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Conformal invariance and conserved quantities of a
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Conformal invariance and conserved quantities of a general holonomic system with variable mass are studied.

The definition and the determining equation of conformal invariance for a general holonomic system with variable

mass are provided. The conformal factor expression is deduced from conformal invariance and Lie symmetry. The

relationship between the conformal invariance and the Lie symmetry is discussed, and the necessary and sufficient

condition under which the conformal invariance would be the Lie symmetry of the system under an infinitesimal one-

parameter transformation group is deduced. The conserved quantities of the system are given. An example is given to

illustrate the application of the result.
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1. Introduction

In 1918, Noether published the Noether theo-

rem which established a potential relationship be-

tween symmetries and conserved quantities of dynam-

ical mechanical systems,[1] and gave a simpler method

to solve the problems of dynamical mechanical sys-

tems. Since then the theory of the symmetries and

conserved quantities has developed rapidly and deeply.

There are three main kinds of symmetries: Noether

symmetry,[1] Lie symmetry[2] and Mei symmetry.[3]

Correspondingly one has obtained three kinds of con-

served quantities (i.e. the Noether conserved quantity,

the Hojman conserved quantity and a new type of

conserved quantity) from these symmetries directly

or indirectly.[4−17] For a mechanical system, there ex-

ists a close relation between its integrability and the

variations in its symmetries and conserved quantities;

even though differential equations of motion of a sys-

tem cannot be integrated, the existence of some con-

served quantities can enable us to obtain some knowl-

edge about the local physical state. So the symmetries

and the conserved quantities of a dynamical mechan-

ical system play an important role in mechanics and

physics.

Galiulin et al.[18] studied conformal invariance

(or conformal symmetry) for a Birkhoff system un-

der special infinitesimal transformations and obtained

the Noether conserved quantity in 1997. Cai studied

the conformal invariance of Hamilton systems[19] and

the conformal invariance and conserved quantities of

Mei symmetry for a general holonomic system,[20] Liu

et al.[21] presented the conformal invariance of non-

conserved Lagrange systems with Lie point symmetry,

and Fu[22] studied the conserved quantities and the

conformal mechanico-electrical systems; in Ref. [23],

Cai studied the conformal invariance and the con-

served quantities of a general holonomic system, which

are more complex than those of the Lagrange system.

However, research on conformal invariance for a gen-

eral holonomic system with variable mass has not been

reported yet, thus in the present paper, we study the

conformal invariance of a general holonomic system

with variable mass and obtain the Noether conserved

quantity.

2. Conformal invariance of a gen-

eral holonomic system with

variable mass

We consider a mechanical system composed of N

particles, whose configuration is determined by n gen-
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eralized coordinates qs (s = 1, . . . , n). The mass of a

representative point i of the system is

mi = mi(t, q) (i = 1, . . . , N), (1)

then its motion can be described by the differential

equations as follows:

d

dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + Ps (s = 1, . . . , n), (2)

where L = L(t, q, q̇) is the Lagrangian, Qs =

Qs(t, q, q̇) are the nonpotential generalized forces, and

Ps are the generalized counter thrusts. We have[16]

Ps = (ṁiµi + ṁiṙ) ·
∂ri
∂qs

− 1

2
ṙi · ṙi

∂mi

∂qs
(s = 1, . . . , n; i = 1, . . . , N), (3)

where ri and ṙi are the vector radius and the velocity

of the particle i, respectively. µi is the relative veloc-

ity of the small particle corresponding to the particle

i.

From Eq. (2), we can have

Fs ≡ Ask(t, q)q̈k +Bs(t, q, q̇)−Qs − Ps = 0, (4)

where

Ask =
∂2L

∂q̇s∂q̇k
,

Bs =
∂2L

∂q̇s∂qk
q̇k +

∂2L

∂q̇s∂t
− ∂L

∂qs
. (5)

Assuming that equation (2) are nonsingular,

namely

det

(
∂2L

∂q̇s∂q̇k

)
̸= 0, (6)

from Eq. (4), we can obtain

q̈s = αs(t, q, q̇), (s = 1, . . . , n). (7)

Considering the symmetries to be inherent in

Eq. (4), we introduce a one-parameter infinitesimal

transformation with respect to time and coordinates

t∗ = t+ εξ0(t, q, q̇),

and

q∗s = qs(t) + εξs(t, q, q̇), (8)

where ε is a small parameter, ξ0 and ξs are the in-

finitesimal generators.

