% Liu
et al.?Y presented the conformal invariance of non-
conserved Lagrange systems with Lie point symmetry,
and Ful?? studied the conserved quantities and the
conformal mechanico-electrical systems; in Ref. [23],
Cai studied the conformal invariance and the con-
served quantities of a general holonomic system, which
are more complex than those of the Lagrange system.
However, research on conformal invariance for a gen-
eral holonomic system with variable mass has not been
reported yet, thus in the present paper, we study the
conformal invariance of a general holonomic system
with variable mass and obtain the Noether conserved
quantity.

2. Conformal invariance of a gen-
eral holonomic system with

variable mass

We consider a mechanical system composed of N
particles, whose configuration is determined by n gen-
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eralized coordinates gs (s = 1,...,n). The mass of a

representative point ¢ of the system is

then its motion can be described by the differential
equations as follows:

d oL 0L

e 0.+ P (s=1,....n), (2

G g =@t =lo.m, (@)
where L = L(t,q,q) is the Lagrangian, @, =

Qs(t, q,q) are the nonpotential generalized forces, and
P, are the generalized counter thrusts. We havel!6l

T S i
Ps = (rhip; + 17 - g; - 57'17%887;;
(s=1,...,n;i=1,...,N), (3)

where r; and 7; are the vector radius and the velocity
of the particle 7, respectively. w; is the relative veloc-
ity of the small particle corresponding to the particle
1.

From Eq. (2), we can have

FS EA’Llsk(ta q)Qk+Bs(t7q7q) 7QS 7PS 07 (4)
where
B 0L
0404,
B 0’L . Jr82L 787L (5)
7 04,00, " " 94,0t Dq,’

Assuming that equation (2) are nonsingular,

0?L
det (5%3%) #0, (6)

from Eq. (4), we can obtain

namely

‘js:as(taq7Q)> (S:L"'vn)' (7)

Considering the symmetries to be inherent in
Eq. (4), we introduce a one-parameter infinitesimal
transformation with respect to time and coordinates

"=t =+ Efo(t, q7d)a

where € is a small parameter, £ and &, are the in-
finitesimal generators.

It is convenient to express the invariance condi-
tion for system (7) in terms of a formula involving
vector fields and their prolongations. The vector field
itself has the form

XO =g+ ap ©)

with &y and & being the same as those in Eq. (8). The
first prolongation of vector field (9) is

X(l) = X(O) + (58 - qs£0)a?] )

(10)

and the second prolongation is

. P

X® = xM 4 (€ - 24,6 — ‘jséO)%' (11)

Definition If there is a nonsingular matrix I}

that satisfies the condition
X(Q)(Fs) :Fi(Fl)a (12)

then this kind of invariance is called the conformal in-
variance of Eq. (4) under one parameter-infinitesimal
transformation (8). Equation (12) is the determining
equation of conformal invariance of the general holo-
nomic systems with variable mass, and I'' is called
the conformal factor. If the generators & and & of
the infinitesimal transformation (8) satisfy the deter-
mining equation (12), then the above transformations

are called the conformal transformations.

3. General expressions of confor-
mal invariance
In order to obtain the expressions of the confor-

mal factor of conformal invariance, we calculate the
difference of

and X(Q)(Fs) -X® (Fs> |F3:0 . (13)
Q: = (s (t) +e&s (ta q, Q)a (8) Since
|
&= G T ag dr T a4 (14)
s 0% 0% . 9%, . 0%, .. o2&, .. 0. P& ..
& = o2 T 28qratq’” + 2aq;at‘” + 94,04, Grd; + 2@%“‘]] + Tqrqr + Mqrqj
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0¢, (0o,  Oay . Oay .. B o
8qT<8t +8qjqj+8q_jqj> (k=0,1....,n;m,j=1,...,n), (15)
then
XO(Fy) = A€ — 200 — dkbo) + X P (Aar)ie + XD (B, — Qs — Py)
hid w“ 2 .o (0) . (0) : . oL a(Bs - Qs - PS)
= Ask(§k — 2610 — qréo) + X7V (Ask) i + X (Bs — Qs — Ps) + (& — réo) dir
_ P& . & .. O P& . 08, Dy . (9% f 98
= Ask {2aqTatQT+2aqraqj @4t 5.5t 9404, T g, g, I ( ot "ot aqﬁ”)]
2 2 2
: o .. 0% .. 350 0% . 9o 30&] 0)
_A XW(A,
S’“q’“< 900t T 20000, 7 B0, 304,97+ B4, 9, I ) T Akl
0 0& .\ . 0(Bs— Qs - P) .
_ =1,... 1
(5 - ) . 222 4 g (kg = L) (16)