It is convenient to express the invariance condi-

tion for system (7) in terms of a formula involving

vector fields and their prolongations. The vector field

itself has the form

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
(9)

with ξ0 and ξs being the same as those in Eq. (8). The

first prolongation of vector field (9) is

X(1) = X(0) + (ξ̇s − q̇sξ̇0)
∂

∂q̇s
, (10)

and the second prolongation is

X(2) = X(1) + (ξ̈s − 2q̈sξ̇0 − q̇sξ̈0)
∂

∂q̈s
. (11)

Definition If there is a nonsingular matrix Γ l
s

that satisfies the condition

X(2)(Fs) = Γ l
s(Fl), (12)

then this kind of invariance is called the conformal in-

variance of Eq. (4) under one parameter-infinitesimal

transformation (8). Equation (12) is the determining

equation of conformal invariance of the general holo-

nomic systems with variable mass, and Γ l
s is called

the conformal factor. If the generators ξ0 and ξs of

the infinitesimal transformation (8) satisfy the deter-

mining equation (12), then the above transformations

are called the conformal transformations.

3. General expressions of confor-

mal invariance

In order to obtain the expressions of the confor-

mal factor of conformal invariance, we calculate the

difference of

X(2)(Fs)−X(2)(Fs) |Fs=0 . (13)

Since

ξ̇k =
∂ξk
∂t

+
∂ξk
∂qr

q̇r +
∂ξk
∂q̇r

q̈r, (14)

ξ̈k =
∂2ξk
∂t2

+ 2
∂2ξk
∂qr∂t

q̇r + 2
∂2ξk
∂q̇r∂t

q̈r +
∂2ξk
∂qr∂qj

q̇r q̇j + 2
∂2ξk
∂qr∂q̇j

q̇r q̈j +
∂ξk
∂qr

q̈r +
∂2ξk
∂q̇r∂q̇j

q̈r q̈j
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+
∂ξk
∂q̇r

(
∂αr

∂t
+

∂αr

∂qj
q̇j +

∂αr

∂q̇j
q̈j

)
(k = 0, 1 . . . , n; r, j = 1, . . . , n), (15)

then

X(2)(Fs) = Ask(ξ̈k − 2q̈k ξ̇0 − q̇k ξ̈0) +X(2)(Ask)q̈k +X(2)(Bs −Qs − Ps)

= Ask(ξ̈k − 2q̈k ξ̇0 − q̇k ξ̈0) +X(0)(Ask)q̈k +X(0)(Bs −Qs − Ps) + (ξ̇k − q̇k ξ̇0)
∂(Bs −Qs − Ps)

∂q̇k

= Ask

[
2
∂2ξk
∂q̇r∂t

q̈r + 2
∂2ξk
∂q̇r∂qj

q̈r q̇j +
∂ξk
∂qr

q̈r +
∂2ξk
∂q̇r∂q̇j

q̈rαj +
∂ξk
∂q̇j

∂αj

∂q̇r
q̈r−2q̈k

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)]
− Ask q̇k

(
2
∂2ξ0
∂q̇r∂t

q̈r + 2
∂2ξ0

∂q̇r∂qj
q̈r q̇j +

∂ξ0
∂qr

q̈r +
∂2ξ0

∂q̇r∂q̇j
q̈rαj +

∂ξ0
∂q̇j

∂αj

∂q̇r
q̈r

)
+X(0)(Ask)q̈k

+

(
∂ξk
∂q̇r

− ∂ξ0
∂q̇r

q̇k

)
q̈r

∂(Bs −Qs − Ps)

∂q̇k
+ C(t, q, q̇) (s, k, r, j = 1, . . . , n), (16)

where C(t, q, q̇) is the summation of items in which q̈s are not included. For the same reason,

X(2)(Fs) |Fs=0

= Ask

[
2
∂2ξk
∂q̇r∂t

αr + 2
∂2ξk
∂q̇r∂qj

αr q̇j +
∂ξk
∂qr

αr +
∂2ξk
∂q̇r∂q̇j

αrαj +
∂ξk
∂q̇j

∂αj

∂q̇r
αr−2αk

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)]
− Ask q̇k

(
2
∂2ξ0
∂q̇r∂t

αr + 2
∂2ξ0

∂q̇r∂qj
αr q̇j +

∂ξ0
∂qr

αr +
∂2ξ0

∂q̇r∂q̇j
αrαj +

∂ξ0
∂q̇j

∂αj

∂q̇r
αr

)
+ X(0)(Ask)αk +

(
∂ξk
∂q̇r

− ∂ξ0
∂q̇r

q̇k

)
αr

∂(Bs −Qs − Ps)

∂q̇k
+ C(t, q, q̇), (17)

where αs = −Ask(Bk −Qk − Pk).

Let Eq. (16) subtract Eq. (17), we can obtain

X(2)(Fs)−X(2)(Fs) |Fs=0

= Ask

(
2
∂2ξk
∂q̇r∂t

+ 2
∂2ξk
∂q̇r∂qj

q̇j +
∂ξk
∂qr

+
∂2ξk
∂q̇r∂q̇j

αj +
∂ξk
∂q̇j

∂αj

∂q̇r

)
(q̈r − αr)

− 2Ask(q̈k − αk)

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)
− Ask q̇k

(
2
∂2ξ0
∂q̇r∂t

+ 2
∂2ξ0

∂q̇r∂qj
q̇j +

∂ξ0
∂qr

+
∂2ξ0

∂q̇r∂q̇j
αj +

∂ξ0
∂q̇j

∂αj

∂q̇r

)
(q̈r − αr) +X(0)(Ask)(q̈k − αk)

+

(
∂ξk
∂q̇r

− ∂ξ0
∂q̇r

q̇k

)
(q̈r − αr)

∂(Bk −Qk − Pk)

∂q̇k
(s, k, j, r = 1, . . . , n). (18)

Since

q̈k − αk = q̈k +AklBl = Akl(Almq̇m +Bl −Ql − Pl) = AklFl, (19)

we have

X(2)(Fs)−X(2)(Fs) |Fs=0

=

[
Ask

(
2
∂2ξk
∂q̇r∂t

+ 2
∂2ξk
∂q̇r∂qj

q̇j +
∂ξk
∂qr

+
∂2ξk
∂q̇r∂q̇j

αj +
∂ξk
∂q̇j

∂αj

∂q̇r

)
Arl

− Ask q̇k

(
2
∂2ξ0
∂q̇r∂t

+ 2
∂2ξ0

∂q̇r∂qj
q̇j +

∂ξ0
∂qr

+
∂2ξ0

∂q̇r∂q̇j
αj +

∂ξ0
∂q̇j

∂αj

∂q̇r

)
Arl

− 2δls

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)
+X(0)(Ask)A

kl +

(
∂ξk
∂q̇r

− ∂ξ0
∂q̇r

q̇k

)
Arl ∂(Bk −Qk − Pk)

∂q̇k

]
Fl

= βl
sFl, (s, k, j, r, l = 1, . . . , n), (20)
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where δls = AskA
kl.

If equation (4) is Lie symmetric under the in-

finitesimal point transformation (8), then

X(2)(Fs) |Fs=0 = 0. (21)

From Eqs. (20) and (12), we have Γ l
s = βl

s. If

equation (4) has conformal invariance under the in-

finitesimal point transformation (8), from Eq. (20),

we have

(Γ l
s − βl

s)(Fl) = X(2)(Fs) |Fs=0 ,

(s, l = 1, . . . , n). (22)

Then the necessary and sufficient condition under

which the conformal invariance would be Lie symme-

try of the system is

Γ l
s = βl

s. (23)

Proposition 1 Under the infinitesimal point

transformation (8), the necessary and sufficient con-

dition under which the conformal invariance would be

Lie symmetric for Eq. (4) is the conformal factor

Γ l
s = Ask

(
2
∂2ξk
∂q̇r∂t

+ 2
∂2ξk
∂q̇r∂qj

q̇j +
∂ξk
∂qr

+
∂2ξk
∂q̇r∂q̇j

αj +
∂ξk
∂q̇j

∂αj

∂q̇r

)
Arl

− Ask q̇k

(
2
∂2ξ0
∂q̇r∂t

+ 2
∂2ξ0

∂q̇r∂qj
q̇j +

∂ξ0
∂qr

+
∂2ξ0

∂q̇r∂q̇j
αj +

∂ξ0
∂q̇j

∂αj

∂q̇r

)
Arl

− 2δls

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)
+X(0)(Ask)A

kl +

(
∂ξk
∂q̇r

− ∂ξ0
∂q̇r

q̇k

)
Arl ∂(Bk −Qk − Pk)

∂q̇k

(s, k, j, r, l = 1, . . . , n). (24)

Corollary If equation (4) can be expressed in the standard form

Fs ≡ q̈s − αs(t, q, q̇) = 0, (s = 1, . . . , n), (25)

under infinitesimal point transformation (8), the necessary and sufficient condition under which the conformal

invariance would be Lie symmetric for Eq. (4) is the conformal factor satisfying

Γ l
s = 2

∂2ξs
∂q̇l∂t

+ 2
∂2ξs
∂q̇l∂qj

q̇j +
∂ξs
∂ql

+
∂2ξs
∂q̇l∂q̇j

αj +
∂ξs
∂q̇j

∂αj

∂q̇l

− q̇s

(
2
∂2ξ0
∂q̇l∂t

+ 2
∂2ξ0
∂q̇l∂qj

q̇j +
∂ξ0
∂ql

+
∂2ξ0
∂q̇l∂q̇j

αj +
∂ξ0
∂q̇j

∂αj

∂q̇l

)
− 2δls

(
∂ξ0
∂t

+
∂ξ0
∂qr

q̇r +
∂ξ0
∂q̇r

αr

)
−
(
∂ξk
∂q̇l

− ∂ξ0
∂q̇l

q̇k

)
∂αs

∂q̇k
. (26)

Comparing Eq. (4) with Eq. (25) leads to Ask = δsk,

Bs − Qs − Ps = −αs(t, q, q̇). Using Eq. (24), we can

easily obtain Eq. (26).