where C(t, q, ) is the summation of items in which ¢, are not included. For the same reason,

X3(Fy) | p=o
SR i T e e )
~ Aokl < azggt o+ Qa(zjgo o + 2720 &+ azjgoqja @+ ggj gz: >
+XO (Ao + (fo - qk) 0, A=) (1.4, (17)

where o, = —A**(B), — Q1 — Py).
Let Eq. (16) subtract Eq. (17), we can obtain

X®(F,) = X3(F,) |p—o
AT SRV TT P

LA I g
94,0t " “04,0; 7 " 0q, " 04,04; 7 9 04y

o 0 o
_2Ask(k_ak)<8§to+a§0 T+a§° )

) 9% 9% . 0 9% 06 Oaj \ ..
A 2 2 i o - + XO 4, _
i (25551 T g+ gy g o) o) XA )
& 0 .\ . O(By — Qi — Pr) .
— — =1,... . 1
+ (aqr aqr Qk) (QT ar) aqk (57 ka]v r ; 7n) ( 8)
Since
G — ap = G, + A" By = A (Apdgm + B — Qi — B) = AMF, (19)
we have
X(Q)(FS) - X(Q)(FS) ‘Fs:O
D%, 0%, . 0& | 0% &y, Oa;
= |As (2 2 : i+ =L ) A"
[ < a(jrat * aera‘Ij % aQT aQTaQJ I 3‘]] aQT )

) 9% 0%¢ . 0% 9%¢ 0&p Oav;
—A 2 2 , Cp 2 ) g
okl ( o600 T 284,04, % T 9q. T 83,04, T 8y, aqr)

08 | 9& 0o 0 0% . 0(Br — Qr — Pr)
-9 l X(O) A Akl YSk Arl F
‘58(3t+aﬂ+ar >+ (Ast) +(8qr a4, ) dd. :

= 5iFla (svka.jvrvl:]-v“'v )7
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where 6! = Ay, A*L
If equation (4) is Lie symmetric under the in-
finitesimal point transformation (8), then

XP(F) (21)

From Egs. (20) and (12 If
equation (4) has conformal invariance under the in-

), we have I'! = pL.

finitesimal point transformation (8), from Eq. (20),

(s,0=1,...,n). (22)

Then the necessary and sufficient condition under
which the conformal invariance would be Lie symme-
try of the system is

= B (23)

Proposition 1 Under the infinitesimal point

we have transformation (8), the necessary and sufficient con-
dition under which the conformal invariance would be
(It — gH(F) = XP(Fy) Lie symmetric for Eq. (4) is the conformal factor
|
9*&, D% o, 9% &, O
I = A, (2 = 42— =+ + == J>Al
“\og.0t T "04,04;," " 0q, " 04,04, " 94 04,
& 9% & | 9% 8o Do
— Agrdr | 2 2 02T ) ATt
e ( dq.0t 94,00, " 9q, " 04,04," " 94, 04, )
0% | 08 . 550 O, 350 I(Bx — Qi — Py)
—25@( + == + + XO (A AR [ 22— A"
ot 8‘]7“ 8(]7 ( ¥ ) 94y aQT O
(s, k,4,r,l=1,...,n). (24)
Corollary If equation (4) can be expressed in the standard form
F’S = .q‘S _as(t7 q, q) = O’ (S = 17"'7”)7 (25)

under infinitesimal point transformation (8), the necessary and sufficient condition under which the conformal
invariance would be Lie symmetric for Eq. (4) is the conformal factor satisfying

Fl _ 8255 8253 855
* = “0qot " “oqog Y T g,
. ( 9*¢o 9*¢o
—qs | 24 q;
dq; 0t aqlﬁqj
06 0% . 0%
_ l
25 ( ot gy @ 4, "

Comparing Eq. (4) with Eq. (25) leads to Agi = sk,
Bs — Qs — Ps = —as(t,q,q). Using Eq. (24), we can
easily obtain Eq. (26).