4. Conformal invariance and con-

served quantity of a general

holonomic system with vari-

able mass

The conformal invariance of a general holonomic

system with variable mass can also lead to a conserved

quantity under a certain condition.

Proposition 2 For a general holonomic system

with variable mass, if infinitesimal transformations (8)

satisfy conformal factor (24) or (26), and there exists a

gauge function G = G(t, q, q̇) satisfying the following

structure equation of Lie symmetry

Lξ̇0 +X(1)(L) + (Qs + Ps)(ξs − q̇sξ0) + Ġ = 0, (27)

then the conformal invariance of the general holo-

nomic system with variable mass possesses the follow-

ing conserved quantity:

I = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) +G = const. (28)

Proof

dI

dt
= L̇ξ0 + Lξ̇0 +

d

dt

∂L

∂q̇s
(ξs − q̇sξ0)

+
∂L

∂q̇s
(ξ̇s − q̈sξ0 − q̇sξ̇0)− Lξ̇0 −

∂L

∂t
ξ0
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− ∂L

∂qs
ξs −

∂L

∂q̇s
(ξ̇s − q̇sξ̇0)

− (Qs + Ps)(ξs − q̇sξ0)

= (ξs − q̇sξ0)

(
d

dt

∂L

∂q̇s
− ∂L

∂qs
−Qs − Ps

)
= 0.

5. Illustrative example

We consider a particle of variable mass in the fol-

lowing form:

m = m0 exp t (m0 = const.). (29)

The Lagrangian is

L =
1

2
m(q̇21 + q̇22). (30)

The nonpotential generalized forces are

Q1 = 2mq̇1,

and

Q2 = 2mq̇2. (31)

The absolute velocity of the separate corpuscle is

zero, i.e.

u = −ṙi = −q̇1i− q̇2j. (32)

Now we come to study the conformal invariance

and the conserved quantities of this system.

From Eqs. (3), (29) and (32), we have

P1 = P2 = 0. (33)

The differential equations of motion are

q̈1 = q̇1 = α1,

and

q̈2 = q̇2 = α2. (34)

From determining equation (21), we can obtain

the following equations:

ξ̈1 − 2q̇1ξ̇0 − q̇1ξ̈0 − ξ̇1 + q̇1ξ̇0 = 0,

ξ̈2 − 2q̇2ξ̇0 − q̇2ξ̈0 − ξ̇2 + q̇2ξ̇0 = 0 (35)

with solution

ξ0 = 0, ξ1 = −q̇1 + q1, ξ2 = −q̇2 + q2. (36)

According to Eq. (26), we have

Γ =

 1 0

0 1

 . (37)

So the determining equations of conformal invari-

ance are

X(2)

 F1

F2

 =

 1 0

0 1

 F1

F2

 , (38)

or

X(2)(q̈1 − q̇1) = (q̈1 − q̇1),

X(2)(q̈2 − q̇2) = (q̈2 − q̇2). (39)

Therefore the conformal invariance of the system

would be Lie symmetric.

Substituting Eqs. (29), (30), (31) and (33) into

structural equation (27) leads to

Ġ = 2m(q̇21 + q̇22)− 2m(q1q̇1 + q2q̇2). (40)

Thus

G = m(q̇21 + q̇22)−m(q21 + q22). (41)

From the conserved quantity in Eq. (28), we can

conclude that

I = m(−q21 − q22 + q̇1q1 + q̇2q2) = const. (42)

6. Conclusions

For a general holonomic system with variable

mass, by using the definition of conformal invariance

and the Lie symmetrical determining equations of con-

formal invariance, we can obtain the conformal factor

of determining equations of conformal invariance. The

conformal factor is also a necessary and sufficient con-

dition under which the conformal invariance would be

Lie symmetry of the system. The conformal invariance

can also lead to a conserved quantity under a certain

condition. The main results are those that are ex-

pressed by Eqs. (23), (26), (27) and (28). The results

obtained in this paper are of general significance, and

they may be applied to a general holonomic system;

that is, when mi = const., the main results obtained

in this paper will be those given in Ref. [23].
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