4. Conformal invariance and con-
served quantity of a general
holonomic system with vari-

able mass

The conformal invariance of a general holonomic
system with variable mass can also lead to a conserved
quantity under a certain condition.

Proposition 2 For a general holonomic system
with variable mass, if infinitesimal transformations (8)

d*¢,
9qi0q;
& | 9% a; + 280 8o 3%)
Oq  940q; ’  0q; 9di

o)~ (5 - i)
oq aQIk

satisfy conformal factor (24) or (26), and there exists a
gauge function G = G(t, g, q) satisfying the following
structure equation of Lie symmetry

s O oy
0q; Oqi

Oayg
Odr”

(26)

Lo+ XV (L) + (Qs + Py) (& — ds&o) + G =0, (27)

then the conformal invariance of the general holo-
nomic system with variable mass possesses the follow-
ing conserved quantity:

oL
I=1L&+

EX (s — 4séo) + G = const. (28)
Proof
df d oL )
dt - Lf() + 50 + = dt 8 (58 - (Zsfo)
oL . . oL
+ aqs (5 QS€0 QSSO) - LgO - Ego
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oL oL . .
- aiqggs - 67%(58 - qS&))

- (Qs + Ps)(gs - 4550)

- (59 _QSEO) <dt6qs - aiqs - Qs - P@)
= 0.

5. Illustrative example

We consider a particle of variable mass in the fol-
lowing form:

m = mgexpt (mo = const.). (29)
The Lagrangian is

1,
L= Sm(di + ¢3)- (30)

The nonpotential generalized forces are
Q1 = 2mqy,
and
Q2 = 2mqo. (31)

The absolute velocity of the separate corpuscle is
Z€ero, i.e.

Now we come to study the conformal invariance
and the conserved quantities of this system.
From Egs. (3), (29) and (32), we have

P=P=0. (33)
The differential equations of motion are
G =q = ar,
and
Go = 42 = Q. (34)

From determining equation (21), we can obtain
the following equations:

& — 241€0 — q1€o — &1 + 1€ = 0,

€a — 24260 — G260 — €2 + Ga€o = 0 (35)
with solution

So=0, &=—-q1+q, &=—G+q. (36)

According to Eq. (26), we have
I= . (37)

So the determining equations of conformal invari-

ance are

co [B)_ 1o F (38)
F, 01 2

or

XPG —q1) = (61— dv),
X (G — o) = (G2 — o) (39)

Therefore the conformal invariance of the system
would be Lie symmetric.

Substituting Egs. (29), (30), (31) and (33) into
structural equation (27) leads to

G =2m(q; + d3) — 2m(q1dr + q242)- (40)

Thus
G =m(qi + @) —m(q; + ¢3)- (41)

From the conserved quantity in Eq. (28), we can
conclude that

I'=m(—q} — ¢3 + G191 + G2g2) = const. (42)

6. Conclusions

For a general holonomic system with variable
mass, by using the definition of conformal invariance
and the Lie symmetrical determining equations of con-
formal invariance, we can obtain the conformal factor
of determining equations of conformal invariance. The
conformal factor is also a necessary and sufficient con-
dition under which the conformal invariance would be
Lie symmetry of the system. The conformal invariance
can also lead to a conserved quantity under a certain
condition. The main results are those that are ex-
pressed by Eqgs. (23), (26), (27) and (28). The results
obtained in this paper are of general significance, and
they may be applied to a general holonomic system;
that is, when m; = const., the main results obtained
in this paper will be those given in Ref. [23].
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